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A NEW METHOD FOR OBTAINING T3SSS IN THE T-WFE MODEL
BASED ON P MATRICES
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Abstract. Type 3 sum of squares (T3SS) is used to test model comparisons that violate
the marginality principle when testing main effects and are not dependent on the order of the
model terms, and also, the sum of the individual effect SS is not equal to the total effect SS.
This paper presents a new method to obtain T3SSs based on projection (P ) matrices in two-
way fixed effects (T-WFE) model. Previous research has shown that in analysis of variance
(ANOVA) for unbalanced data, the total SS is not obtained by summing the T3SSs of the
components considered as factors of variation. In fact, in such a case, there is a significant
difference between the values of these two quantities. The method proposed in this paper
uses P matrices to identify where differences occur and the magnitude of their differences,
while the traditional ANOVA method cannot clearly explain these. This paper also discusses
how to use the eigenvalues and eigenvectors of P matrices to obtain T3SSs. Then, a study
was conducted on a real dataset based on an unbalanced dataset for the proposed model
fitting method to calculate TESSs based on P matrices.
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1. Introduction and motivation
Consider a case where the analysis of experimental data is performed assuming a T-WFE

model. It is quite clear that in such a case, ANOVA is an analytical method that considers a
linear model to test hypotheses regarding the effects of treatments that are to be compared in
an experiment [?]. This method involves obtaining the total SS, which is the overall variation
in the data, by summing the SS of the components considered as factors of variation. That is,
in the ANOVA method, models are compared by decomposing the total SS into the specific
SS of each factor. Recently, various studies have shown that, depending on the model fitting
method, different techniques can be used to calculate factor-specific SS for ANOVA [?, ?, ?].

When calculating component SS through model comparison, it is classified into type 1
SS (T1SS), type 2 SS (T2SS), T3SS, etc., depending on the model fitting method [?, ?].
According to the model fitting method, SS gives the same value for each variation factor
when the data is balanced [?]. However, in the case of unbalanced data where the number of
data is not the same between treatments, the SS for each variation factor may vary depending
on the model fitting method [?]. In the T1SS, regardless of whether the data are balanced
or unbalanced, the total SS is decomposed into the SS of each factor, and the sum of these
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SSs is equal to the total variation of the data. The difference between the T1SS and T2SS
can be identified through the analysis of the P matrices related to T2SS [?]. However, in the
case of T3SS, if the data is unbalanced, the SS for each component is not provided by total
variation decomposing of the data [?].

Although there are clear discussions in various studies about how to obtain SS according to
the model fitting method, there is no clear discussion about where the difference in SS related
to the fitting method comes from. When analyzing data in ANOVA, the concept of the P
matrix allows for the interpretation of such differences. Some researchers discuss techniques
for analyzing experimental data using P matrices for ANOVA [?, ?], and others discuss the use
of P matrices for validating estimable functions in linear models with incomplete coefficients
[?]. However, there is not much research on how to use P matrices in the general ANOVA
method for data analysis.

This paper presents a method for estimating the model matrix derived from the T3SS
model fitting method when the data are unbalanced, from the perspective of using the P
matrix. When data analysis is done from this perspective, geometric interpretations can be
simplified and descriptions of quantities that are not clearly specified in existing analytical
methods can be concise and useful. Therefore, this method argues that the difference in data
variation in the total SS decomposition using T3SSs can be explained specifically based on
the P matrices. When SS is calculated based on the P matrix, various features of the matrix
related to the vector space of observed vectors are extracted and used, which allows for the
estimation and use of these features. Specifically, this paper discusses the calculation of SS
using eigenvalues and eigenvectors of P matrices, as well as their applications. The content
of this paper is organized as follows: Section ?? presents the definition and assumptions of
the T-WFE model. Section 3 calculates the T3SSs in the T-WEF model using P matrices.
In Section 4, a study on a real dataset is conducted based on an unbalanced dataset. Finally,
Section 5 contains discussion and conclusions.

