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Abstract

In this paper, we define Chebyshev wavelets and Chebyshev wavelet coapproximation. We
obtain some generalized results on wavelet coapproximation. We show that if the series
N Y |tn’m\2 is convergent, then there exists a wavelet coapproximation for a set. We
assume that functions have bounded derivative and we obtain wavelet coapproximation for a
set.
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1. INTRODUCTION

Let the sequences {T},(z}, {Un(z)}, {Vn(z)} and {W,,(z)} be Chebyshev functions of first,
second, third and fourth kinds, where x = cosf and 6 € [0,27]. In the continue we consider
wavelet coapproximation.(see [1-12]).

Chebyshev Polynomial
Tn(x) =cosn 0

Un(ﬂf) _ sin (Tz+1) 0

sin 6

Weight f unction

i
\/7

cos(n+2)0

Va(z) = 4605(%2) V 1
sin(n+1)0

Wn(:E) - sz(n(g2)) 1+

(see [1-5]).
With the above definition, we obtain the fundamental recurrence relation
Xpt1(x) = 22X, (z) — Xp—1(x), n > 2.

Also we know that definitions Chebyshev wavelets on the interval [0, L] C
{Tom(z}, {Unm(@)}, {Vam(@)} and {Wnm(2)} (see [1-9], [11-13]).

Definition 1.1. [10] Suppose W C L?([0, L]) and f(t) = Zikzl Yoo tnm¥nm(t) in terms
of Chebyshev wavelets. We say that the function g € L?([0, L]) is a wavelet coapproximation
of f concerning W, If

[0, 27], are defied

Fy(p) := |lg = pll2 — [|f — pll2 = o(¢(n)),

for every p € W.
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2. MAIN RESULTS

In this section, we consider wavelet approximation in Chebyshev polynomials of first, sec-
ond, third and fourth kinds. We estimate wavelet approximation of a function f have bounded
derivative and obtain wavelet coapproximation for a set.

Theorem 2.1. Let f € L?[0,L] be a continuous function and there is a Q > 0 such that
10 < Q.
(0) If f(t) = >0l d> oo tnmInm(t). Then Chebyshev wavelet coapprozimation f, for

every | with respect to any set W is the partial sums sqr ;1 (t) = Zik:l Zi;io tnmTnm(t).
and

for any set p e W.
(it) If f(t) = > 020 omeotnmUnm(t). Then Chebyshev wavelet coapproxzimation f, for

. . . 2k -1
every | with respect to any set W is the partial sums sor ;_1(t) = > 51 > o tnmUnm(t)-
and

2k oo 1 1 )
Fy(p) = O(Z Z(E + m) )

n=1m=l

for everyp e W.
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Proof. Since f is continuous, there is a P > 0 such thtat |f(t| < P.
(i) We have

lCnm| = |<f) T > |
1
2k 1 1
= IZ/W o T T )
k+1 2k—1 nL A
ok—1 2 1
SE Z/ fOTn((5t = 2n41)) dt|
NG (ot L \/1—(%t—2n+1)2
2k
put cosu:ft—2n+1
2—k+1 L_|_2 L L 1
cosu n
B T (U) ————=(—stnu)du
\/ G (1) (sima)
k+1
cosuL+2nL L eimu 4 p—imu
= ok I |dul
2
275" L cosul +2nL —L_1 , o
- (e ™)l
L 2 L-L 1 . )
+ cosu + n )— (—eimu 4 = imu) gy |
im
< 7“3 ( I 7K+SLQ
B N vnoom
_ ok
therefore
/{:2
lenml? < =5
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and
L
IToml3 = / Ty ()Pl
0

= 2—2Zﬁn iy —t—2n—l)| dt

ut cosu:—t—Qn—l
b L

= 2% 2/ u)|2du
2%Z||Tmu%
— ”121

IN

| p—saryalle = ILf —pll2
< ||f—32kl 1ll2

2k -1
= IIZZCnm nm = > > eamTuml3
n=1m=0 n=1m=0
2k o
= 1D camTuml
n=1m=l
2k oo
< ZZ’Cn,m‘QHTn,mH%
n=1m=l
ko
< =
It follows that
2k ]{7%
Fr(p) = 0<Z(W))
n=1

and
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(ii) We have

|Cn,m| = |<f nm>|

(t >
= 251 U (O = Pt
2k 1

- |Zﬂn 1 () Unm(t)V1 — t2dt|

le

2—t —2n + 1)\/1 — (%t— 2n + 1)2dt|
L L

(n l)L

2k’
put cosu = ft —2n+1

e [1 . cosul +2nL — L ,
= 22 ]/ f( 5% VUpn () sin*udul)
e [1 . cosul +2nL — L et — e~
= 24 / e e

uL +onlL — L elmthu _ g=ilm+1)u (giu _ o—iu)(giu _ giu)

