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BASIS PROPERTY AND MINIMALITY OF THE EIGENFUNCTIONS OF
THE MODIFIED FRANKL PROBLEM WITH A NONLOCAL ODDNESS
CONDITION IN THE SPACE 7, (0,r)

NASER ABBASI

ABSTRACT. The classical Frankl problem was considered in [3]. The problem was further
developed in [2, pp.339-345], [8, pp.235-252]. The modified Frankl problem with a nonlocal
boundary condition of the first kind was studied in [I, 6]. The basis property of an eigen-
functins of the Frankl problem with a nonlocal parity conditions in the space sobolev was
studied in[7]. In the present paper, we prove the completeness, the basis property, and the

minimality of the eigenfunctions in the space Wf,’(o, 7). This analysis may be of interest in
itself.

MSC(2010): 35xx, 35m12, 35p10, 35¢10, 35j56.
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1. STATEMENT OF THE MODIFIED FRANKL PROBLEM

Definition 1.1. In the domain D = (D4 U D_; U D_5), we seek a solution of the modified
generalized Frankl problem

(1.1) Uz + 5g0(y)uyy + psgn(z + y)u = 0 in (DyUD_jUD_y),

with the boundary conditions

(1.2) u(1,0) = 0,0 € [0, g],
ou
(1.3) 8—:6(0,3/) =0,y € (—1,0)U(0,1)
(1.4) ku(0,y) = u(0,—y),y € [0,1]. ku(0,40) = u(z, —0).

where u(z,y) is a regular solution in the class

u € CO(D+ uD_1U D_Q) N CQ(D_l) N CQ(D_Q),
1
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and where
D+:{(7’,9):O<r<1,0<9<g},
Doy={(zy):—y<z<y+1l o <y<0}
1
Dop={(zy):z-1<y<-20<z<}
(1.5) b 0 40) = P4 —0), —00 < k< 00,0 < < 1
. 8y ’ 78y ) ’ ) .

Definition 1.2. .System {z,}neny C X is called complete in X if L[{z,}nen] = X.
Definition 1.3. .System {z,}neny C X is called minimal in X if zf & L[{xy }nen], ¥k € N.

Remark 1.4. If the system {z,}n,cny C X is called minimal in L, (), then it is also minimal
in Ly(J), for J D I, and if it is complete in Ly(I), then it is also complete in L,(J), for J C I.

Theorem 1.5 ([5]). The eigenvalues and eigenfunctins of problem (1-5) can be written out
in two serise. In the first series, the eigenvalues A = Mik are found from the equation

where ppp,n =0,1,2,....k = 1,2, ..., are roots of the Bessel equation (6), J,(z) is the Bessel
function [1], and the eigenfunctins are given by the formula

ApkJan(pngr) cos(4n) (5 — 0), in D+,
(1.7) Unk = 8 kAnkJan (nkp) cosh(4n)i, in D_q;

kApkJan (pnk R) cosh(4n) e, mn D_,,

where x = rcosf,y = rsinf for 0 < 0 < T r2 =22 +4% in Dy, x = pcoshep,y = psinhp,
for, 0 < p<1,—00 < <0,p?> =2?—9y% in D_; and x = Rsinhp,y = —Rcoshy, for,
0< <400, R? =19y%— 22, in D_s.

In the second series, the eigenvalues A= ﬂik are found from the equation.

(1.8) J4(n+A) (fink) = 0.
Where n = 1,2, ..., and k = 1,2, ..., and the (finx) are the roots of the Bessel equation (8).
%nkjél(nth) (ﬂnkr) COS4(7’1 + A)(% - 6)7 in D+;
Au i ) inio)cosh A(n + )i cos d(n + 4)5
(1.9) Uk = _ +rsinhd(n + A)pcosd(n + L), in  D_y;
kAnkJansn) (fink R) cosh 4(n + A)plcosd(n + A) 5
—sin4(n + A)F], in D_o,
where, A = L arcsin ﬁ, A€ (0,3), and

1
2 [ Bl yrdr =1,
0

1
AQAJ&mmwwmzL

Apr >0 and Ank > 0.
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Definition 1.6. Let § < 2 — ]13. Let (ng(O,w)) be the subspace of the space (ng((),w))
consisting of functions f € (ng((), 7)) satisfying the following boundary conditions:

(1.10) *0)y=0, (k=0,1,..,1—1)

And, for 8 < 1, let them satisfy condition:

/ FEEDOFSG) =0, (k=1,2,3,..,])
0

where
. r2(1-3g)

Hy' = I'(1— a)m(2cos &)’ (a=5-2).

