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ON QUASI-EINSTEIN-REVERSIBLE RANDERS METRICS

SAEEDEH MASOUMI, BAHMAN REZAEI", AND LAYA GASEMNEZHAD

ABSTRACT. Quasi-Einstein metrics play an important role in Finsler geometry, acting as
a natural extension of their counterparts in Riemannian geometry [?].In this paper, we in-
troduce the concept of quasi-Finstein reversibility for Finsler metrics, which extends the
standard quasi-Einstein condition in this context. We further investigate quasi-Ricci-flat
and quasi-Einstein Randers metrics in detail. Finally, we demonstrate that every quasi-
Einstein Randers metric possesses isotropic S-curvature, and we establish an equivalence
between quasi-Einstein reversibility and the quasi-Einstein property for Randers metrics.

MSC(2010): 53C60.
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1. Introduction

The applications of Finsler geometry in physics primarily include areas such as mechan-
ics, gravitation, and dynamics. Notably, the more generalized gravitational equations were
derived by Asanov[?]. using the osculating curvature scalar. To this day, the most widely
accepted and comprehensive framework for understanding gravity remains Einstein’s theory
of general relativity [?]. The dynamics of Finsler spaces can be formulated using the Einstein—
Hilbert functional, which, from a Finslerian standpoint, appears as a special case within a
broader class of non-metric Finsler structures [?]. The equations that describe the interplay
between geometry and matter are none other than Einstein’s field equations, which govern
the metric of a Riemannian manifold. Within Riemannian geometry, Einstein metrics them-
selves are solutions to the Einstein field equations in general relativity. Viewed in this way,
Finsler metrics can be regarded as a generalization of Riemannian metrics without the con-
straint of quadratic restriction. In 1997, H. Yasuda and H. Shimada explored Randers spaces
with scalar curvature [?]. In practical applications, these spaces have also been used in fields
like electron optics, particularly in the presence of magnetic fields [?].One of the key ideas
in Finsler geometry is the Riemann curvature, which naturally leads to the definition of the
Ricci curvature, commonly written as Ric := R!. A Finsler metric is said to have constant
flag curvature if its Ricci curvature satisfies the condition Ricp = (n — 1)kF?, where k = k(x)
is a scalar function. Alongside the Riemann curvature, the S-curvature is another important
feature that sets Finsler geometry apart from its Riemannian counterpart. A Finsler met-
ric is described as having isotropic S-curvature on a manifold M if the S-curvature can be
written as S(x,y) = (n + 1)cF(z,y), where ¢ = ¢(x) is a smooth scalar function. When this
condition holds, the metric is also said to have scalar flag curvature. In general, a Finsler

*Corresponding author.



2 S.MASOUMI, R.REZAEI, AND L.GASEMNEZHAD

metric is considered to have isotropic curvature if and only if its flag curvature is constant.
Interestingly, there are special cases such as the well-known Funk metric that show it is pos-
sible for a metric to have isotropic flag curvature without being of constant flag curvature.
The Funk metric, which is a classic example of a Randers metric, illustrates this exception
clearly [?]. In Riemannian geometry, a typical smooth measure space is described by the
triple (M", g,e~fd V4). Here, g on an n-dimensional manifold, dV, is the standard volume
element, and f a smooth real-valued function defined on M. To generalize the Ricci tensor in
this setting, one uses the m-Bakry-Emery Ricci tensor, which is defined as

1
(1.1) Ricf" = Ric + Hessf — %df ® df .

If the function f is constant, this expression reduces to the ordinary Ricci tensor [?, ?]. Such
a space
(M», g, e~ 1 dVy), is called m- quasi-Einstein if it satisfies

Ric}" = Ag,

for some A € R. Notably, this condition is exactly the same as the gradient Ricci soliton
equation in the special case where m = oo [?].