2k el — g—iu 4

L+2nL—-L , . , . :
_ 25—2| / f(u +2n )(ez(m+1)u o e—z(m—i—l)u)(e—w o ew))du|
0

ok
L
_ 2§72’ / f(UL + 227;’[’ — L)(eimu _ ei(erQ)u + e~ tmu _ ei(m+2)u)du‘
0
k 1 1 1 1
< o23-lp S T R
- i (m+ +2+m+m+2>
L?Q 1 1
_ 9 X
2k (m+m+1)
1 1
< k(= +——
- (m+m—i—1)

therefore

|Cnm’ (m m+1
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and

l\.’)

L
k
Ul = 25 / Uy (6) /T — 22

- X [ VT

nL
_ ( kt72n+1) 2\/1 2kt 2 1 th
B Z (nl)L m(P, g €0 ) _(f_n+)

k

2
put cosu = ft —2n+1

1
= 252/ U (u)*V1 — udu
n=1 0
2k
T _k
< 2283 U0
n=1
= 7‘(’2212671

| p— 8ok _qlle = IIf —pll2
< lf = skqlle

2k 11
= I Y el =3 Y cunlunl
n=1m=0 n=1m=0
2k
= 122 comUnml
n=1m=l
1 1
< k(= 2
- (m+m+1)

It follows that

sz m—|—1 )

n=1m=l

and

llml_mzz m m+1 *=0

n=1m=|

O

Corollary 2.2. Let f € L?[0,L] be a continuous function and there is a Q > 0 such that
f't)] < Q.
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(0) If f(t) = > 00> v o tnmVam(t). Then wavelet coapprozimation f, for every | with
k
respect to any set W is the partial sums sk ;1 (t) = S22 i;;io trm Vam(t). and

n=1

Fip) = o3 S+ ) 4 ha( e b)),

(it) If f(t) = > 0 oY g tnmWnm(t). Then wavelet approzimation f, for every | with
respect to any set W is the partial sums sqr ;4 (t) = 272:;1 ergio tn,mWhnm(t). and

Xx 1 1 1
Fi(p) = k(= 4+ ———)2 +k 2
1) = o3 a4 ) (),
n=1m=l
Proof. (i) We have
I p—sorgallz = [If = pll2
< ||f—32’v,l—1||2
2k oo 2k -1
= || Z Z Cn,mvn,m - Z Z Cn,mvn,mHZ
n=1m=0 n=1m=0
2k o
= H Z Z Cn,mvn,mHZ
n=1m=l
2k oo
< chn,mHVn,mH2
n=1m=l
2k~
S Z Z Cn,mHUn,m - Un,m—l”Q
n=1m=l
2k~
< 3OS comllUnmllz + 1Unm-1ll2
n=1m=l
XE 1 1 1
< ka(— I Y/ k N2
- ZZ( 1(m+m—|—1) + 1(m—l +m) )
n=1m=l
It follows that
2k
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(ii) We have

p— 32k,1—1H2 —[If —pll2
If — 52k,171‘|2

IN

2k -1

2k
= H Z Z Cn,mWn,m - Z Z Cn,mWn,mHQ

n=1m=0 n=1m=0

2k~
= szcn,mWn,mH2

n=1m=lI

[e.9]

2k:
< Z Z Cn,mHWn,mHQ

n=1m=l

2k oo

< Z Z Cn,mHUn,m + Un,m—l”Z

n=1m=l

2k~
S Z Z cn,mHUn,mHZ + Un,m—lHZ

n=1m=l

IA
g
]
=
=
+
-
e
+
._?l?‘
—_
+

| —
NS

It follows that

Fyp) = o3 Sk + ) kol +)2),

We put

2k o
Wy = {Z Z cnﬂmwmmﬁL : enm € RY,

n=0m=0

2k o
Way = {Z Z Cn,mwn,mi I Cpym € R}

n=0m=0
and

2k oo
W3 = {Z Z Cn,ml/}n,m ! Cpym € R}

n=0m=0
Theorem 2.3. Let f € L*([0, L]) be a continuous function and
ft) = Zikzo > o tnmWUnm (t) be expanded in terms of Chebyshev wavelets. The series

2k o) 2 . .
Yor—0 2 meo |tnm|*Lnm is convergent, then for every l > 0 complex (p, q)-extension wavelet
coapprozimation f with respect to W1, is the partial sums of:

2k -1

Sok -1 = Z Z tn,mwn,m+-

n=0m=0
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and

2k~
=0() "> ltnml’Lm)-

n=0m=I

for every p € W1.