This restriction on [ is connected with applied problems and is natural in this sense.

Definition 1.7. Let § < 2 — %, and let Wil(O,ﬂ) be the set of functions f € (W2(0,))
satisfying the following conditions:

Loy =0,  (k=1,..,0)
And also the following conditions depending on the parameter 3 : For g < 1,

(1.11) / fe@OHPd =0, (k=1,2,3,..,1—1)
0
and for g > 1,
(1.12) W(f(%) — &)Hﬁ 0 =0, (k=1,2,3,...1—1)
’ 0 (1— )22k 0 R
2
H® = c* - >0
o (2 o 2 Z cos(n } (n>0)
and
B _
h, = 2cos 5 ZC’Bsm n—k

Remark 1.8. For 8 = 1, condition (12) transforms to the condition f2*72(7) = 0,k =
2,3,...,0 and for [ =1 conditions (11) and (12) had not exist.

2. THE BASIS PROPERTY AND MINIMALITY or THE EIGENFUNCTIONS

Theorem 2.1. The function system

(2.1) {Cos(4n)(— — )12, {cosd(n + A)(g — )}

n=1»

is complete and a Riesz basis in Ly(0, ), provided that A € (Tl ).
For A\ < 1 the system is not complete but is minimal,for N\ > % is complete but is not
minimal,and zf A = _71 is complete and minimal.
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Proof. The proof of this theorem we use the convergence function

(2.2) £0) =3 Ay cos 4n(g —0)+ > Bycosd(n + A)(g —9),
n=0 n=1
. O

in Ly(0, %), Riesz basis the system (sin4(n 4+ A)(5 —0)) for A € (5, 2),(see [1, 6])

Theorem 2.2. The system of eigenfunctions
0
Unk (7, 0) = ApgeJan (k) cos(4n)(§ —0),
Upg (1, 0) = flnkJ4(n+A)([Lnkr)[cosh 4(n+ A)pcosd(n + A)g,

is complete and basis in the space L*(0, 5), therefor

/2 f(r, 0)upg(r,0)rdrdd = 0,
0

/2 f(r,0) Ty (r, 0)rdrdd = 0,
0

and f € L(0, %) then f=0, in (0, 3).
Proof. Using fobini theorem and Lebesgue‘s integral for any n,k=1,2,... we have

0= /2 f(r, 0)upng(r,0)rdodr
0

= [ Ity [ 500 costan) G = o)ao)ar

again since f € L?(0, 5) s0;
Lorg
/ / £, 0)[2dbdr < oc.
o Jo
In so much system {v/7Jap (1nkr)}32, in L?(0,1) is orthogonal and complete, it is enough

to prove;

\/17/02 F(r0) cos(an)(& — )0 € 12(0,1).

Using the Holder inequality
s 1 s us
\\/7«/2 7(r,0) cos(an) (% — 0)aoP” < 27“/2 72, 0)|d9/2 d
0 0 0

=7 / Sl oo = "1 / * 17 6)2d8,
i, i,

with the integration interval (0,1).

1 % s _ 2 E ! % 2
/O y\/F/O f(r,0) cos(4n) (5 — O)db*dr < 4/0 /0 rlf(r, 0)[*drdf < oo.

This inequality is equivalent to
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1 z T _—
{/0 \/ﬂ/o f(r,@)cos(4n)(2 0)dl|“dr}2 < oo.

™

Also system {y/rJun(pngr)}72; is orthogonal and complete in L?(0,%) of relation

1 5 T
/ (\/;J4n(unk7’)ﬁ/ f(r,0) cos(4n)(§ — 60)df)dr = 0,
0 0

imply that

Jr /0 F(r,0) cos(4n) (= — 0)do = 0.

