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Abstract. Introducing some coupled coincidence points for a mixed monotone operator in
partially ordered complete G-metric spaces is the purpose of this paper. We also demon-
strate the existence and uniqueness of coupled common fixed points. The main results of
this paper improve the result given by Nashine and Shatanawi [Computers and Mathematics
with Applications 62 (2011) 1984-1993]. An example is given to support the usability of our
results.
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1. Introduction and Background
Fixed point and coincidence point theorems play a very important role in optimization

problems. See for example [6] and the references therein.
In [15], Mustafa and Sims provided a reliable generalized metric known as G-metric spaces.

Many authors worked on G-metric spaces, see for example [3, 9, 15, 16, 17, 18, 19, 20, 25,
29]. There has been recent interest in constructing fixed-point theorems in partially ordered
complete metric spaces that fulfill a contraction condition by partial order, see for example
[4, 5, 7, 8, 10, 11, 14, 25, 21, 23, 24, 26, 28, 30].

Fixed-point problems were also examined in partly ordered probability metric spaces [11]
and partly ordered G-metric spaces [8, 25]. In [14], Bhaskar and Lakshmikantham produced
the results of coupled fixed points in partially ordered metric spaces. After that, several
results coupled point and point of coincidence have emerged in the recent literature. See for
example [1, 2, 7, 8, 13, 14, 26, 27, 28, 30, 31, 32].

In the present work, we establish these results for mixed h-monotone mapping in partly
ordered G-metric spaces. Our findings generalize the very recent findings of Nashine and
Shatanawi [22]. At the beginning, we are reminded of some definitions and properties in the
G-metric spaces used in this document.

Definition 1.1 ( [18]). Let Y ̸= ∅ and let G : Y × Y × Y → R+ be a mapping satisfying the
following conditions:
(A1) G(u, v, w) = 0 iff u = v = w.
(A2) 0 < G(u, u, v) ∀ u, v ∈ Y with u ̸= v.
(A3) G(u, u, v) ≤ G(u, v, w) ∀ u, v, w ∈ Y with v ̸= w.
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(A4) G(u, v, w) = G(u,w, v) = G(v, w, u) = ....
(A5) G(u, v, w) ≤ G(u, a, a) + G(a, v, w) ∀ u, v, w, a ∈ X.
We say that G is a G-metric on Y , and we say that (Y,G) is a G-metric space.

Definition 1.2 ( [18]). Let {un} be be a sequence in G-metric space Y . Then {un} is
G-convergent to u ∈ Y if lim

n,m→∞
G(u, un, um) = 0, that is,

∀ϵ > 0 ∃N ∈ N s.t. G(u, un, um) < ϵ ∀n,m ≥ N.

We write un → u or lim un = u.

In [18], Mustafa and Sims have shown the following conditions to be equivalent in G−metric
spaces:
(a) {un} is G-convergent to u.
(b) G(un, un, u) → 0 as n → +∞.
(c) G(un, u, u) → 0 as n → +∞.
(d) G(un, um, u) → 0 as n,m → +∞.

Also in [18], Mustafa and Sims have defined the G-Cauchy concept for sequences in G-
metrics spaces as follows.

Definition 1.3 ([18]). In a G-metric space (Y,G) a sequence {un} is called G-Cauchy if,
∀ϵ > 0 ∃N ∈ N s.t. G(un, um, ul) < ϵ ∀n,m, l ≥ N.

In [15], they proved that, the concept of G-Cauchy for sequence {un} in G-metric space Y
equivalents with the following condition:

∀ϵ > 0 ∃N ∈ N s.t. G(un, um, um) < ϵ ∀n,m ≥ N.

In [18] they showed that, a mapping h : Y → Y is G-continuous at u ∈ Y iff it is G-
sequentially continuous at u.

Definition 1.4 ( [18]). If every G-Cauchy sequence is G-convergent, thwn we say that G-
metric space (Y,G) is G-complete.

We say that a G-metric space Y is symmetric, if G(u, v, v) = G(v, u, u) for all u, v ∈ Y .

Definition 1.5 ( [8]). In a G-metric space (Y,G), a mapping T : Y × Y → Y is continuous
if for G-convergent sequences {un} and {vn} converging to u and v respectively, {T (un, vn)}
is G-convergent to T (u, v).

In 2006 [5], Bhaskar and Lakshmikantham brought in the concept of a monotonous mixed
ownership. Subsequently, in 2009 [14], Lakshmikantham refined this concept as follows:

Definition 1.6 ( [14]). Let Y be a partially ordered set. For functions T : Y × Y → Y and
h : Y → Y on partially ordered set (Y,⪯), we say that, T hase mixed h-monotone property
if, the following conditions for all u, v ∈ Y are hold:

u1, u2 ∈ Y, hu1 ⪯ hu2 implies T (u1, v) ⪯ T (u2, v),

v1, v2 ∈ Y, hv1 ⪯ hv2 implies T (u, v2) ⪯ T (u, v1).

Definition 1.7 ( [5]). (u, v) ∈ Y × Y is a coupled fixed point of function T : Y × Y → Y if
T (u, v) = u, T (v, u) = v.
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Definition 1.8 ( [14]). (u, v) ∈ Y × Y is a coupled coincidence point (C-C-point) of the
mappings T : Y × Y → Y and h : Y → Y if

T (u, v) = hu and T (v, u) = hv.

In 2011 ([8]), Choudhury and Maity by reconciling the concept of mixed monotone prop-
erty, established certain linked fixed points.
Recently, Neshin and Shatanawi have developed some coupled fixed point results for mixed
these mappings in [22].

In Section 2, we present the main outcome of this article for the coupled coincidence point.
In Sections 3, we demonstrate the existence and the uniqueness theorem of a coupled common
fixed point. At the end of the article, here is an example that supports the usability of our
results.

