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ABSTRACT. In this paper, as using T-norms, we introduce and analyze the new classes of
BCC-algebras as fuzzy subalgebras, fuzzy ideals, fuzzy left derivation ideals, fuzzy right
derivation ideals and fuzzy derivation ideals and we obtain the relationships between them
and classical concepts of BC'C-algebras. Next we investigate the intersection and direct
product of them and prove the algebraic structures of them. Finally, we investigate image
and pre-image of them under homomorphisms of BC'C-algebras.
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1. Introduction and Background
The concept of fuzzy sets was proposed by Zadeh [26]. Komori[9] introduced BC'C-algebras
such that are important class of logical algebras and many researchers [2, 3, 4, (] investigated

BC(C-algebras. Dudek and Jun [5] introduced and investigated fuzzy BCC-ideals in BC'C-
algebras. Mostafa and Hassan [10] introduced fuzzy left (right) derivations BCC-ideals in
BC(C-algebras and investigated their basic properties. The triangular norm, 7™-norm, orig-
inated from the studies of probabilistic metric spaces in which triangular inequalities were
extended using the theory of T"-norm. Later, Hohle [38], Alsina et al. [I] introduced the
T"-norm into fuzzy set theory and suggested that the T™-norms be used for the intersection
of fuzzy sets. Since then, many other researchers have presented various types of T"-norms
for particular purposes [7, 25]. In practice, Zadeh’s conventional 7"-norm,/\, has been used
in almost every design for fuzzy logic controllers and even in the modelling of other decision-
making processes. However, some theoretical and experimental studies seem to indicate that
other types of T™-norms may work better in some situations, especially in the context of
decisionmaking processes.The author by using norms, investigated some properties of fuzzy
algebraic structures [11] - [24]. In this paper, using the triangular norm, we introduce some
concepts such as fuzzy subalgebras, fuzzy ideals, fuzzy left derivations, fuzzy right derivations
and fuzzy derivations of BCC-algebras, and discuss the relations among them, obtaining a
series of conclusions of them. Also we describe them in the intersection and direct product
and we prove some other properties of them. Finally, we investigate image and pre-image of
them under homomorphisms of BC'C-algebras.

Date: Received: September 5, 2024, Accepted: November 29, 2024.
67



68 RASUL RASULI

2. Preliminaries

In this section we cite the fundamental definitions and results that will be used in the
sequel.

Definition 2.1. [5] A BCC-algebra (¥,©,0) is a nonempty set ¥ with a constant 0 and a
binary operation ¢ such that:

(1) (@oy) o (z09) o (o z) = 0.

(2) z00=zx.
(3) zox=0.
(4)00x=0.

(5) z oy =y oz =0 implies that x = y,
for all z,y,z € V.

Definition 2.2. [5] Assume (Y, ¢,0) be a BCC-algebra. Define a binary relation < on Y as,
m < n if and only if m on = 0, this makes (T, <) as a partially ordered set.

Proposition 2.3. [5] Let (®,©,0) be a BCC-algebra. Then

(1) (gow)oq=0.

(2) q < w implies that ¢o z < w o 2.

(3) ¢ < w implies that zow < z¢q.

(4) (gow)o(zow) < gox.

for all g, w, z € ®. For elements q and w of a BCC-algebra (P, ¢,0) denote gAw = wo(woq).
Lemma 2.4. [5] As (2,0,0) be a BCC-algebra so

(1) 0Ae=0.

(2)eNy<y.

for all e,y € .

Definition 2.5. [5] Suppose ¥ # () be a subset of a BC'C-algebra 3. We say W is a subalgebra
of Xif roy e W for all r,y € V.

Definition 2.6. [5] Let () # A C II of a BC'C-algebra I is called an ideal of II if
(1) 0e A,
(2) toy € A and y € A imply that t € A for all ¢,y € IL.

Definition 2.7. [5] A non-empty subset ® of a BC'C-algebra II is called a BC'C-ideal of 1T if

(1) 0 € D,
(2) (uop)oze ®and p €  imply that uo z € ® for all u,p, z € II.
Definition 2.8. [10] Let (£,¢,0) be a BCC-algebra. A map d : E — = is called a left- right

derivation (briefly (I, 7)- derivation) of Z if d(g o h) = (d(g) © h) A (g o d(h)) for all g,h € E.
Similarly, a map d : £ — = is called a right- left derivation (briefly (r,)-derivation) of Z if
d(goh)=(god(h)) A (d(g)oh) for all g,h € =.

A map d : E — E is called a derivation of = if d is both a (I,r)-derivation and a (r,1)
-derivation of Z. Also we say that d: 2 — E is zero if d(0) = 0.

Lemma 2.9. [10] A derivation d of BCC- algebra Y is regular.

Proposition 2.10. [10] Let (Y,¢,0) be a BCC-algebra with partial order (Y,¢,0), and let d
be a derivation of Y. Hence

(1) d(k) < k.