T
2

According to theorem 2,we conclude that f(r,0) =0 in L?(0,1). Similarly,if we consider
the above calculations for sequence {cos4(n + A)(5 — 0)}52,, we have;

\/;/2 f(r,H)coséL(n—i—A)(g —0)df =

Because completeness {cos4(n + A)(5 — 0)}22,, f(r,0) =0in L*(0,1).
The proof of the theorem is complete.
O

Theorem 2.3. The system of eigenfunctions unk(r,0) and G, (r,0) of the problem (1)-(5)is
a Riesz basis in the space L(0, T), where,

1 __ 1
A= ([ T rde) ', = ([ Ty i)
Proof. Theorem 3.1 results from Theorem 3.2 and the completeness and orthogonality of the
system{ A, Jan (pnkr) }72, for n >0 and{AnkJ4(n+A)(,unk)r}k , forn>1in L?(0,1).

]
Theorem 2.4. The system of function {cos(n — g)@}g‘;o is a Riesz basis in W, (0,m) if and
only if B e (1,2 1),841.

Proof. (see [6, 7]).

O
Theorem 2.5. The cosine system {cos(n — )0} > o forms a basis in the space W (O,F),if
and only if B € ( Lo 7) B # 1.The expansion into cosines has the form
N B
= Z D,, cos(n — 5)9 (15)
Where the coejﬁczents D are calculated according to the formulas
fo )d(0) for 5 <1,
8(1—0) /” sin () sin( % /
D(0) = H 16
( ) 776(2_/6) 0 (ZCOS f 0 ) ( )

’ B
T LOR 46) for B> 1.

1=3
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D, = _/ (f + DO(
0
Where Hj, and hi(0) were studied in [7].

)sm(?))hﬁd(@(n —

J ). (17)
[

Proof. Analogously to the proof of relation (16),we obtain the relation

= i D,, cos(n — g)@ — i D, (18)
n=0 n=1

The convergence of numerical series) .~ Dy, is proved analogously to the proof of conver-
gence of series) ~" | B,. This implies the uniform convergence of series(6).

First let 8 < 1, then multiplying series(6) byHg Integrating over the closed interval
[0, 7], and taking into account relations(6)[6, 9]) and(29), we have the relation

=Y D,
n=0
Therefore,instead of relation(18),we can write
_\ B
= Z D, cos(n — 5)9 (19)
n=0

For 8 > 0, we multiply series(31)by HOB 72(0) and integrate the obtained relation over the
closed interval|0, ]. Using relation (9, [11]), we obtain

/ " OV HE2(0)d(8) = Dy / " cos %Hﬁ”(@)d(e) + Dyt
0 0

N T B2
;m%ﬁ%www

Substituting the expression for Difrom (17)in the latter relation, we obtain

/ ’ FO)HE2(0)d(6) — Dy /O " cos %H@‘Q(O)d(éﬂ

/f O)h1 (0)d(9) B+Do/0 sinighf(e)d(e)ﬁgz

2 2(1 - )
wm—Zmﬂﬂﬁwmw (20)
n=0 0

Now let us show that the left-hand side of relation (20)vanishes,this will imply

o0
=Y D,
n=0
Indeed integrating relation (9, [8]) by parts, we obtain the relation

/H cos@d(G) (1—5)2 sin @ (0)d(9).
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Furthermore, substituting this formula in (20),we immediately see that

s / B
oo+ HOM )
2
Y 2 2.3
Do [ sin G 0)a0) (25 - 255 =
™ / B
[ 2o + a0
2
(%)[smg@n{‘w)dw).

By using relation(16)and(9, [8]), we annihilate the latter relation,i.e.,we obtain relation
(19)fors > 1. The remaining part of theorem(3.5)is proved analogously to theorem(3.4).

O

Remark 2.6. Case k > 0. The system of function(10)a Riesz basis

.72l . _

in W, (0,m), if A € (Z£,0)U(0,3).

IfA > %, A #1,2,3, ..., then system(10)is complete, but is not

minimal in ij(o, ).

If A = =}, then system(10)is complete and minimal but is not basis

.72l

in W, (0, ).

If A< %, A #1,2,3, ..., then system(10)is not complete, but is

minimal in ij(o, ).
Proof. The proof of remark (3.6) reproduces that of theorem(3.4)and

theorem(3.5). O
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