2. Coupled Coincidence Point

We start this section with the following definition.

Definition 2.1. Let h : Y → Y and T : Y × Y → Y be two functions on G-metric space Y .
h and T are said to be G-compatible if

lim
n→∞

G(hT (un, vn), T (hun, hvn), T (hun, hvn)) = 0,

and
lim
n→∞

G(hT (vn, un), T (hvn, hun), T (hvn, hun)) = 0,

for all sequences {un} and {vn} with lim
n→∞

T (un, vn) = lim
n→∞

hun and lim
n→∞

T (vn, un) = lim
n→∞

hvn.

NOTE 1: Tow next theorems are the main results of this article. These theorems and their
proofs are the same as Theorem 2.1 and Theorem 2.2 of [12], but our contraction condition is
different from the contraction condition of that theorems. Also in Theorem 2.3 of this paper,
the condition of Theorem 2.2 of [12] is reduced.

Theorem 2.2. Let G be a complete G-metric on partially ordered set (Y,⪯). Suppose two
functions T : Y × Y → Y and h : Y → Y where T has the mixed h-monotone property on Y .
Suppose for α, β, γ, L ⩾ 0 with α+ β + γ < 1 we have

G(T (x, y), T (u, v), T (z, w))

≤ αmin{G(T (x, y), T (x, y), hx),G(T (u, v), hx, hx),G(T (z, w), hx, hx)}
+βmin{G(T (x, y), hu, hu),G(T (u, v), T (u, v), hu),G(T (z, w), hu, hu)}
+γmin{G(T (x, y), hz, hz),G(T (u, v), hz, hz),G(T (z, w), T (z, w), hz)}
+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}(2.1)

for all x, y, u, v, z, w ∈ Y with hx ⪯ hu ⪯ hz and hy ⪰ hv ⪰ hw. Also suppose that
T (Y ×Y ) ⊆ h(Y ) and h is continuous nondecreasing and h and T are G-compatible. Suppose
that either
(a) T is a continuous function,
or
(b) Y applies in the following conditions:

(i) if {un} is nondecreasing and {un} → u, then un ⪯ u, ∀ n ≥ 0;
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(ii) if {vn} is nonincreasing and {vn} → v, then v ⪯ vn, ∀ n ≥ 0.
If there exist u0, v0 ∈ Y such that hu0 ⪯ T (u0, v0) and hv0 ⪰ T (v0, u0), then h and T have a
C-C-point.

Proof. Let u0, v0 ∈ X such that hu0 ⪯ T (u0, v0) and hy0 ⪰ T (v0, u0). Since T (Y ×Y ) ⊆ h(Y ),
we can choose u1, v1 ∈ Y such that hu1 = T (u0, v0) and hv1 = T (v0, u0). Again since
T (Y × Y ) ⊆ h(Y ), we can choose u2, v2 ∈ Y such that hu2 = T (u1, v1) and hv2 = T (v1, u1).
By doing so, we build two sequences {un} and {vn} in Y so that,

(2.2) hun+1 = T (un, vn), hvn+1 = T (vn, un) ∀n ≥ 0.

Now we conclude that for all n ≥ 0

(2.3) hun ⪯ hun+1,

and

(2.4) hvn ⪰ hvn+1.

Let us begin with mathematical induction. Let n = 0. Since hu0 ⪯ T (u0, v0) and hv0 ⪰
T (v0, u0), in view of hu1 = T (u0, v0) and hv1 = T (v0, u0), we have h(u0) ⪯ h(u1) and
h(v0) ⪰ h(v1). Suppose the relations (2.3) and (2.4) stand for some n. As T has the mixed
h-monotone property and h(un) ⪯ h(un+1), h(vn) ⪰ h(vn+1), from (2.2), we have

hun+1 = T (un, vn) ⪯ T (un+1, vn) and hvn+1 = T (vn, un) ⪰ T (vn+1, un).(2.5)

Also for the same reason we have

T (un+1, vn) ⪯ T (un+1, vn+1) = hun+2 and T (vn+1, un) ⪰ T (vn+1, un+1) = hvn+2.(2.6)

Then from (2.5) and (2.6), we get hun+1 ⪯ hun+2 and hvn+1 ⪰ hvn+2. Through mathematical
induction, it follows that (2.3) and (2.4) stand for all n > 0. Therefore,

(2.7) hu0 ⪯ hu1 ⪯ hu2 ⪯ ... ⪯ gxn ⪯ hun+1 ⪯ ...,

and

(2.8) hv0 ⪰ hv1 ⪰ hv2 ⪰ ... ⪰ hvn ⪰ hvn+1 ⪰ ....

If for some n, (hun+1, hvn+1) = (hun, hvn), then T (un, vn) = hun and T (vn, un) = hvn, that
is, T and h have a coincidence point. So, we assume that (hun+1, hvn+1) ̸= (hun, hvn), for all
n ∈ N, that is, we assume that either hun+1 = T (un, vn) ̸= hun or hvn+1 = T (vn, un) ̸= hvn.
Since hun ⪰ hun−1 and hvn ⪯ hvn−1, from (2.1) and (2.2), we get

G(hun+1, hun+1, hun) = G(T (un, vn), T (un, vn), T (un−1, vn−1)))

≤ αmin{G(hun+1, hun+1, hun),G(hun+1, hun, hun),G(hun, hun, hun)}
+βmin{G(hun+1, hun, hun),G(hun+1, hun+1, hun),G(hun, hun, hun)}
+γmin{G(hun+1, hun−1, hun−1),G(hun+1, hun−1, hun−1),G(hun, hun, hun−1)}
+Lmin{G(hun, hun, hun),G(hun, hun, hun),G(hun+1, hun−1, hun−1)},

and hence

G(hun+1, hun+1, hun) ≤ γG(hun, hun, hun−1).(2.9)
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Similarly, from hvn−1 ⪰ hvn, hun−1 ⪯ hun, (2.1) and (2.2), we have