Recently, Ohta proposed a definition of N-Ricci curvature, which brings together the con-
cepts of S-curvature and the Ricci curvature in Finsler geometry [?, ?]. To illustrate this,
consider a Finsler measure space (M,IF, e fdv BH), where f is a smooth function on the
manifold M, and dVpy = opgdx denotes the Busemann—Hausdorff volume measure Such a
space is said to be N—weakly quasi-Einstein if it satisfies an equation of the form
30

F}FZ, n<N <400

2

. : S
qug—i-S—N_n: [n—1] [c+

where @ is a 1-form on M and § is the covariant derivative of S along geodesic of Finsler metric
F; when § = 0 and N = oo, Finsler metric F is said quasi-Einstein. Also, quasi-Einstein
Finsler metric F is called quasi-Ricci flat if ¢ = 0. Within Finsler geometry, reversible
metrics are of particular interest when studying Finstein metrics. For example, in 2005,
Crampin demonstrated that a Randers metric possesses reversible geodesics if and only if
the associated 1-form f is parallel [?]. A few years later,in 2008, Mo-Yu determined Randers
metrics on compact manifold n-dimensional of constant S-curvature. If Ric < —(n—1)c? then
F = « is a Riemannian metric[?]. In 2009, Cheng and Shen classified Randers metrics with
scalar flag curvature [?] and, Li-Shen later investigated Ricci-quadratic Randers metrics [?].
In 2010, B. Njafi and A. Tayebi introduced a family of Einstein Randers metrics [?]. Two years
later, Shen and Yang proved that a Randers metric is Ricci-reversible if and only if it is Ricci-
quadratic, and they also studied weak Einstein Randers metrics [?]. In 2015, it was shown
that if F = o+ 3 is a Randers metric on an n-dimensional manifold M and f is closed, then
F is a generalized Einstein metric precisely when it is a Berwald metric [?]. More recently,
in 2022, Zhu analyzed quasi-Einstein and quasi-Ricci flat square metrics [?]. In this work,
we establish necessary and sufficient conditions for a Randers metric to be quasi-Einstein
and quasi-Ricci flat. Furthermore, we examine the structure of quasi-Einstein reversibility
in Randers metrics and demonstrate that, for this class, quasi-Einstein reversibility coincides
with the quasi-Einstein property. In fact we prove:

Theorem 1.1. Any quasi-FEinstein Randers metrics is of isotropic S-curvature.
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In 2018, the reversibility of Einstein scalar metrics in Finsler geometry was investigated by
Yang [?]. In this work, we examine the notion of reversibility for quasi-Einstein metrics in
the context of Finsler geometry. A Finsler metric is called to be quasi-Einstein-reversible if
the quasi-Einstein scalar is reversible, i.e., ¢(x,y) = c¢(x, —y). It is clear, if the quasi-Einstein
scalar ¢(z,y) be a scalar on M, namely, c(z,y) = c(z), then F is called an quasi-Einstein
metric. The main theorem as follows:

Theorem 1.2. Let F = o+ 8 be a Randers metric on an n-dimensional manifold M with
volume form dV = e~TdV,. Then F is quasi -Einstein -reversible if and only if F be quasi-
Einstein.

2. Preliminaries

Consider the Finsler space (I\\/JI,IF), then a smooth vector field G on TM expressed in a
standard local coordinate system (z%,y") in TMj is given by

0
Glz,y) =y'5 5

A B
- 2Gz($7y)@7

where geodesic coefficients defined by

Gl(xay) = Zgzm [Fz]zlymyl - [F2]xm )

and G*(z,y) are local functions on T'M satisfying
Gi(x, \y) = NG (z,y) A >0.
The Riemann curvature R, = R} (y) a?ci ® da* of F is defined by
i 92 92 el
28G i aG Loy @‘G B @G‘ oG .
oxk OxJ OyF oyioyk  Oyi Oy

Ricci curvature is the trace of the Riemann curvature, which is defined by

R (z,y) =

Ric:= R).
For Finsler space (M, F), the Busemann-Hausdorff volume form dVgy := op H(w)dxl A, A
dx™, is defined by
Wn,

g = X - )
P Wol(y') € R F (2,952 1))

where Vol {.} indicates the Euclidean volum and w, := Vol(B"(1)) indicates the Euclidean
volume of the unit ball on R™. The Busemann-Hausdorff volume form dVgg is related to the
scalar function 7 = 7(z,y) on TMj is defined by

det(gij(z,y)) ]