(2) d(koy) < d(k)oy.
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(3) d(k oy) < kod(y).

(4) dd(k) < .

(5) d(kod(k)) = 0.

(6) d=(0) = {k € Y;d(k) = 0} is a sub-algebra of X,
forall k,y € Y.

Proposition 2.11. [10] Let ® be a BCC-algebra and d be a derivation of ®. Then Fizg =
{b€ ®:d(b) = b} is a subalgebra of ®.

Definition 2.12. [10] Let (¥,0,0) be a BCC-algebra and d : ¥ — ¥ be a self map. A
non-empty subset A of a BCC-algebra WV is called left derivation BC'C-ideal of W if:

(1)0e A,

(2) d(goy)ou € A and d(y) € A imply that d(gou) € A for all ¢,y,u € V.

Definition 2.13. [10] Let (£2,¢,0) be a BCC-algebra and d : @ — Q be a self map. A
non-empty subset A of a BCC-algebra () is called right derivation BCC-ideal of  if:
(1)0e A,

(2) as (aob)od(z) € Aand d(b) € Asod(a¢z) € Aforalla,b,ze Q.

Definition 2.14. [10] Let (X,¢,0) be a BCC-algebra and d : ¥ — ¥ be a self map. A
non-empty subset A of a BC'C-algebra X is called derivation BCC-ideal of ¥ as:

(1) 0 € A,

(2)if d((loy)oz) € Aand d(y) € A, then d(loz) € A for all [,y,z € 2.

Remark 2.15. [10] If d : X — X is fixed, the Definitions 2.12, 2.13 and 2.14 give the

definition BC'C-ideal.

Definition 2.16. [10] A mapping ¢ : & — ¥ of BCC-algebras is called a homomorphism if
Pz oy) = d(x) o (y), for all z,y € .
[

Definition 2.17. | Let ©Q be an arbitrary set. A fuzzy subset of €2, we mean a function
from  into [0, 1]. The set of all fuzzy subsets of € is called the [0, 1]-power set of X and is
denoted [0, 1]*. For a fixed p € [0, 1], the set m, = {z € Q : 7(z) > p} is called an upper level
of m.

Definition 2.18. [I1] Let ¢ be a function from set ¥ into set {2 such that = € [0,1]% and
w € [0,1]Y. For all z € ¥,y € Q, we define

o(m)(y) = sup{r(z) |z € ¥, 0(z) = y}
and
o N (@)(x) = w(o(x)).

Definition 2.19. [11] A t-norm 7" is a function 7™ : [0, 1] x [0, 1] — [0, 1] having the following
four properties:

(1) T™(t,1) =t (neutral element),

(2) T™(t,y) < T"(t,2) if y < z (monotonicity),

(3) T"(t,y) = T™(y,t) (commutativity),

(4) T™(t, T™(y,2z)) = T™(T"(t,y), z) (associativity),

for all t,y, z € [0, 1].

It is clear that if z1 > x9 and y; > ya, then T™(x1,y1) > T™(x2, y2).
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Example 2.20. [11] (1) T} (a,y) = min{a,y}.
(2) T} (a,y) = max{0,a +y — 1}.
(3) Th(ay) = ay.
(4)
y ifa=1
Th(a,y) =1 a ify=1
0 otherwise.

" _f min{a,y} fa+y>1
r(a,y) = { 0 otherwise.

0 ifa=y=0

Tfjo (a, y) = { zy otherwise
at+y—ay ’

Note that we have Tp(a,y) < T"(a,y) < T (a,y) for all a,y € [0, 1].

We say that 7" be idempotent if for all a € [0, 1] we have T"(a,a) = a.
Definition 2.21. [11] Define function 77 : [[",[0,1] — [0,1] as
T (21,22, ey Ty) = T (@i, T (X1 ooy T 1y T 1y Tt 1y ey Tin))
for all 1 <+i <m, where m > 2,75 =T" and T]" = id (identity).

Lemma 2.22. [11] For a t-norm T" and every x;,y; € [0,1], where 1 < i < m and m > 2,
we have

T#’L(Tn(xh Y1, )7 Tn(x27 y2)7 ceey Tn(.l'm, ym)) = Tn(T'r%(xla T2y ey .%'m), T';L’L(yla Y2, .eey ym))
Definition 2.23. [11] Assume 7 € [0,1]¥ and § € [0, 1]. Define the direct product of v and

§ is denoted by v x § € [0,1]¥*? as
(v x 0)(z,y) = T"(v(2), 6(y))
for all (z,y) € ¥ x Q.

Lemma 2.24. [11] Let T™ be a t-norm and let T = [[;2, Y; be the direct product of sets
{3, If N €00,1]% where 1 <i < m, then A = [L:%, \i defined by

)\(x) = (H )\i)($1,l‘2, ,l‘m) = T]}I()\l(ml), )\Q(IEQ), ceey )\m(l’m))
=1

for all x = (z1, 22, ...,xm) € Y.