G(hvn, hvn+1, hvn+1) = G(T (vn−1, un−1), T (vn, un), T (vn, un))

≤ αmin{G(hvn, hvn, hvn−1),G(hvn+1, hvn−1, hvn−1),G(hvn+1, hvn−1, hvn−1)}
+βmin{G(hvn, hvn, hvn),G(hvn+1, hvn+1, hvn),G(hvn+1, hvn, hvn)}
+γmin{G(hvn, hvn, hvn),G(hvn+1, hvn, hvn),G(hvn+1, hvn+1, hvn)}
+Lmin{G(hvn+1, hvn−1, hvn−1),G(hvn+1, hvn, hvn),G(hvn, hvn, hvn)},

and hence

G(hvn, hvn+1, hvn+1) ≤ αG(hvn, hvn, hvn−1).(2.10)

By adding (2.9) and (2.10), we have

G(hun+1, hun+1, hun) + G(hvn, hvn+1, hvn+1)

≤ γG(hun, hun, hun−1) + αG(hvn, hvn, hvn−1)

≤ (α+ β + γ)G(hun, hun, hun−1) + (α+ β + γ)G(hvn, hvn, hvn−1)

= (α+ β + γ)[G(hun, hun, hun−1) + G(hvn, hvn, hvn−1)]

< G(hun, hun, hun−1) + G(hvn, hvn, hvn−1).

Set ρn = G(hun+1, hun+1, hun)) + G(hvn, hvn+1, hvn+1) and δ = α+ β + γ. Then

0 ≤ ρn ≤ δρn−1 ≤ δ2ρn−2 ≤ ... ≤ δnρ0.

Since δ < 1, then
lim
n→∞

ρn = 0.

Thus

(2.11) lim
n→∞

G(hun+1, hun+1, hun)) = 0 and lim
n→∞

G(hvn, hvn+1, hvn+1) = 0.

Now, we prove that both sequences {hun} and {hvn} are Cauchy. For each m ≥ n:

G(hum, hum, hun) ≤ G(hum, hum, hum−1) + G(hum−1, hum−1, hum−2)

+...+ G(hun+1, hun+1, hun),

and

G(hvm, hvm, hvn) ≤ G(hvm, hvm, hvm−1) + G(hvm−1, hvm−1, hvm−2)

+...+ G(hvn+1, hvn+1, hvn).

Therefore,

G(hum, hum, hun) + G(hvm, hvm, hvn) ≤ ρm−1 + ρm−2 + ...+ ρn

= (δm−1 + δm−2 + ...+ δn)ρ0

= δn(1 + δ + ...+ δm−n−1)ρ0

<
δn

1− δ
ρ0,

which implies that

(2.12) lim
m,n→∞

[G(hum, hum, hun)) + G(hvm, hvm, hvn)] = 0.
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Thus two sequences {hun} and {hvn} are Cauchy. Hence, there are u, v ∈ Y such that:
(2.13) lim

n→∞
hun = lim

n→∞
T (un, vn) = u and lim

n→∞
hvn = lim

n→∞
T (vn, un) = y.

G-compatibility of h and T implies that
lim
n→∞

G(hT (un, vn), T (hun, hvn), T (hun, hvn)) = 0,(2.14)

and
lim
n→∞

G(hT (vn, un), T (hvn, hun), T (hvn, hun)) = 0.(2.15)

First, assume that the hypothesis (a) holds. We have
G(hu, T (hun, hvn), T (hun, hvn))

≤ G(hu, hT (un, vn), hT (un, vn))

+ G(hT (un, vn), T (hun, hvn), T (hun, hvn)).(2.16)
Taking the limit from (2.16) and using (2.13), (2.14) and continuity of h and T we get that
G(hu, T (u, v), T (u, v)) = 0, and hence, hu = T (u, v). Similarly, T (v, u) = hv.

Now, suppose that (b) holds. From (2.7) and (2.8), {hun} and {hvn} are nondecreasing
and nonincreasing sequences respectively, and since h is a nondecreasing function, we get
h(hun) ⪯ hu and h(hvn) ⪰ hv hold for all n ∈ N. On other hand, G-compatibility of h and
T implies that T (hun, hvn) = hT (un, vn) = h(hun+1) → hu and T (hvn, hun) = hT (vn, un) =
h(hvn+1) → hv. So by (2.1), we have

G(h(hun+1), h(hun+1), T (u, v)) = G(T (hun, hvn), T (hun, hvn), T (u, v))

≤ αmin{G(h(hun+1), h(hun+1), h(hxn)),G(h(hun+1), h(hxn), h(hxn)),

G(T (u, v), h(hxn), h(hxn))}
+βmin{G(h(hun+1), h(hxn), h(hxn)),

G(h(hun+1), h(hun+1), h(hxn)),G(T (u, v), h(hxn), h(hxn))}
+γmin{G(h(hun+1), hu, hu),

G(h(hun+1), hu, hu),G(T (u, v), T (u, v), hu)}
+Lmin{G(T (u, v), h(hun), h(hun)),

G(T (u, v), h(hun), h(hun)),G(h(hun+1), hu, hu)},
Taking the limit from above inequality, we get G(hu, hu, T (u, v)) = 0. Hence hu = T (u, v).
In the same way, we can show that hv = T (v, u). So T and h have a C-C-point. □

NOTE 2: In Theorem 2.2 of [12], the authors, consider that the function g is commutes
with F . In the next theorem we omit this condition.
Theorem 2.3. Let G be a complete G-metric on partially ordered set (Y,⪯). Suppose
T : Y ×Y → Y and h : Y → Y are two functions where T has the mixed h-monotone property
on Y . Suppose for α, β, γ, L ⩾ 0 with α+ β + γ < 1 we have

G(T (x, y), T (u, v), T (z, w))

≤ αmin{G(T (x, y), T (x, y), hx),G(T (u, v), hx, hx),G(T (z, w), hx, hx)}
+βmin{G(T (x, y), hu, hu),G(T (u, v), T (u, v), hu),G(T (z, w), hu, hu)}
+γmin{G(T (x, y), hz, hz),G(T (u, v), hz, hz),G(T (z, w), T (z, w), hz)}
+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}(2.17)
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for all x, y, u, v, z, w ∈ Y with hx ⪯ hu ⪯ hz and hy ⪰ hv ⪰ hw. Also, suppose that:
(i) if {un} is nondecreasing and {un} → u, then un ⪯ u, ∀ n ≥ 0;
(ii) if {vn} is nonincreasing and {vn} → v, then v ⪯ vn, ∀ n ≥ 0.