2. Definition and assumptions of the T-WFE model
In this section, a T-WFE model is assumed as a model for analyzing experimental data

and its definition and assumptions are presented [?]. Suppose U and V are the two fixed
factors considered in an experiment, where U represents the row factor consisting of levels in
the row and V is considered as the column factor representing levels in the column. Also, it is
assumed that the row factor U contains u levels and the column factor V contains v levels. A
given treatment combination is represented by (k, l) which combines level k (k = 1, 2, 3, . . . , u)
of factor U and level l (l = 1, 2, 3, . . . , v) of factor V . The experimental units used in the
experiment are assumed to be homogeneous. It is also assumed that the treatment combina-
tion (k, l) is randomly assigned to the experimental units mkl. Let xklw, w = 1, 2, 3, . . . ,mkl

be the observed response in the experimental unit in which a treatment combination (k, l) is
administered. Since the two factors constituting the treatment combination are fixed factors,
a T-WFE model is assumed as a model for the observed response of the experimental unit. If
the level effect at level k of factor U is denoted by αk, then k αk’s are fixed effects. Similarly,
if the level effect at level l of factor V is represented by βl, then the l βl’s also represent fixed
effects. The fixed effects interaction in the treatment combination (k, l) of level k of factor U
and level l of factor V is represented by γkl.
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Now, based on all the above assumptions, the T-WFE model for data analysis can be
presented as follows:

xklw = µ+ αk + βl + γkl + δklw,(2.1)
where µ is the overall mean of the data and δklw’s are the error terms, assuming that these
terms are independent, identically distributed random variables and follow a normal prob-
ability distribution with a common mean of 0 and a common variance of a constant value
σ2
δ .
If the collected data of uv treatment combinations (k, l) represented by two-factor level

combinations are expressed as a vector x of size m × 1, the matrix model corresponding to
equation (??) is expressed as follows:

x = 1µ+ Y Uα+ Y V β + Y UV γ + δ,(2.2)
where m =

∑u
k=1

∑v
l=1mkl, the coefficient vector 1 of the population mean µ is a column

vector with m elements all equal to 1, Y U is a coefficient matrix of size m×u consisting of 0s
and 1s, α is a column vector representing u fixed effects of factor U with u× 1 elements, Y V

is a coefficient matrix of size m× v consisting of 0s and 1s, β is a column vector representing
v fixed effects of factor V with v × 1 elements, Y UV is a coefficient matrix of size m × uv
consisting of 0s and 1s, γ is a column vector representing the fixed effects of the interaction
uv in the treatment combination (k, l) of level k of factor U and level l of factor V with uv×1
elements, and δ is a column random vector representing the error terms with m× 1 elements.

The matrix representation in equation (??) shows that x consists of the sum of the multi-
dimensional component vectors. These component vectors correspond to the P matrices on
the subspaces corresponding to the factors that contribute to the total variation in the data.
Therefore, SS of the distances to the P matrix of each subspace represents the SS based on
the variation factor. The SS of distances by P matrix vary depending on the model fitting
method, and there are differences between the calculated values.

In the T-WFE model of equation (??), xklw is expressed as a sum of five components.
Similarly, ANOVA decomposes the total SS of observed values into five component SS. These
are SS based on µ, SS based on variation in the u level effects of the row factor U , SS based
on variation in the v level effects of the column factor V , SS based on the variation in the
interaction effects at the uv combined levels of the row factor U and the column factor V ,
and error SS based on variation in the error terms δs.

3. Obtaining T3SSs in the T-WEF model using P matrices
In this section, the model fitting method for T3SS based on P matrices is reviewed. That

is, under the assumption of the T-WFE model defined in equation (??), T3SS is calculated
as the difference between the variation resulting from fitting a model that excludes the effect
of interest and the variation resulting from fitting a model that includes the effect of interest.
Through this model comparison method, T3SS is used to test hypotheses about the estimable
effects functions in a given model. Among the different types of model comparison methods,
the model fitting method that calculates T3SS is preferred because0 it has been shown that
type 3 (T3) hypotheses are of interest to many researchers.

Now, to examine the specific process based on a P matrix, suppose Y = (1,Y U ,Y V ,Y UV )
is the model matrix in the matrix model equation (??). Also, let SSU be the variation due to
the effects of level u of the row factor U . Where SSU is the difference between SS obtained
from fitting the T-WFE model and SS obtained from fitting the reduced model without
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considering the main effects of the row factor U . When the model matrix Y is represented as
Y u = (1,Y V ,Y UV ), without considering the coefficient matrix associated with row effects, ,
the SS based on the P matrix will be as follows:

SSU = xT
[
Y (Y TY )

−1
Y T − Y u(Y

T
uY u)

−1
Y T

u

]
x,(3.1)

where (Y TY )
−1 is the inverse of the matrix Y TY , Y (Y TY )

−1
Y T is the P matrix on Y ,

(Y T
uY u)

−1 is the inverse of the matrix Y T
uY u, Y u(Y

T
uY u)

−1
Y T

u is the P matrix on Y u, and
T is the transpose symbol.