Definition 2.25. [11] Let 6,9 € [0,1]® and define the intersection of § and ¥ is denoted by
N el0,1]® as
(O N9)(x) =T"(0(x), (x))
for all z € ®.
Lemma 2.26. [ 1] Let T™ be a t-norm. Then
(T (@, y), T"(w, 2)) = T"(T" (z, w), T"(y, 2))
for all z,y,w, z € [0,1].
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3. Fuzzy BCC-ALGEBRAS UNDER T-NORMS
Throughout this paper, M, N always mean two BCC-algebras unless otherwise specified.
Definition 3.1. x € [0,1]¥ is called a fuzzy subalgebra of M under t-norm T if
k(moy) = T"(k(m), K(y))

for all m,y € M.
Denote by F.ST™(M), the set of all fuzzy subalgebras of M under t-norm 7™.

Example 3.2. Let M = {0, 1,2,3} be a set with:

0|0 1 2 3
0[0 0 00
11010
202 2 0 0
313310

Then (M, ,0) is a BCC-algebra.
Define fuzzy subset k : (M, ¢,0) — [0,1] as

wmy = | 095 im=0,1,3
1015 ifm=2

let T"(a,b) = T,}(a,b) = ab for all a,b € [0, 1] then xk € FST"(M).
Proposition 3.3. Suppose 7,v € FST"(M). Then T Nv € FST™(M).
Proof. Let f,y € M. Then

(Tnu)(foy) =T"(7(foy),v(foy))

(
=TT (7 (f), 7)), T"(v(f), v(y)))
=TT (7 (f),v(f), T"(r(y),v(y)))
=T"((rNo)(f), (T Nw)(y))
thus
(rno)(fey) =T"(rNo)(f), (wNv)(y))-
Then 7 Nwv € FST™(M). O

Proposition 3.4. Let o € [0, 1) such that T™ be idempotent t-norm. Then o € FST™(M)
if and only if the set op = {x € M : o(x) > p} # 0 will be a subalgebra of M for all p € [0,1].

Proof. Let 0 € FST™(M) and a,b € 0p,. Then o(a<by) > T"(c(a),o(b)) > T"(p,p) = p thus
aob € o, and so o, will be a subalgebra of M for every p € [0,1].
Conversely, let 0, # () be a subalgebra of M for every p € [0,1]. Let p = T"(co(a), o (b)) and
a,b € 0p. As 0 is a subalgebra of M so a<¢b € 0, and thus

o(aob) = p="1T"c(a),a(b))
so o € FST"(M). O

Proposition 3.5. Let ¢ € FST"(M) and T™ be idempotent t-norm. Then ¢(0) > <(q) for
all g € M.
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Proof. Let ¢ € M. Then

$(0) =<(goq) > T"(s(q), n(q)) = <(q)
thus <(0) > u(q). O
Proposition 3.6. If a € FST"(M) and f € FST"(N), then a x g € FST™(M x N).
Proof. Assume (i1, j1), (i2, j2) € M x N. Hence

(o x B)((i1,41) © (i2,J2)) = (a x B) (i1 @ iz, j1 © j2)
=T"(a(i1 ¢ d2), B(j1 © j2))
> T™(T™(a(in), a(iz)), T (B(51), B(d2)))
=T"(T"(a(in), B(1)), T"(a(i2), B(j2)))
=T"((a x B) (i1, 41), (a0 X B)(i2, j2))
(o x B)((i1,41) © (i2,J2)) = T"((v x B)(i1, 51), (a0 X B)(d2, j2))-
Therefore a x g € FST™(M x N). O

Proposition 3.7. Letn; € FST™(M;) wherel <1i < m, thenn = [[",n; € FST™([][", M;).

Proposition 3.8. If p € FST"(M) and w : M — N be a homomorphism of BCC'-algebras,
then w(p) € FST"(N).

Proof. Let c¢1,c2 € N and by, by € M such that w(b;) = ¢; and w(bz) = 2. Then
w(p)(c1 o c2) = sup{p(by ©b2) | b1,ba € M,w(by) = c1,w(b2) = ca}
> sup{T"(p(b1), p(b2) | b1,ba € M,w(b1) = c1,w(b2) = c2}
=T"(sup{p(b1) | b1 € M,w(b1) = c1},sup{p(b2) | b2 € M,w(b2) = c2})
= T"(w(p)(c1),w(p)(c2))

thus

w(p)(c10cz) = T (w(p)(c1), w(p)(c2))-
Thus w(p) € FST™(N). O

Proposition 3.9. If 0 € FST"(N) and £ : M — N be a homomorphism of BCC'-algebras,
then £~4(0) € FST™(M).

Proof. Let dy,ds € M. Then

then ¢71(0) € FST™(M). O
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Definition 3.10. Define x € [0, 1]M is a fuzzy BC'C-ideal of M under t-norm 71" such that:
(1) x(0) > x(m),

(2) x(mo2) > T"(x((moy)o2),x(¥)),

for all m,y,z € M.