OBH

T(z,y) = ln[

is called the distortion. The S- curvature is defined by

S(,9) = 5 [r(e®), e O)]lo
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where ¢(t) is the geodesic with ¢(0) = z and ¢ (x) = y.
The S-curvature of Finsler metric F is given by

Ik 0
2.1 S = gy
(2.1) (z,y) o Y o
For a Finsler measure space (M,T, e/ dVpp), where f is a smooth function on F. The
quasi-Ricci curvature can be described as

(ln[UBH]).

(2.2) QRic = Ric+ S,
Finsler metric F' is quasi-Einstein if it satisfies
(2.3) QRic = (n—1)cF?,

where ¢ = ¢(z) is a scalar function. In particular, if F is satisfying (??), F' is said to be
quasi-Ricci constant, where ¢ = const and F is called quasi-Ricci flat, where ¢ = 0.

Definition 2.1. Let F be Finsler metirc on manifold M with volume form dV = e /dVixy
which f is scalar function on M then its quasi-Einstein-reversible, if

(2.4) QRic = c(z,y)F?,
with
(25) C($7 y) = c(z, —y).

An («, 8)-metric can be expressed by the form
F:= a¢(s), 5= é,
«

where « is Riemann metric and g is one form on M.
Finsler metric F is known to be positive and strongly convex on TM if and only if

qb(s) — 8¢ (s) + [B — 52] ¢"(s) >0,

where B := a"b;b; =|| 8|2
For (a, B)-metrics, the spray coefficients are expressed by [7]

(2.6) G'=Gh+ Q)

where

Q= aQs% +40 {7’00 — 204@30} yE + ¢ {7’00 — 204@80:| b,

and
Q:: ¢/ y 0. [¢_8¢/]¢/_S¢/¢//
¢ 5o 26 [d)—sd)’—i- (B — ] gﬂ
b= 0 ,

2 [qb —s¢/ + [B — 7 ¢"]
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where
1
i = g0 |02yt ~ oL

For (a, B)-metric, the Ricci curvature is given by
Ric := Ric, + T}.

For more details, see [?]. We use some notations for («, 5)-metrics as follows,

1 1 o . g
— _ _ 7 i __ % k
rig = 5\ bty T 00 ), s =5\ by —bga |5 roo =i’y so = aVsuy”
ri=bry, s =Vryu, so=sy', r'=ar;, s'=a"s;, r=>0br,

where (a¥) := (a;;)7!, b' := a¥b; and "|” denotes the covariant derivative with respect to

Levi-Civita connection of «, .

For (o, B8)-metric with a volume form dVg = e~/dV,, where dV,, = oqdz! A ... A da™, o4 =
det(a;j(x)) and f is a smooth function, the S-curvature is defined by

dG* d
S(x,y): = £ kw(ln[e_faa])
(2.7) = 2¢(ro+50) + [(n+ 1)0 + ¥ (B — 5*)] (roo — 204@30)& + fo,

where fo := f,iy'. The covariant derivative of S along a geodesic of (a, 3)-metric is calculated.
In this paper, we prove the following:

Lemma 2.2. Suppose

(2.8) 0 N 20 mod (1 _8
) 5, ~S0) =0 mo (1+s), s=—.
Then

(2.9) (17‘00 + 50,8) = 0(@2 - B2)

2

Proof. Equation (?7?) implies that there is a scalar function o = o(x) and 1-form 7 satisfying

(% —50) = (n+o0a)(1+s).
Since
0= %Too —oa? — a(so —HH—UB) —ng.

Hence, we have

(2.10) 0 = sop+n+o0p,
1
(2.11) 0 = —oa’+ 5700 — ns.