If there exist u0, v0 ∈ Y such that hu0 ⪯ T (u0, v0) and hv0 ⪰ T (v0, u0), then h and T have a
C-C-point.

Proof. Further to the proof of Theorem 2.2, we can conclude that {hun} and {hvn} are Cauchy
sequences in h(Y ). From the completeness of h(Y ), for some u, v ∈ Y we have:

(2.18) lim
n→∞

hun = lim
n→∞

T (un, vn) = hu and lim
n→∞

hvn = lim
n→∞

T (vn, un) = gy.

From (2.7) and (2.8), {hun} and {hvn} are nondecreasing and nonincreasing respectively. So
by assumption we have hun ⪯ hu and hvn ⪰ hv for all n, we get

G(hun+1, hun+1, T (u, v)) = G(T (un, vn), T (un, vn), T (u, v))

≤ αmin{G(hun+1, hun+1, hun),G(hun+1, hun, hun),G(T (u, v), hun, hun)}
+βmin{G(hun+1, hun, hun),G(hun+1, hun+1, hun),G(T (u, v), hun, hun)}
+γmin{G(gxn+1, gx, gx), G(gxn+1, gx, hu),G(T (u, v), T (u, v), hu)}
+Lmin{G(T (u, v), hun, hun),G(T (u, v), hun, hun),G(hun+1, hu, hu)},

Now by taking the limit, we obtain G(hu, hu, T (u, v)) = 0. Hence hu = T (u, v). Similarly,
one can show that hv = T (v, u). Thus, T and h have a C-C-point. □

Theorem 2.4. Let G be a complete G-metric on partially ordered set (Y,⪯). Suppose
T : Y ×Y → Y and h : Y → Y are two functions where T has the mixed h-monotone property
on Y . Suppose for α, β, γ, L ⩾ 0 with α+ β + γ < 1 we have

G(T (x, y), T (x, y), T (u, v))

≤ αmin{G(T (x, y), T (x, y), hx),G(T (x, y), hx, hx),G(T (u, v), hx, hx)}
+βmin{G(T (x, y), hu, hu),G(T (x, y), hu, hu),G(T (u, v), T (u, v), hu)}
+Lmin{G(T (u, v), hx, hx),G(T (x, y), hu, hu)}(2.19)

for all x, y, u, v ∈ Y with hx ⪯ hu and hy ⪰ hv. Suppose also that T (Y × Y ) ⊆ h(Y ) and
h(Y ) is complete. Also, suppose that:

(i) if {un} is nondecreasing and {un} → u, then un ⪯ u, ∀ n ≥ 0;
(ii) if {vn} is nonincreasing and {vn} → v, then v ⪯ vn, ∀ n ≥ 0.

If there exist u0, v0 ∈ Y such that hu0 ⪯ T (u0, v0) and hv0 ⪰ T (v0, u0), then h and T have a
C-C-point.

Proof. The proof is similar to that provided by Theorem 2.3. □

Remark 2.5. By taking G(x, y, z) = 1
2

(
d(x, y) + d(y, z) + d(z, x)

)
, in Theorem 2.4, we can

conclude Theorem 2.1 in [22].

The next theorem is an immediate consequence of Theorem 2.2.

Theorem 2.6. Let G be a complete G-metric on partially ordered set (Y,⪯). Suppose
T : Y × Y → Y and h : Y → Y are two mappings such that T has the mixed h-monotone



96 SIROUS MORADI AND EBRAHIM ANALOUEI ADEGANI

property on Y . Suppose for α, β, γ, L ⩾ 0 with α+ β + γ < 1 we have

G(T (x, y), T (u, v), T (z, w))

≤ αmin{G(T (x, y), T (x, y), x),G(T (u, v), x, x),G(T (z, w), x, x)}
+βmin{G(T (x, y), u, u),G(T (u, v), T (u, v), u),G(T (z, w), u, u)}
+γmin{G(T (x, y), z, z),G(T (u, v), z, z),G(T (z, w), T (z, w), z)}
+Lmin{G(T (z, w), x, x),G(T (z, w), u, u),G(T (x, y), z, z)}(2.20)

for all x, y, u, v, z, w ∈ Y with x ⪯ u ⪯ z and y ⪰ v ⪰ w. Also suppose that either
(a) T is a a continuous function,
or
(b) Y applies in the following conditions:

(i) if {un} is nondecreasing and {un} → u, then un ⪯ u, ∀ n ≥ 0;
(ii) if {vn} is nonincreasing and {vn} → v, then v ⪯ vn, ∀ n ≥ 0.

If there exist u0, v0 ∈ Y such that u0 ⪯ T (u0, v0) and v0 ⪰ T (v0, u0), then there exist u, v ∈ Y
such that u = T (u, v) and v = T (v, u).

Proof. Let g = IX and apply Theorem 2.2. □

By letting α = β = γ = 0 in Theorem 2.2, we conclude the next result.