Denote by FIT™(M), the set of all fuzzy BCC-ideals of M under t-norm 7".
Example 3.11. Let M = {0,1,2,3,4} be a set given by :

o0 1 2 3 4
0j0 0 00O
11 0 1 0 O
212 2 000
313 3 1.0 0
414 3 4 3 0
Then (M, o,0) is a BCC-algebra. Define y € [0, 1]/

(my— { 1 withm=0,2
X=Y ¢ withm =1,3,4

such that ¢ € [0, 1].
Let T"(a,b) = T}}(a,b) = ab for all a,b € [0,1] then x € FIT"(M).

Proposition 3.12. Let x € [0,1]M and T" be idempotent t-norm. Then k € FIT™(M) if

and only if the set kg = {x € M : k(x) > q} is either empty or a BCC-ideal of M for every

q €1[0,1].

Proof. Let e,y, f € M. As k € FIT™(M) so k(0) > k(e) > gso 0 € kq. If (eoy) o f € kg and

Y € Kq, then k(eo f) > T™(k((eoy) o f),k(y)) > T™(q,q) = q then eo f € k4. So kg will be a

BCC-ideal of M for every q € [0,1].

Conversely, let k is either empty or a BCC-ideal of M for every q € [0,1]. Let ¢ =T ”(/i((e
y) © f),k(y)) such that (eoy) o f € kg and y € Ky then eo f € kg so k(eo f) > ¢

T"(k(eoy),k(y)) thus k € FIT™(M).

Proposition 3.13. Let 7,0 € FIT"(M). Then T N6 € FIT"(M).

Proof. Let g,y € M. Then
(1)

<

O

(116)(0) = T"(7(0),6(0))

Vv

T"(7(9),0(g)) = (1N d)(9)
thus

(116)(0) = (TN d)(9)-

(T1Nd)(goz)=T"(1(g02),0(g02))
> T(T"(T((g o y) ©2),7(y)), T"(3((g 0 y) © 2),(y)))
=T"(T"(r((goy) ©2),0((g0y) ©2)), T"(7(y),0(y))) (Lemma 2.26)
=T"((rnd)((goy) o 2), (TNI)(y))

(rNé)(goz) =T"((TNo)((zoy) o), (TNd)(y)).
Then 7N & € FIT™(M). 0
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Proposition 3.14. Let ¢ € FIT"(M) and . € FIT™(N). Then ¢ x v € FIT"(M x N).
Proof. Let (w,y) € M x N. Then
(¢ x)(0,0) = T"(5(0),(0)) = T"(s(w), 1(y)) = (s x ¥)(w,y)

thus (¢ x ¢)(0,0) > (¢ x ¢)(w, y).
Also let w; € M and y; € N for i = 1,2,3. Now

(s x ) ((wi,y1) © (w2, y2)) = (S X 1) (w1 ©wa, Y1 0 Y2)
=T"(s(z10w2),v(y10Y2))
> T™(T"(s((w1 0 w3) 0 @2),s(w3)), T" (t((y1 © y3) © y2),L(y3)))
=T"(T"(s((w1 0 w3) o wa), t((y1 0 y3) ©y2)), T"(s(23),¢(y3)))
=T"((s x t)((w1 o w3) o w2, (y1 ©y3) ©y2), (s x t)(ws, y3))
=T"(((s x t)((w1,y1) © (w3,y3)) © (w2,y2)), (s X t)(w3,y3))-

Therefore ¢ x v € FIT"(M x N ]

)-
Proposition 3.15. Let x; € FIT™(M;) where1 < i <m, thenr = [/, k; € FIT™([]/~, M;).

Proposition 3.16. Ify € FIT"(M) and ® : M — N be a homomorphism of BCC'-algebras,
then ®(y) € FIT™(N).

Proof. As
®(7)(0) = sup{~(0) | 0 € M, ®(0) = 0} > sup{y(z) | m € M, ®(m) =y} = 2(7)(y)

thus

(7)(0) > @(7)(y)-
Let m; € M and y; € N with ®(m;) = y; for i = 1,2,3. Then

(7)(y1 0 y2) = sup{y(m1 o ma) | 2(m;) = y;}
> sup{T" (v((m1 o m3) o ma),y(m3)) | 2(mi) = yi}
= T"(sup{y((m1 om3) o ma) | ((m1 oms) oma) = (y1 ©y3) oy}, sup{y(ms) | ®(ms3) = ys})
=T"(@(7)((y10y3) ©y2), 2(7)(y3))

therefore

P(v)(y1oy2) =T (2(v)((y10y3) ©y2), P(V)(y3))-
Thus ®(y) € FIT™(N). 0

Proposition 3.17. Ifo € FIT"(N) and I' : M — N be a homomorphism of BCC'-algebras,
then T=1(0) € FIT"(M).