k
Proof. Suppose p(t) = 37" Y ome_g Cam¥i () € Wi

I »p— SQ’“,Z—IHQ —[If = pll2
< ||f—52kl 1ll2

= / ‘ Z Z tn mwn m ‘ Wn,m(t)dt

n=1m=l

55 [ ol 0t

n=1m=I

ZZ’tan/ |%n.m (1) an( )dt

n=1m=l

ZZ tgml? / (G (8) P ()l

n=1m=l

2k o
> tamlllnmll3.

n=1m=l

2k
- Z Z ’tn,m‘2Ln,m7
n=1m=l
k .
Therefore [[p — sr_illz — |1 = pllz € 32201 Y255, ltnml?Losm- That is

2k o
= O(Z 2 ’tn,m|2Ln,m)7

n=1m=l

IN

IN

IN

IN

for every p € W1 where,

2k oo
limy o0 Z Z ) Lm = 0.

n=1m=lI
]

ok—1

Corollary 2.4. Let f(t) =, _

tion. The series Zikzl Zm:0|tn,m‘ Ly, is convergent, then for every | > 0 Chebyshev
wavelet coapproximation f with respect to Wa, is the partial sums of:

0 2om_otnmUnm (t) be expanded in wavelet coapprozima-

2k -1

Sok -1 = Z Z tn,mwn,m_-

n=1m=0
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and

2F
Ff(p) = O(Z Z ’tn,m‘2Ln,m)-

n=1m=l

for every p € Ws.

Theorem 2.5. Let f € L%([0,L]) be a continuous function and
ft) = Zik:o Yoo tnmUn,m(t) be expanded in terms of Chebyshev wavelets. If the series

Zik:o o |tn7m\2Ln7m is convergent, then for every l > 0 Chebyshev wavelet coapproxima-

tion f with respect to Wy, is the partial sums of:

2k -1

Sok -1 = Z Z tn,mwn,m-

n=0m=0

and

LI
Fr(p) =03 Itnm|*Lnm).

n=0m=l

for every p € Wis.

k
Proof. Suppose p = 2221 Yoo CmWUnm € Wh.
| p— 52’&171”2 —|If = pl2
< Hf—32k,l—1||2

L 2 oo
- / |Zztn’md}”vm(x)Fwn,m(t)dt

0 n=1m=l

28 o 1
>3 /0 2 b (2) P (£)d

n=1m=lI

2k o 1
S5 tunl? [ o)ty

n=1m=l

2k oo 1
Z Z |tn,m’2 /_1 Wn,m(x)Pwn,m(ﬂdt

n=1m=l

2k

oo
DD ltamPlYnml3.

n=1m=l

koo
- Z Z |tn,m‘2Ln,mu

m=0m=l

Therefore ||p — sar—1ll2 — |f — pll2 < Do [tnm|*Lym- That is

2k oo
Fy(p) = O(Z Z ’tn,m|2Ln,m)7

n=0m=I

IN

IN

IA

IN
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for every p € W3 where,

2k oo
limisoo Y > |tnm|*Lnm = 0.

n=0m=l

Suppose 1 < M < 2% is a fixed number and f(t) = Zik:M > oo o tnm¥n,m(t), we put

2k o'}
fl (t) = Z Z tn,mwn,m_(t)a
n=M m=0
and
2k o'}
f2(t) = Z Z tn,m¢n,m+(t)a
n=M m=0
then
f=hHh-f.

Theorem 2.6. Let f(t) = > 00, > (tnmn,m(t) be expanded in terms of Chebyshev
wavelets. If the series > oo o> °°_ |tnm|*Lnm is convergent, Then Chebyshev wavelet coap-
prozimation of fa is f1 with respect to any set W C L2[0, L]

and

Ff(p) = O(Z Z ’tn,m|2Ln,m)a

n=I[ m=0
for every p e W.
Proof. Suppose p € W. We have
lp=fill: = lp—fi+ fa— fole2
= llp—fa—fl2

< Nf2—=pl2+ £l

and
Fr(p) = llp— fillz = Ilf2 —pll2
< |Ifll2
2k [e'e)
= 2D ItamlLam
n=M m=0
2k o)
S Z Z ‘tn,mPLn,m
n=M m=0
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Corollary 2.7. Let f(t) = > .02, >0 (tnm®nm(t) be expanded in terms of Chebyshev
wavelets. If the series Y oo o> o [tn.m|?Lym is convergent. Then Chebyshev wavelet coap-
proximation of f1 is fo with respect to any set W C L?[0, L] and

Ff(p) = O( Z Z |tn,m‘2Ln,m)’

n=M m=0
for every p e W.
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