Also, let SSV be the variation due to the effects of level v on the column factor V . SSV
is the difference between SS from fitting the T-WFE model and SS obtained from fitting
the reduced model without considering the main effects of the column factor V . When the
model matrix Y , without considering the coefficient matrix related to column effects, is
Y v = (1,Y U ,Y UV ), the SS based on the P matrix is as follows:

SSV = xT
[
Y (Y TY )

−1
Y T − Y v(Y

T
v Y v)

−1
Y T

v

]
x,(3.2)

where (Y T
v Y v)

−1 is the inverse of matrix Y T
v Y v and Y (Y TY )

−1
Y T is the P matrix on Y v.

On the other hand, suppose SSUV be the SS of the interaction vector γ between two
factors U and V . SSUV is the difference between the SS obtained from fitting the T-WFE
model and the SS obtained from fitting the reduced model without considering the interaction
effects of the two factors U and V . When the model matrix Y , without considering the matrix
of coefficients related to the interaction, is Y uv = (1,Y U ,Y V ), the SS based on the P matrix
is as follows:

SSUV = xT
[
Y (Y TY )

−1
Y T − Y uv(Y

T
uvY uv)

−1
Y T

uv

]
x,(3.3)

where (Y T
uvY uv)

−1 is the inverse of matrix Y T
uvY uv and Y uv(Y

T
uvY uv)

−1
Y T

uv is the P matrix
on Y uv.

The SSs given in the quadratic form x are the best possible partitions of the total variation,
but their sum does not equal the total SS. The reason for this is that the P matrix space
generated by the model matrix Y must contain subspaces representing the four components,
including the mean, but the model fitting method for finding the T3SS is simply divided into
two orthogonal subspaces.

The values computed in the subspaces representing the components of the variation factors
are not given by the SS of the P matrices in each subspace, due to the redundancy of these
spaces. In this case, one way to calculate the redundancy associated with each variation
component is to use the P matrix of the model matrix Y on a subspace consisting of non-
overlapping component vectors. The space of the P matrix corresponding to the model
matrix Y can be divided into two spaces: one with the Y uv matrix and one without it.
Furthermore, Y uv does not include the matrix Y UV , which is usually included in the P
matrices representing the subspace when computing the variation due to the main effects of
the factors U and V . Therefore, the variation due to the main effects of the row factor U and
the column factor V can be calculated by applying the P matrix to the space generated by
Y uv that does not include Y UV . Also, since Y uv consists of three component vectors, SS is
calculated corresponding to the sequential fitting of the model.
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Now, suppose that SST is the product of the distance of one P matrix to another on Y uv

as follows:

SST = xT1(1T1)
−1

1Tx+ xT
[
Y uv(Y

T
uvY uv)

−1
Y T

uv − 1(1T1)
−1

1T
]
x,(3.4)

where (1T1)
−1 is the inverse of matrix 1T1 and 1(1T1)

−1
1T is the P matrix on 1.

Assuming that the second term on the right side of equation (??) is equal to SSt, it can
be expressed as the sum of two components SStu and SStv. SStu can be written as follows:

SStu = xTA(ATA)
−1

ATx,(3.5)

where A =
[
Y uv(Y

T
uvY uv)

−1
Y T

uv − 1(1T1)
−1

1T
]
Y U .

We can see that SStu is the quadratic form of x. The P matrix corresponding to this
quadratic form can be written as follows:

Y tu(Y
T
tuY tu)

−1
Y T

tu = A(ATA)
−1

AT .(3.6)
Also, SStv is obtained as follows:

SStv = xTB(BTB)
−1

BTx,(3.7)

where B =
[
Y uv(Y

T
uvY uv)

−1
Y T

uv − 1(1T1)
−1

1T − Y tu(Y
T
tuY tu)

−1
Y T

tu

]
Y V .