Proof. Let b € M. Then

Let b1,b9,b3 € M. As
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T (o)(by 0 bg) > T (o)((by 0 b3) 0 ba), T (a)(b3)).
Then I'"Y(o) € FIT"(M). O

Definition 3.18. Let (M,¢,0) be a BCC-algebra and d : M — M be a self map. A fuzzy
set A: M — [0,1] in M is called a fuzzy left derivation BC'C-ideal of M under ¢t-norm 7™ if
it satisfies the following conditions:

(1) A0) > A(D),

(2) A(d(Low) = T"(A(d(I o y) o u), A(d(y))

for all I, y,u € M.

Denote by FLDT™(M), the set of all fuzzy left derivation BCC-ideals of M under t-norm
.

Proposition 3.19. Let m € [0,1]™ and T™ be idempotent. Then = € FLDT"(M) if and
only if the set m, = {a € M : w(x) > k} is either empty or a left derivation BCC-ideal of M
for every k € [0,1].

Proof. Let m € FLDT™(M) and a,y € M. Then 7(0) > m(a) > k and then 0 € 7. Also let
d(aoy)oz € mp and d(y) € 7. Then ww(d(aoz)) > T (w(d(aoy) o z), m(d(y))) > T"(k, k) =k
thus d(a ¢ z) € 7. Then 7, will be a left derivation BCC-ideal of M for every k € [0, 1].

Conversely, let 7y is either empty or a left derivation BC'C-ideal of M for every k € [0, 1]. Let
k=T"(m(d(aoy)<z),m(d(y))) with d(aoy) ¢z € m and d(y) € 7. Then d(a ¢ 2) € 7 thus

m(d(aoz)) > k=T"(m(d(aoy) < z),m(d(y)))
so € FLDT"(M). 0

Proposition 3.20. Let p € FLDT"(M) and T™ be an idempotent t-norm. Then for all
h,y,z € M :

(1) It h < d(y), then o(d(h)) > o(d(y)).

(2) If hoy < d(h), then o(d(hoy)) > o(d(h)).

(3) If (hoy) o (z01) < d(ho =), then o(d((hoy) o (s 01))) > a(d(h o 2)).

(4) If o(d(h o y)) = o(d(0)), then o(d(h)) = o(d(y))-

Proof. Let h,y,z € M. Then
(1) Let h < d(y) and since d(y) < y (Proposition 2.10 part (1)) hence h < y i.e. hoy = 0.
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then o(d(h)) = o(d(y))-

(2) As hoy < d(h) so from part(1) we get that o(d(hoy)) > o(d(h)).

(3) Let (hoy)o(zoy) < d(hoz) then as part(1) we will have o(d((hoy)o(z0y))) > o(d(hoz)).
(4) Let o(d(hoy)) = o(d(0)). Then

o(d(h)) = o(d(h o 0))
> T"(o(d(h o y) 0 0), o(d(y))) as ¢ € FLDT"(M)
— T (o(d(h o ), o(d(y)))
— T"(o(d(0), o(d(y))
— o(d(y)
then o(d(h)) > o(d(y))- O

Proposition 3.21. Let v, € FLDT"(M). Then yNd € FLDT™(M).
Proof. Let j,y,z € M. Then
(1)

(yN6)(0) =T"(v(0),6(0)) = T"(v(5),0(5)) = (v N ) (4)

thus
(7N 6)(0) = (vN ) ()
(2)
(yNo)(d(j o =) =T"(v(d(j©2)),d(d(j ¢ 2)))
> T(T"(v(d(j o y) 0 2),v(d(y))), T"(6(d(j 0 y) © 2),(d(y))))
=T"(T"(v(d(joy) o z),0(d(joy)o2)), T"(v(y),0(y))) (Lemma 2.26)
=T"((yN)(d(joy)oz),(yNd)(y))

SO

(YNdo)(joz) =T"((vNo)(d(joy)oz),(vyNd)(y)).
Thus yNé € FLDT™(M). O

Proposition 3.22. Let . € FLDT™(M) and ¢ € FLDT"(N). Then 1 x ¢ € FLDT™(M x N).
Proof. Let (t,v) € M x N. Then

(£ x€)(0,0) = T"((0),£(0)) = T"(e(1),£(v)) = (¢ x §)(t, v)

thus (¢ x £)(0,0) > (¢ x v)(t,v).
Alsolet t; € M and v; € N for i = 1,2,3. Now



FUZZY BCC-ALGEBRAS UNDER T-NORMS "

(¢ x &)(d((t1,v1) © (t2,v2))) = (¢ x &)(d(t1 © ta,v1 ©v2))
= (Lt x &)(d(t; o t2),d(vy o v2))
=T"(u(d(t1 o t2)), &(d(v1 © v2)))
> T(T"(u(d(t1 o t3) o t2),(d(t3))), T™ (€(d(v1 © v3) 0 v2),£(d(v3))))
=T"(T"(e(d(t1 0 t3) o t2),&(d(v1 0 v3) 0 v2)), T (e(d(t3)), §(d(v3))))
=T"((¢ x )(d(t1 o t3) o ta, d(v1 0 v3) 0 v2), (¢ x §)(d(t3), d(v3)))
=T"((t x (d((t1,v1) © (t3,v3))) © (t2,v2)), (¢ x §)d(ts,v3)).