Corollary 2.7. Let G be a complete G-metric on partially ordered set (Y,⪯). Suppose
T : Y ×Y → Y and h : Y → Y are two functions where T has the mixed h-monotone property
on Y . Suppose for some L ≥ 0:

G(T (x, y), T (u, v), T (z, w))

≤ Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}(2.21)

for all x, y, u, v, z, w ∈ Y with hx ⪯ hu ⪯ hz and hy ⪰ hv ⪰ hw. Also suppose that
T (Y ×Y ) ⊆ h(Y ) and h is continuous nondecreasing and h and T are G-compatible. Suppose
that either
(a) T is a continuous function,
or
(b) Y applies in the following conditions:

(i) if {un} is nondecreasing and {un} → u, then un ⪯ u, ∀ n ≥ 0;
(ii) if {vn} is nonincreasing and {vn} → v, then v ⪯ vn, ∀ n ≥ 0.

If there exist u0, v0 ∈ Y such that hu0 ⪯ T (u0, v0) and hv0 ⪰ T (v0, u0), then h and T have a
C-C-point.

NOTE 3: In Corollary 2.3 of [12], the authors, consider that the function g is commutes
with F . In the next corollary (results directly from the main theorem) this condition is
replaced by G-compatibility, which is simpler. Also, our contraction condition is deference
from that one.

Corollary 2.8. Let G be a complete G-metric on partially ordered set (Y,⪯). Suppose
T : Y ×Y → Y and h : Y → Y are two functions where T has the mixed h-monotone property
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on Y . Suppose for some K,L ≥ 0 with K < 1:

G(T (x, y), T (u, v), T (z, w))

≤ (K)min

 G(T(x, y),T(x, y),hx),G(T(u, v),hx, hx),G(T(z,w), hx, hx)
G(T(x, y),hu, hu),G(T(u, v),T(u, v), hu),G(T(z,w), hu,hu)
G(T(x, y),hz, hz),G(T(u, v), hz,hz),G(T(z,w),F(z,w), hz)


+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}

for all x, y, u, v, z, w ∈ Y with hx ⪯ hu ⪯ hz and hy ⪰ hv ⪰ hw. Also suppose that
T (Y ×Y ) ⊆ h(Y ) and h is continuous nondecreasing and h and T are G-compatible. Suppose
that either
(a) T is a continuous function,
or
(b) Y applies in the following conditions:

(i) if {un} is nondecreasing and {un} → u, then un ⪯ u, ∀ n ≥ 0;
(ii) if {vn} is nonincreasing and {vn} → v, then v ⪯ vn, ∀ n ≥ 0.

If there exist u0, v0 ∈ Y such that hu0 ⪯ T (u0, v0) and hv0 ⪰ T (v0, u0), then h and T have a
C-C-point.

Proof. By taking α = β = γ =
K

3
we have α, β and γ are non-negative real numbers, and

G(T (x, y), T (u, v), T (z, w))

≤ (α+ β + γ)min

 G(T(x, y),T(x, y),hx),G(T(u, v),hx,hx),G(T(z,w),hx, hx)
G(T(x, y),hu,hu),G(T(u, v),T(u, v), hu),G(T(z,w),hu, hu)
G(T(x, y),hz, hz),G(T(u, v), hz, hz),G(T(z,w),T(z,w), hz)


+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}

≤ αmin{G(T (x, y), T (x, y), hx),G(T (u, v), hx, hx),G(T (z, w), hx, hx)}
+βmin{G(T (x, y), hu, hu),G(T (u, v), T (u, v), hu),G(T (z, w), hu, hu)}
+γmin{G(T (x, y), hz, hz),G(T (u, v), hz, hz),G(T (z, w), T (z, w), hz)}
+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.

Now, by applying Theorem 2.2 we get the result. □

3. Couple Fixed Point

This section talks about the existence and uniqueness of coupled common fixed points,
which are the results of the previous section.

If (Y,⪯) is a partially ordered set, we assign the Y × Y product set to the partial order ⪯
defined by

(x, y) ⪯ (u, v) ⇔ x ⪯ u and y ⪰ v.

Theorem 3.1. Suppose that L = 0 in the addition to the hypotheses of Theorem 2.3, g and
T are G-compatible and
(c) for every (x, y), (u, v) ∈ Y × Y , there exists (w, z) ∈ Y × Y such that (T (w, z), T (z, w)) is
comparable to (T (x, y), T (y, x)) and (T (u, v), T (v, u)).
Then, there exists a unique (p, q) ∈ Y × Y where p = hp = T (p, q) and q = hq = T (q, p).
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Proof. According to Theorem 2.3, the set of C-C-points is not empty. We will demonstrate
whether if hx = T (x, y), hy = T (y, x), hu = T (u, v) and hv = T (v, u), for (x, y) and (u, v),
then
(3.1) hx = hu and hy = hv.

By using assumption, for some (w, z) ∈ Y × Y such that (T (w, z), T (z, w)) is comparable to
(T (x, y), T (y, x)) and (T (u, v), T (v, u)). Without limiting the generality, it is assumed that

(T (x, y), T (y, x)) ⪯ (T (w, z), T (z, w))

(T (u, v), T (v, u)) ⪯ (T (w, z), T (z, w)).

Put w0 = w, z0 = z and choose w1, z1 ∈ Y such that hw1 = T (w0, z0) and hz1 = T (z0, w0).
According to the proof of Theorem 2.3, we can define tow sequences {hwn} and {hzn} as
follows:
(3.2) hwn+1 = T (wn, zn) and hzn+1 = T (zn, wn),

for n ∈ N. By taking x0 = x1 = x2 = ... = xn = x, y0 = y1 = y2 = ... = yn = y,
u0 = u1 = u2 = ... = un = u and v0 = v1 = v2 = ... = vn = v, for all n ∈ N, we have

hxn = T (x, y), hyn = T (y, x) and hun = T (u, v), hvn = T (v, u).