We can see that SStv is also a quadratic form of x. The P matrix corresponding to this
quadratic form can be written as follows:

Y tv(Y
T
tvY tv)

−1
Y T

tv = B(BTB)
−1

BT .(3.8)

Therefore, it follows that the P matrix Y uv(Y
T
uvY uv)

−1
Y T

uv on Y uv can be expressed as
the sum of three orthogonal P matrices as follows:

Y uv(Y
T
uvY uv)

−1
Y T

uv = 1(1T1)
−1

1T +A(ATA)
−1

AT +B(BTB)
−1

BT .(3.9)

Then, using equations (??) to (??), the SST formula in equation (??) can be rewritten as
follows:

SST = xT1(1T1)
−1

1Tx+ xTA(ATA)
−1

ATx+ xTB(BTB)
−1

BTx.(3.10)

Equation (??) describes the differences in T3SS for each factor, where the variation in
the overall data does not correspond to the variation in the entire data set. This shows
that the P matrix space corresponding to the model fitting method for calculating factor
variation is expressed as a sum of mutually orthogonal P matrices, when they are partitioned
orthogonally. Using these matrices, it is possible to identify where the difference between the
sum of the component variation and the total variation occurs and determine the extent of
that difference.

4. Study on a real dataset
In this section, an unbalanced dataset is used as an example of a study on a real dataset

to calculate T3SSs. Data were obtained from a small two-way (T-W) treatment structure
experiment conducted in a completely randomized design structure. For more details, see [?].
Table ?? presents these experimental data from the combined levels of two treatment factors,
U and V , at levels U1 and U2 and V1, V2 and V3, respectively:
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U
V

V 1 V 2 V 3

U1 19, 20, 21 24, 26 22, 25, 25
U2 25, 27 21, 24, 24 31, 32, 33
Table 1. An unbalanced T-W experimental data.

Here, according to the matrix model of equation (??), an attempt is made to calculate
T3YY based on the variation in factors using the P matrices. Using equation (3.1), SSU
is obtained as 61.71. SSU can also be calculated using the eigenvectors of the P matrix
associated with the quadratic form of equation (??). Specifically, the eigenvectors that have
non-zero eigenvalues of the P matrix Y (Y TY )

−1
Y T −Y u(Y

T
uY u)

−1
Y T

u of equation (3.1) are
considered as follows. This is because Y (Y TY )

−1
Y T − Y u(Y

T
uY u)

−1
Y T

u is an idempotent
matrix, meaning that its eigenvalues are either 0 or 1. On the other hand, since the row factor
U has two levels, its degree of freedom (df) is 1. Therefore, the P matrix Y (Y TY )

−1
Y T −

Y u(Y
T
uY u)

−1
Y T

u represents a matrix in a one-dimensional subspace and has only one non-
zero eigenvalue, equal to 1. The eigenvector corresponding to the eigenvalue 1 is given by J =(
J1

J2

)
, where the vector JT

1 is equal to (−0.22,−0.22,−0.22,−0.33,−0.33,−0.22,−0.22,−0.22)

and the vector JT
2 is equal to (0.33, 0.33, 0.22, 0.22, 0.22, 0.22, 0.22, 0.22).

Therefore, the SSU calculation is performed using the eigenvector J , which is given by
xTJ(JTJ)

−1
JTx and yields a value of 61.70, which is almost the same as equation (??).

It should be noted that the difference of 0.01 is due to a rounding error in the notation of
the eigenvector component. Furthermore, eigenvalues and eigenvectors not only facilitate the
calculation of variation due to factors, but also help in understanding the number of df and
the dependence of vector spaces. Then, the amount of variation due to the level of factor
V is obtained by equation (??) as SSV = 77.17. Also, the SS resulting from the SSUV
interaction is obtained using equation (3.3) as 71.63.

The P matrix on the model matrix Y is equal to Y (Y TY )
−1

Y Tx, so the SS of the
distances to the P matrix is equal to xTY (Y TY )

−1
Y Tx, and this value is equal to 10.19.

The SS resulting from the overall mean µ is xT1(1T1)
−1

1Tx which is equal to 9950.06.
Therefore, the variation due to the main effects and the interaction of the factors U and V

is equal to xT
[
Y (Y TY )

−1
Y T − 1(1T1)

−1
1T

]
or 238.94. This quantity is not presented as

the sum of SS due to the main effect of factor U (= 61.71), SS due to the main effect of
factor V (= 77.17), and SS due to the interaction (= 71.63), because the sum of these three
quantities is 210.51. The difference between these variations is because the partitioning of the
P matrix space according to the model fitting method does not include mutually orthogonal
subspaces.