We obtain 7 from (?7?), and then plugging it into (?7?) yields (?7). O
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3. Quasi-Einstein-Randers metrics

We consider a special class of («, 3)-metric. The Ricci curvature of Randers metric is
followed

. . . (n - 1) 37’80 37"0080 2 1
Ricg: = Rica+ A 402 B « +3SO Z

T00[0

(3.1) + 27‘07;86 + Soj0 — 2asisé} — 280,’86,

and A :=1+4 s. The S-curvature of Randers metric is given by

(3.2) g—"tl

1
=115 (7’00 - 20480)5 + fo.

For Randers metrics, the covariant derivative of S, we can obtain as follows

N (n+1) 50 | 1 oy L Toojo :
S. = A (—¥+4a—450)2+%—27‘0186
(3.3) —50j0 + 2asi8() — %mo +2fos0 — A(2afrish — fopo) }

where A =1+ s.
We will prove necessary and sufficient condition under which a Randers metric be quasi-
Einstein.

Lemma 3.1. Let F = a + B be a Randers metric on an n—dimensional manifold M with
volume form dV = e~1dV,,. Then quasi-Ricci curvature associated with F can be written as

2 . .
3100 — aso)” 20 — 2roish — sojo + 2asish + foso) — foroo + Toojo
5 +
F F
+Ricq + fO\O — 250i84 + a(236‘i — as?sg — 2fxi86),

QRic = —(n+ 7)(

(3.4)
where f = f(x) is a smooth function, and fo = f,y* and Jojo = fo‘xiyi .

Proof. By (?7) and (??), we obtain

. n+7 r3y  Toos L (Toojo ;
ome — D () (g,
+4s;sha — Ozfo + 2f080> = 2frisoa + foo + 2800

e .
—s;5]0” + Ricq,
where A := (1+ s). By replace A = g into equation above , we can get (77). O

Corollary 3.2. Consider F = a+ 8 be a Randers metric on an n-dimensional manifold M
with volume form dV = e~fdV,,. The corresponding isotropic S-curvature with F is expressed
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as
' , 9 i i 3(ro0 — 20430)2
QRic = Ricy+ 2(13’07|Lm — 250,59 — @ S;Sg +(n—1) [ZHFQ
do(ro;st — asist) —r + 2as
n ( 120 i g?ﬁ‘ 00|0 0|0:| + (n + 1) [C|0F + cT‘oo],
(3.5)

where Ricy denotes the Ricci curvature of a.

Now we want to prove theorem 77:

Proof. By Lemma ?? and equation (?7?), we have

0 — (n + 7) T00 2
= g o
2 To00l0 . . r00S .
+Z [20[ — 27080 — So|0 + 2a:8i5() — (;an + foso| — 2s0isg
(3.6) —20fi8h + fojo + 2a56|i - azsésg + Ricq — (n — 1)cF?,

where A := (1 + s). By lemma ?? we can obtain

(3.7) To0 = 2[c(a2 — B - 80,8].

O

Theorem 3.3. Suppose F = o+ 3 be a quasi-Finstein Randers metric on an n-dimensional
manifold M with the volume form dVg = e~fdV,,. Then F is quasi-Ricci flat, if

Ric, = na®— Bl(n+ 7B + 4sish + 8spc + 286” — faish] + so[(n+ 3)so — 2]
(3.8) +2s0(0 + 25055 — fo|os

where 1 :=n(x) is a scalar function and f is a smooth function.

Proof. Suppose F be a quasi-Einstein metric, Then by (??) we can obtain

(3.9) Toojo = 4Bs3 — 28500 + 8¢B%s + 2(co — 2¢s0 — 4,602)(a2 - B%),
(3.10) roish = —s3 — 555 — 2¢s00.

Now, by putting (??), (??) and (??) into (??) we have

(3.11) 0 = Ratt + alrrat,
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where

(3.12)  Ratt

(3.13)  Iratt
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Bya® + By,

By := (n+7)2B + 2cso(n + 7) + 4s;55 — 65 — 2(co — 4025)
_2f$¢36 + 256|i — sésgﬁ,

By :=(n+7)(cf— 30)2 + 452 — 230|0 + 14esoff — 2(co — 4¢?B)B
1252 — 250;55 + fojo + Rica,

o’B; + Bs,

By :=—(n+7)c - sésg,
B3 :=+(n+ 7)c2ﬁ2 —(n+ 7)83 + 433 — 2800 + 8csp + 45¢88,B
+2f050 — 250555 — frisof + Jojo + 236“5 + Ricq.