Since
(T (x, y), T (y, x)) = (hx1, hy1) = (hx, hy) ⪯ (T (w, z), T (z, w)) = (hw1, hz1),

then hx ⪯ hw1 and hy ⪰ hz1. Since T is mixed h-monotone, we can show that hx ⪯ hwn

and hy ⪰ hzn for all n ≥ 1. Hence, from (2.1), we get
G(hwn+1, hx, hx) = G(T (wn, zn), T (x, y), T (x, y))

≤ αmin{G(T (wn, zn), T (wn, zn), hwn),G(T (x, y), hwn, hwn),G(T (x, y), hwn, hwn)}
+βmin{G(T (wn, zn), hx, hx),G(T (x, y), T (x, y), hx),G(T (x, y), hx, hx)}
+γmin{G(T (wn, zn), hx, hx),G(T (x, y), hx, hx),G(T (x, y), T (x, y), hx)}.

Since T (x, y) = h(x), we have
G(hwn+1, hx, hx) ≤ αmin{G(T (wn, zn), T (wn, zn), hwn),

G(hx, hwn, hwn),G(hx, hwn, hwn)}.

Hence
G(hwn+1, hx, hx) ≤ α G(hx, hwn, hwn).(3.3)

Again from (2.1), we have
G(hy, hy, hzn+1) = G(T (y, x), T (y, x), T (zn, wn))

≤ αmin{G(T (y, x), T (y, x), hy),G(T (y, x), hy, hy),G(T (zn, wn), hy, hy)}
+βmin{G(T (y, x), hy, hy),G(T (y, x), T (y, x), hy),G(T (zn, wn), hy, hy)}
+γmin{G(T (y, x), hzn, hzn),G(T (y, x), hzn, hzn),G(T (zn, wn), T (zn, wn), hzn)}.

Since T (y, x) = hy, we have
G(hy, hy, hzn+1) ≤ γmin{G(hy, hzn, hzn),

G(hy, hzn, hzn),G(T (zn, wn), T (zn, wn), hzn)}.
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Hence
G(hwn+1, hx, hx) ≤ γ G(hy, hzn, hzn).(3.4)

Adding (3.3) and (3.4), we have
G(hwn+1, hx, hx) + G(hy, hy, hzn+1)

≤ α G(hx, hwn, hwn) + γ G(hy, hzn, hzn)

≤ (α+ β + γ)[G(hx, hwn, hwn) + G(hy, hzn, hzn)]

≤ (α+ β + γ)2[G(hx, hwn−1, hwn−1) + G(hy, hzn−1, hzn−1)]

≤ ...

≤ (α+ β + γ)n+1[G(hx, hw0, hw0) + G(hy, hz0, hz0)]

Since α+ β + γ < 1, we have
lim
n→∞

[G(hwn, hx, hx) + G(hy, hy, hzn)] = 0.

So
lim
n→∞

G(hwn, hx, hx) = lim
n→∞

G(hy, hy, hzn) = 0.(3.5)

Similarly
(3.6) lim

n→∞
G(hwn, hu, hu) = lim

n→∞
G(hzn, hv, hv) = 0.

Therefore, from (3.5) and (3.6) we get hx = hu and hy = hv. So (3.1) holds.
Now by putting hx = p and hy = q, we get

(3.7) hp = h(hx) = hT (x, y) and hq = h(hy) = hT (y, x).

Obviously,
hxn = T (x, y) = T (xn−1, yn−1) and hyn = T (y, x) = T (yn−1, xn−1),

and so
T (xn−1, yn−1) → T (x, y) and hxn → T (x, y),

as well as
T (yn−1, xn−1) → T (y, x) and hyn → T (y, x).

From the compatibility property of h and T we get:
G(hT (xn, yn), T (hxn, hyn), TF (hxn, hyn)) → 0, n → ∞.

So hT (x, y) = T (hx, hy). From (3.7) we get that
hp = h(hx) = hT (x, y) = T (hx, hy) = T (p, q).(3.8)

In a similar way,
(3.9) hq = h(hy) = hT (y, x) = T (hy, hx) = T (q, p).

Hence hp = T (p, q) and hq = T (q, p). Thus, (p, q) is a coincidence point. Then, from (3.1)
with u = p and v = q, we have hx = hp = p and hy = hq = q, that is,
(3.10) hp = p and hq = q.
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From (3.8), (3.9) and (3.10), we get

p = hp = T (p, q) and q = hq = T (q, p),

and (p, q) is a common coupled fixed point of h and T . To demonstrate uniqueness, if
(x1, x2) is another coupled common fixed, then by (3.1), we have x1 = hx1 = hp = p and
x2 = hx2 = hq = q. □

Theorem 3.2. Suppose that L = 0 in the addition to the hypotheses of Theorem 2.2 and
for every (x, y), (u, v) ∈ Y × Y , there exists (w, z) ∈ Y × Y such that (T (w, z), T (z, w)) is
comparable to (T (x, y), T (y, x)) and (T (u, v), T (v, u)). Then T and h have a unique common
coupled fixed point.

Proof. The proof is similar to the proof of the previous theorem. □

Theorem 3.3. Suppose that L = 0 in the addition to the hypotheses of Theorem 2.6 and
for every (x, y), (u, v) ∈ Y × Y , there exists (w, z) ∈ Y × Y such that (T (w, z), T (z, w)) is
comparable to (T (x, y), T (y, x)) and (T (u, v), T (v, u)). Then T has a unique common coupled
fixed point.

Proof. Let h = IX and apply Theorem 3.1. □

Theorem 3.4. If hu0 and hv0 are comparable and L = 0 in addition to the hypotheses of
Theorem 2.3, then T and h have a couple coincidence point of the form (u, u).