In other words, the P matrix space for obtaining SS according to the main effect of factor
U is generated by the P matrix Y (Y TY )

−1
Y T −Y u(Y

T
uY u)

−1
Y T

u in equation (??), but for
calculating SS it is not orthogonal to the P matrix space because the main effect of factor
V is generated by the P matrix Y (Y TY )

−1
Y T − Y v(Y

T
v Y v)

−1
Y T

v in equation (??). The
orthogonality of these two subspaces can be verified using the P matrix. The one-dimensional
P matrix space for calculating SS due to the main effect of factor U is a subspace that is not
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orthogonal to the two-dimensional P matrix space for calculating SS due to the main effect
of factor V .

The T3SS calculation, which does not consider the overlap of the P matrix space, does
not correspond to the amount of variation in the P matrix space produced by the model
matrix. Therefore, to understand the difference in the values of variation, we can see that
SSU in equation (??) and SSV in equation (??) are computational methods that allow for
the overlap of P matrix spaces. Also, since the P matrix space defined by Y uv is the only
space that can be decomposed into three orthogonal subspaces, the difference is calculated
using the orthogonal decomposition of the P matrix Y uv(Y

T
uvY uv)

−1
Y T

uv.
The value of SStu in equation (??) is equal to 76.56. The difference between SStu and

SSU is 14.85. From equation (??)(3.7), the value of SStv is obtained as 90.74. Also,
the difference between SStu and SSV is 13.58. The sum of SStu, SStv, and SSUV is
xT

[
Y (Y TY )

−1
Y T − 1(1T1)

−1
1T

]
x, which is 238.94.

All the results of the T3SS calculation based on the factors of variation are shown in the
form of related quadratic equations in Table ??:

Source of variation df SS MS
U factor 1 xT

[
Y (Y TY )

−1
Y T − Y u(Y

T
uY u)

−1
Y T

u

]
x = 61.71 61.71

V factor 2 xT
[
Y (Y TY )

−1
Y T − Y v(Y

T
v Y v)

−1
Y T

v

]
x = 77.17 38.59

UV factor 2 xT
[
Y (Y TY )

−1
Y T − Y uv(Y

T
uvY uv)

−1
Y T

uv

]
x = 71.63 35.82

Error factor 10 xT
[
I − Y (Y TY )

−1
Y T

]
x = 20.00 2.00

Total 15 xT
[
I − 1(1T1)

−1
1T

]
x = 258.94 17.26

Table 2. T3SS values and their quadratic forms for the data in Table ??.

where MS = SS
df is the mean square and I is an identity matrix with m×m elements.

5. Discussion and conclusion
This paper discusses a P matrix-based method for calculating T3SS under the assumption

of the T-WFE model. T3SS is obtained using the P matrix derived from the model fitting
method. That is, the calculation of the variation due to the parameter vector of each com-
ponent is performed using the P matrix in the corresponding subspace as the distance SS
to the P matrix. Here, the distance SS to the P matrix is the quadratic form of Y . In the
quadratic form of Y , the matrix is given by the P matrix in the subspace and is idempotent.
When the P matrix space corresponding to the model matrix Y is decomposed into subspaces
according to the model fitting method to calculate T3SS, the P matrix space corresponding
to Y includes non-orthogonal and overlapping subspaces.

On the other hand, this paper examines how SS in a subspace is not represented by all
components, and this variation is due to the overlapping nature of the subspaces of the P
matrix and how the nestedness of the subspaces can be verified using the eigenvectors of each
space. In computing T3SS using P matrices, it is discussed how the non-orthogonality of
the P matrix subspaces relates to the model fitting method. It is shown that the nestedness
of the subspaces can be verified using the eigenvectors of the corresponding P matrices.
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Furthermore, the form of the P matrix in each subspace for calculating the T3SS obtained
from the model fitting method has been identified, and it is shown that these P matrices are
quadratic form related matrices that represent the SS of each component.

Also, this paper discusses how to use the corresponding P matrix subspace for the T3SS
corresponding to each variation factor as a quadratic form and shows how the eigenvalues and
eigenvectors of this matrix can be used to calculate the SS. Finally, this paper describes the
overlap of subspaces in which the T3SS caused by the variation factor does not correspond
to the total variation in the data and discusses how to use the eigenvectors of the P matrix
to specifically identify this overlap.
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