Therefore ¢ x { € FLDT™(M x N). O
Proposition 3.23. LetI'; € FLDT™(M;) where1 <i <m, thenT = [[",T; € FLDT™ (][}, M;).
(

Proposition 3.24. If ¢ € FLDT"(M) and © : M — N be a homomorphism of BCC-
algebras, then O(¢) € FLDT™(N).
Proof. As

©(4)(0) = sup{¢(0) | 0 € M,0(0) = 0} > sup{d(s) | s € M,0(s) =t} = O()(?)

thus
0(¢)(0) = O(9)(1).
Let s; € M and t; € N with O(s;) =t; for i = 1,2, 3. Now since
O(¢)(d(t1 o tz)) = sup{e(d(s1 ¢ s2)) | O(si) =t}

> sup{T"(¢(d(s1 ¢ s3) © 52), ¢(d(s3))) | O(s:) = t;}

= T"(sup{o(d(s1083)0s2) | O(d(s1053)0s2) = d(t10t3)ota}, sup{p(d(ss)) | ©(d(s3)) = d(t3)})
= T™(O(d)(d(t1 o t3) o t2), O(¢)(d(t3)))
therefore
O(¢)(t1 o t2) = T"(O()(d(t1 o t3) o t2), O(9)(d(t3))).

Thus ©(¢) € FLDT™(N). O

Proposition 3.25. If 0 € FLDT"(N) and T : M — N be a homomorphism of BCC-
algebras, then Y=Y (o) € FLDT™(M).

Proof. Let f € M. Then

T74(0)(0) = o(T(0)) = (X (£)) = T (0)():
Let fi1, fa, f3 € M. Since

S
—~

fro f2)))

d(f1)) o T(d(f2)))

T(d(f1)) o T(d(f3)))) © T(d(f2)), o (T (d(f3))))
T(d(f1 0 f3)) © f2),0(T(d(f3))))
“Ho)(d(fro f3) o f2), T H0)(d(f3)))

SO

TN o)(d(fro f2)) 2 T (Y~ H(o)(d(f1 0 f3) © f2), T (0)(d(f3)))-
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Then Y~1(0) € FLDT™(M). O

Definition 3.26. Let (M,¢,0) be a BCC-algebra and d : M — M be a self map. A fuzzy
set p: M — [0,1] in M is called a fuzzy right derivation BC'C-ideal of M under ¢t-norm 7"
if it satisfies the following conditions:
(1) 7(0) > n(0),
(2) n(d(l 0 2)) > T (Lo y) o d(2)),n(d(y)))
forall l,y,z € M.
Denote by FRDT™(M), the set of all fuzzy right derivation BC'C-ideals of M under t-norm
.
Proposition 3.27. Let § € [0, 1™ and T™ be idempotent. Then 6 € FRDT™(M) if and only
if the set 6, = {c € M : 6(c) > a} is either empty or a right derivation BCC-ideal of M for
every a € [0,1].
Proof. Let § € FRDT™(M) and ¢,y € M. Then §(0) > d(c) > a and then 0 € §,. Also let
(coy)od(z) € b4 and d(y) € d4. Thus d(d(coz)) > T™(d((coy)od(z)),d(d(y))) > T"(a,a) = a
so d(co z) € §,. Then §, will be a right derivation BCC-ideal of M for every a € [0, 1].
Conversely, let ¢, is either empty or a right derivation BCC-ideal of M for every a € [0, 1].
Let a =T"(0((coy)od(2)),d(d(y))) with (coy)od(z) € i, and d(y) € §,. Then d(co z) € §,
thus

5(d(co2)) > a = T(6((c o) o d(2)), 6(d(y))
so 8 € FRDT™(M). 0
Proposition 3.28. Let a,7 € FRDT"(M). Then a N7 € FRDT"(M).

Proof. Let w,e,z € M. Then

(1)
(@n7)(0) = T"((0),7(0)) = T"(a(w), 7(w)) = (@ N 7)(w)

thus

SO

Thus a N7 € FRDT"(M). O
Proposition 3.29. Let ( € FRDT"(M) and w € FRDT™(N). Then ( x w € FRDT™(M x
N).