Proof. We construct two sequences {un} and {vn} in Y , by Theorem 2.3, such that hun → hu
and hvn → hv, where (u, v) is a coincidence point of T and h. Since hu0 and hv0 are
comparable, we may assume that hu0 ⪯ hv0. By using the induction and mixed monotone
property of T :

hun ⪯ hvn ∀ n ≥ 0.

where hun+1 = T (un, vn) and hvn+1 = T (vn, un), n = 0, 1, ....
Thus, by (2.1) we have

G(hun+1, hvn+1, hvn+1) = G(T (un, vn), T (vn, un), T (vn, un))

≤ αmin{G(T (un, vn), T (un, vn), hun),G(T (vn, un), hun, hun),G(T (vn, un), hun, hun)}
+βmin{G(T (un, vn), hvn, hvn),G(T (vn, un), T (vn, un), hvn),G(T (vn, un), hvn, hvn)}
+γmin{G(T (un, vn), hvn, hvn),G(T (vn, un), hvn, hvn),G(T (vn, un), T (vn, un), hvn)}.

Now by letting n → ∞, we get G(hu, hv, hv) = 0. Hence hu = T (u, v) = T (v, u) = hv. □

Theorem 3.5. If hu0 and hv0 are comparable and L = 0 in Theorem 2.2, then T and h have
a couple coincidence point of the form (u, u).

Proof. By Theorem 2.2, T and h have a C-C-point. We show that u = v. By Theorem 2.2 we
construct two sequences {xn} and {vn} in Y such that hun → u and hvn → v, where (u, v)
is a coincidence point of T and h. Since hu0 and hv0 are comparable, we may assume that
hu0 ⪯ hv0. By using the induction and mixed monotone property of T :

hun ⪯ hvn ∀ n ≥ 0.
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where hun+1 = T (un, vn) and hvn+1 = T (vn, un), n = 0, 1, ....
By using the triangle inequality:

G(u, u, v) ≤ G(u, u, hun+1) + G(hun+1, hun+1, v)

≤ G(u, u, hun+1) + G(hun+1, hun+1, hvn+1) + G(hvn+1, hvn+1, v)

= G(u, u, hun+1) + G(T (un, vn), T (un, vn), T (vn, un)) + G(hvn+1, hvn+1, v)

≤ G(u, u, hun+1) + G(hvn+1, hvn+1, v)

+αmin{G(T (un, vn), T (un, vn), hun),G(T (un, vn), hun, hun),G(T (vn, un), hun, hun)}
+βmin{G(T (un, vn), hun, hun),G(T (un, vn), T (un, vn), hun),G(T (vn, un), hun, hun)}
+γmin{G(T (un, vn), hvn, hvn),G(T (un, vn), hvn, hvn),G(T (vn, un), T (vn, un), hvn)}.

Since hun → u and hvn → v, by taking the limit from the above inequality, we get that
G(y, y, v) ≤ 0 and so G(u, u, v) = 0 and hence u = v. □

Remark 3.6. In addition to the hypotheses of Theorem 2.3, if u0 and v0 are comparable and
L = 0 and h = IX , then there exists u ∈ Y such that u = T (u, u).

4. Example

In this section, we examine an example with the help of Theorem 2.2.

Example 4.1. We consider Y = [0, 1] with the natural ordering of real numbers. Let G be
the G- metric on Y × Y × Y defined as follows:

G(x, y, z) = max{|x− y|, |y − z|, |z − x|} ∀ x, y, z ∈ X.

Define h : Y → Y by h(x) = x2, for all x ∈ Y . Let T : Y × Y :→ Y be defined as follows

T (x, y) =

{
x2−y2

8 ;x ≥ y
0 ;x < y.

Obviously, (Y,G) is G-metric, T obeys the mixed h-monotone property, F (Y × Y ) ⊆ h(Y ),
g(Y ) is complete and Y satisfies the conditions (i) and (ii) of Theorem 2.3.

Let u0 = 0 and v0 = c > 0. Then

h(u0) = h(0) = 0 = T (0, c) = T (u0, v0) and

h(v0) = h(c) = c2 ≥ c2

8
= T (c, 0) = T (v0, u0).

Consequently, h(u0) ⪯ T (u0, v0) and h(v0) ⪰ T (v0, u0).
We next verify inequality 2.17 of Theorem 2.3 for α = β = γ = 1

4 and L ≥ 0 holds, that is,

G(T (x, y), T (u, v), T (z, w))

≤ 1

4
min{G(T (x, y), T (x, y), hx),G(T (u, v), hx, hx),G(T (z, w), hx, hx)}

+
1

4
min{G(T (x, y), hu, hu),G(T (u, v), T (u, v), hu),G(T (z, w), hu, hu)}

+
1

4
min{G(T (x, y), hz, hz),G(T (u, v), hz, hz),G(T (z, w), T (z, w), hz)}

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)},
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for x, y, u, v, z, w ∈ X, such that hx ⪯ hu ⪯ hz and hy ⪰ hv ⪰ hw, that is, x2 ⪯ u2 ⪯ z2 and
y2 ⪰ v2 ⪰ w2. There is eight possible cases.

Case 1. Suppose, x < y, u < v, and z < w. So

G(T (x, y), T (u, v), T (z, w)) = G(0, 0, 0) = 0

≤ 1

4
min{G(0, 0, x2),G(0, x2, x2),G(0, x2, x2)}

+
1

4
min{G(0, u2, u2),G(0, 0, u2),G(0, u2, u2)}

+
1

4
min{G(0, z2, z2),G(0, z2, z2),G(0, 0, z2)}

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}

Case 2. Suppose, x ≥ y, u ≥ v, and z ≥ w. So w ≤ v ≤ y ≤ x ≤ u ≤ z. Hence

G(T (x, y), T (u, v), T (z, w)) = G(
x2 − y2

8
,
u2 − v2

8
,
z2 − w2

8
)

= max{|x
2 − y2

8
− u2 − v2

8
|, |u

2 − v2

8
− z2 − w2

8
|, |z

2 − w2

8
− x2 − y2

8
|}

= |z
2 − w2

8
− x2 − y2

8
| = |z

2 − x2

8
+

y2 − w2

8
| = 1

8
(z2 − x2 + y2 − w2)

≤ 1

8
z2 (since y ≤ x)

≤ min{8z
2 − x2 + y2

32
,
7z2 + w2

32
,
6z2 − u2 + v2

32
}

=
1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

≤ 1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

+
1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2), G(

z2 − w2

8
, x2, x2)

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.