By equation (??) there is a scalar function 7 = n(x) such that

B3 = na?.

We can get (??). This completes the proof.

0

In [?], Tayebi, Majidi and Haji-Badali studied Einstein -reversible on m -root Finsler met-
rics. They proved a 3-th root (a, B)—metric F = {/c1Ba? + co33 is an Einstein -reversible

metric if and only if s; = 0 ,7;; = 0 and Ric, = 30% \32 — (c%oz2 + 31 Bt — 80%1500 where
1

¢; are real contants and A = A\(x) is scalar function on manifold M.

4. Proof of Theorem 77

Suppose F = « + 8 be quasi- Einstein - reversible, by equation (?7?), we have

QRic

C(x7 y) = ]F2

By definition of quasi-Einstein-reversible, we have

(4.1)

C(.%', y) = C(.I‘, _y)'

By equation (??) and Lemma ?? we can get

0

(? — 3?)3 {2(561- + sélsg — frish+ 251'36)]

+(a? — %2 [2[5’([2361- + sé-sgﬁ -
3f$7156 + 103156] + 6r0i86 + 3s0j0 — 3f0s0 — Rica — fopo

+280¢86 + 28(2)(71 + 7) — f()?“(]() + (n + 7)’!”0080):|
+(a® - 8) [4ﬁ3<4mz-sé + 280/ + 4sisoB — 2foso + 6(n + 7)s7)

—453°(foroo — roojo — 2(n + 7)r00s0) + rgp(n + 7)ﬁ] :



ON QUASI-EINSTEIN-REVERSIBLE RANDERS METRICS 9

By the equation above, there is a scalar function ¢ = ¢(x) such that

(4.3) oo = 2¢(a® — B%) — 250

By (??7) we get

(4.4) Tooj0 = 4Bs2 — 28500 + 8¢3?s0 + 2(00 — 2csg — 4502)(042 - 5%,
(4.5) T0ish = —s8 — 555 — 2¢s00.

Now by plugging (??), (??) and (?7?) in (?7). We obtain

0 = o {236” — 2fxi86 + 43,-36 —2¢fo 4 2(co — 2¢s0) +2(n + 7)030]
+5 [[28;8? —8c® +4c*(n + 7)) — 4foso — 8s§ + 4s0)0

+2(n + 7)s2 — 2Ricq — 2 fojo + 4801'54 — B2 [256|i — 2f,ish
+4sz~36 —2¢fo 4 2co — 4esg 4+ 2(n + T)eso + 32¢sg — 8(n + 7)eso

+8cfo — 8co — 8sish — sy, + 4fpish — (233'.3{

2 2 2 2 i
(4.6) +8¢” +4(n+T7)c* 4+ 32¢* —8(n+ 7)c” — 28;8?>ﬁ:| .
It follows from (??) that
. 1 , .
(4.7) sfm =3 (QfxiS%) + 4sisg — 2¢fo + 2co — 2spc + 2(n + T)eso + 205),
such that o = o(z) is a scalar function on M. Plugging (?7) in (?7?), we obtain

Ric, = o? |:0' — 4% + 2(n + 7)c2 + s;sf] - 28 [cfo — ¢+ 6sgc — cso(n+7)

(4.8) +3c2 (n+ 1)} — 2fos0 — 48 + 2500 + (n + 7)s% — Jojo + 250;5h.
Finally, plugging (77?), (??7), (??) and (??) in (??) and simplify this equation, it yields
QRic = F? <a + n + 3]> :

Corollary 4.1. Let F = a+ 8 be a S-isotropic Randers metric on an n-dimensional manifold
M with volume form dVy = e~ fdV,,. Then F is quasi-Einstein-reversible if and only if it be
quasi-Finstein.
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