Proof. Let (g,k) € M x N. Then

(¢ x @)(0,0) =T"(¢(0), w(0)) = T"(¢(g), w(k)) = (¢ x @)(g, k)
thus (¢ x @)(0,0) > (¢ x @)(g, k).
Also let g; € M and k; € N for i = 1,2,3. Now
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(¢ x @)(d((g1, k1) © (g2, k2))) = (¢ x @)(d(g1 © g2, k1 0 y2))

= (( x @)(d(g1 © g2), d(k1 © k2))
=T"(¢(d(g1 ¢ g2)), w(d(k1 © k2)))
= T™(T"(C((91 0 g3) © d(g2)), C(d(g3))), T" (@ ((k1 © k3) © d(kz2)), @ (d(k3))))
=T"(T"(C((g1 0 g3) © d(g2)), v((k1 © k3) o d(k2))), T"(¢(d(g3)), w(d(k3))))
=T"((¢ x @)((g1 ¢ g3) © d(g2), (k1 © k3) o d(k2)), (¢ x @)(d(g3), d(ks)))
=T"((¢ x @)(((91, k1) © (g3, k3))) © (d(g2), d(k2))), (¢ x @)(d(g3), d(ks3)))
=T"((¢ x @)(((91, k1) © (g3, k3))) © d(g2, k2)), (¢ x @)d(g3, k3))

Therefore ¢( x w € FRDT™(M x N). O

Proposition 3.30. Let x; € FRDT™(M;) wherel <1i < m, thenx = [[;, xi € FRDT™([[;~, M;).

Proposition 3.31. If ¢ € FRDT"(M) and © : M — N be a homomorphism of BCC-
algebras, then ©(¢) € FRDT™(N).
Proof. As

O(£)(0) = sup{§(0) | 0 € M,0(0) = 0} > sup{{(t) |t € M,O(t) = e} = O()(e)
thus
0(£)(0) = 6(¢)
Let t; € M and e; € N with O(t;) = ¢; for i = 1,2, 3.
O(&)(d(e1 0 e2)) = sup{&(d(t1 o t2)) | O(z;) = e}
> sup{T"(§((t1 o t3) o d(t2)), £(d(t3))) | O(t:) = €5}
= T (sup{&((t10t3)0d(t2)) | O((t10t3)0d(t2)) = (e10e3)od(e2)}, sup{{(d(ts)) | ©(d(t3)) = d(e3)})
=T"(0(§)((e1 0 e3) o d(ez)), O(£)(d(e3)))

therefore

(e)-
Then

O(&)(e1 0 e2) > T™(O(E)((y1 0 e3) @ d(e2)), O(£)(d(es)))-
So ©(¢) € FRDT™(N). O

Proposition 3.32. If w € FRDT™(N) and A : M — N be a homomorphism of BCC-
algebras, then A=Y (w) € FRDT™(M).

Proof. Let uw € M. Then

"(w(A(u1) o Aluz)) o Ald(uz)), w(A(d(u3))))
(A((u1 0 ug)) o d(ug)), w(A(d(uz))))
"(ATHw)((ur 0 uz) 0 d(u2)), A™H(w)(d(us)))

A w)(d(ur 0 uz)) = T (A™H(w)((u1 0 ug) o d(uz)), A™H(w)(d(us))).



80 RASUL RASULI

Then A=Y (w) € FRDT™(M). O

Definition 3.33. Let (M,¢,0) be a BCC-algebra and d : M — M be a self map. A fuzzy
set 0 : M — [0,1] in M is called a fuzzy derivation BCC-ideal of M under t-norm T™ if:

(1) 0(0) = o(k),

(2) 8(d(k o 2)) > T"(8(d((k o ) © 2)), 6(d(y)))

for all k,y,z € M.

Denote by FDT™(M), the set of all fuzzy derivation BC'C-ideals of M under ¢t-norm 7.

Example 3.34. Let M = {0,1,2,3,4,5} be a BCC-algebra, in which the operation ¢ is

defined as follows:
o0 1 2 3 4 5
0j0 000 0O
11 0 0 0 0 1
212 2 0011
3|13 21011
414 4 4 4 0 1
515 5 5 5 5 0
define a map d : M — M by
0 bym=20
) 2 bym=1
dm) =19 3 1y m=24
5 by m=3,5.
Define a fuzzy set n : d(m) — [0, 1] by
0.65 if m=0
0.5 ifm=1,2
ndm) =9\ 045 ifm =34
0.3 if m=>5.

Let T"(a,b) = T;'(a,b) = ab for all a,b € [0,1] then n € FDT"(M).

Remark 3.35. If d: M — M is fixed, the Definitions 3.18, 3.26 and 3.33 give the definition
of fuzzy BCC-ideal.

Proposition 3.36. Let 6 € [0,1]™ and T™ be idempoten. Then 6 € FDT™(M) if and only
if the set 0 = {r € M : 0(r) > 1} is either empty or a derivation BCC-ideal of M for every
le[0,1].