Case 3. Suppose, x ≥ y, u ≥ v, and z < w. Hence,
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G(T (x, y), T (u, v), T (z, w)) = G(
x2 − y2

8
,
u2 − v2

8
, 0)

= max{|x
2 − y2

8
− u2 − v2

8
|, |u

2 − v2

8
− 0|, |x

2 − y2

8
− 0|}

≤ |u
2 − v2

8
|+ |x

2 − y2

8
| = u2 − v2

8
+

x2 − y2

8

≤ 1

8
u2 +

1

8
x2

≤ min{8u
2 − x2 + y2

32
,
7u2 + v2

32
,
8u2 − z2 + w2

32
}

+min{7x
2 + y2

32
,
8x2 − u2 + v2

32
,
8x2 − z2 + w2

32
}

=
1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2),G(

z2 − w2

8
, x2, x2)

≤ 1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2),G(

z2 − w2

8
, x2, x2)

+
1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.

Case 4. Suppose, x < y, u ≥ v and z ≥ w. Hence,

G(T (x, y), T (u, v), T (z, w)) = G(0,
u2 − v2

8
,
z2 − w2

8
)

= max{|u
2 − v2

8
− 0|, |u

2 − v2

8
− z2 − w2

8
|, |z

2 − w2

8
− 0|}

≤ |u
2 − v2

8
|+ |z

2 − w2

8
| = u2 − v2

8
+

z2 − w2

8

≤ 1

8
u2 +

1

8
z2

≤ min{8u
2 − x2 + y2

32
,
7u2 + v2

32
,
8u2 − z2 + w2

32
}

+min{8z
2 − x2 + y2

32
,
7z2 + w2

32
,
8z2 − u2 + v2

32
}

≤ 1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2),G(

z2 − w2

8
, x2, x2)

+
1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.
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Case 5. Suppose, x < y, u < v and z ≥ w. So,

G(T (x, y), T (u, v), T (z, w)) = G(0, 0,
z2 − w2

8
)

= max{|0|, |z
2 − w2

8
|, |z

2 − w2

8
|} =

z2 − w2

8

≤ 1

8
z2

≤ min{8z
2 − x2 + y2

32
,
7z2 + w2

32
,
8z2 − u2 + v2

32
}

=
1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

≤ 1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

+
1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2),G(

z2 − w2

8
, x2, x2)

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.

Case 6. Suppose, x < y, u ≥ v and z < w. So,
G(T (x, y), T (u, v), T (z, w)) = G(0,

u2 − v2

8
, 0)

= max{|0|, |u
2 − v2

8
|, |u

2 − v2

8
|} =

u2 − v2

8

≤ 1

8
u2

≤ min{8u
2 − x2 + y2

32
,
7u2 + v2

32
,
8u2 − z2 + w2

32
}

=
1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

≤ 1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

+
1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2),G(

z2 − w2

8
, x2, x2)

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.

Case 7. Suppose, x ≥ y, u < v and z < w. Hence,
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G(T (x, y), T (u, v), T (z, w)) = G(
x2 − y2

8
, 0, 0)

= max{|0|, |x
2 − y2

8
|, |x

2 − y2

8
|} =

x2 − y2

8

≤ 1

8
x2

≤ min{7x
2 + y2

32
,
8x2 − u2 + v2

32
,
8x2 − z2 + w2

32
}

=
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2),G(

z2 − w2

8
, x2, x2)

≤ 1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

+
1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2), G(

z2 − w2

8
, x2, x2)

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.
Case 8. Suppose, x ≥ y, u < v and z ≥ w. Hence,

G(T (x, y), T (u, v), T (z, w)) = G(
x2 − y2

8
, 0,

z2 − w2

8
)

= max{|x
2 − y2

8
|, |z

2 − w2

8
|, |z

2 − w2

8
− x2 − y2

6
|}

≤ |z
2 − w2

8
|+ |x

2 − y2

6
| = z2 − w2

8
+

x2 − y2

8

≤ 1

8
z2 +

1

8
x2

≤ min{8z
2 − x2 + y2

32
,
7z2 + w2

32
,
8z2 − u2 + v2

32
}

+min{7x
2 + y2

32
,
8x2 − u2 + v2

32
,
8x2 − z2 + w2

32
}

=
1

4
min{G(

x2 − y2

8
, z2, z2), G(

u2 − v2

8
, z2, z2), G(

z2 − w2

8
,
z2 − w2

8
, z2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2), G(

z2 − w2

8
, x2, x2)

≤ 1

4
min{G(

x2 − y2

8
, z2, z2),G(

u2 − v2

8
, z2, z2),G(

z2 − w2

8
,
z2 − w2

8
, z2)

+
1

4
min{G(

x2 − y2

8
, u2, u2),G(

u2 − v2

8
,
u2 − v2

8
, u2),G(

z2 − w2

8
, u2, u2)

+
1

4
min{G(

x2 − y2

8
,
x2 − y2

8
, x2),G(

u2 − v2

8
, x2, x2), G(

z2 − w2

8
, x2, x2)

+Lmin{G(T (z, w), hx, hx),G(T (z, w), hu, hu),G(T (x, y), hz, hz)}.
Hence the required condition of Theorem 2.3 are satisfied and there exists C-C-point (0, 0) of
the mappings h and T .
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