Proof. Since § € FDT™(M) and r,c € M so 6(0) > 6(r) > [ and then 0 € 6;. Also let
d((roc)oz) € 6 and d(c) € 6;. Then
G(d(roz)) >T"(@0(d((roc)oz)),0(d(c))) >T"(1,1) =1

thus d(r ¢ z) € ;. Then 6; will be a derivation BC'C-ideal of M for every [ € [0, 1].
Conversely, let ) is either empty or a derivation BC'C-ideal of M for every [ € [0, 1]. Let
I=T"0(d((roc)oz)),0(d(c))) with d((roc)oz) € 0; and d(c) € ;. Then d(r ¢ z) € ; thus

0(d(roz)) =1 =T"(0(d((roy)2)),0(d(c)))
so 0 € FDT"(M). O
Proposition 3.37. Let v,¢ € FDT™(M). Then yNs € FDT"™(M).
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Proof. Let r,j,z € M. Then

(1)
(vN)(0) = T"(7(0),5(0)) > T"(v(r),s(r)) = (yN<)(r)

thus

(YN <)(0) > (yNe)(r).
(2)
(YN (d(roz)) =T"(v(d(r o 2)),s(d(r o 2)))

> T™(T" (y(d((r o j) © 2)),7(d(4))), T"(s((r o §) © d(2)),<(d(5))))
=T"(T"(v(d((r o j) ¢ 2)),s(d((r©j) ©2)), T"(v(j),s(5))) (Lemma 2.26)
=T"((vNe)(d((reoj)oz)), (vNe)(4))

SO

(yNe)(roz) =T ((yNe)(d((roj)oz)), (yNe)(H))
Thus v N € FDT™(M). O

Proposition 3.38. Let A € FDT"(M) and 0 € FDT"(N). Then A x 0 € FDT™(M x N).
Proof. Let (p,q) € M x N. Then
(A x)(0,0) = T"(A(0),0(0)) = T"(A(p), o () = (A x o)(p, q)

thus (A x ¢)(0,0) > (A x o)(p, q).
Also let p; € M and ¢; € N for i =1,2,3. Now

(A x a)(d((p1,q1) © (p2,q2))) = (A x o) (d(p1 © P2, ¢1 © G2))
= (A x o)(d(p1op2),d(q1 ¢ q2))
=T"(A(d(p1©p2)),0(d(q1 © q2)))
= T™(T™(A(d(p1 o p3) © p2), A(d(ps))), T" (o (d(q1 © g3) © g2), 0 (d(g3))))
=T"(T"(A\(d(p1p3) op2),0(d(q1 ©g3) ©g2)), T"(A(d(p3)), v(d(g3))))
=T"((A x o)(d(p1 ©p3) ©p2,d(q1 © g3) © g2), (A X 0)(d(p3), d(g3)))
=T"((A x 0)(d((p1,q1) © (p3,43))) © (P2, 42)), (A x o) (d(p3), d(g3)))
=T"((A x o)(d((p1,q1) © (p3,43))) © (P2, q2), (A X 0)d(p3, q3))

thus A x o € FDT"(M x N). O
Proposition 3.39. Let ®; € FDT"(M;) wherel < i <m, then® = [[;~, ®; € FDT™([[~, M;).

Proposition 3.40. Ifp € FDT™"(M) and Y : M — N be a homomorphism of BCC-algebras,
then Y (o) € FDT"™(N).

Proof. As
T(0)(0) = sup{e(0) | 0 € M,Y(0) = 0} = sup{o(s) | z € M,¢(s) = y} = ¢(0)(y)

thus
©(0)(0) > T(0)(y).
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Let s; € M and y; € N with Y(s;) = y; for i = 1,2,3. Then
T(0)(d(y1 0 y2)) = sup{o(d(s1 ¢ s2)) | Y(si) = yi}
> sup{T"(e(d(s1 © s3) © 52), 0(d(s3))) | T(si) = yi}
= T"(sup{o(d(s10s3)0s2) | T(d(s1053)0s2) = d(y10ys)oyz}, sup{e(d(ss)) | Y(d(s3)) = d(y3)})

=T"(Y(0)(d(y1 0 y3) ©y2)), T(e)(d(y3)))
therefore

Y(0)(y1 o y2) = T"(Y(0)(d(y1 0 y3) o y2)), T(0)(d(ys)))-
Thus Y (o) € FDT"™(N). 0

Proposition 3.41. Ifk € FDT"(N) and Q2 : M — N be a homomorphism of BCC'-algebras,
then Q~1(k) € FDT™(M).

Proof. Let I € M. Then

Let 1,105,153 € M. Since

Q7 (k) (d(ly 0 w2)) = K(QUd(ly 0 12)))

> T"(k(Qd(l1 0 l3) o l2), k(Q2(d(13))))
= T™(Q 7 (r)(d(l1 0 I3) 0 12), Q7 (k) (d(I3)))
Q7 (k) (d(l o)) > T (R)(d(l o l3) 0 12), Q7 (1) (d(13)))-
Then Q~'(x) € FDT"(M). 0

Conclusion

In this paper, we introduce some concepts such as fuzzy subalgebras, fuzzy ideals, fuzzy
left derivations, fuzzy right derivations and fuzzy derivations of BC'C-algebras with respect to
triangular norms we obtained some results of them. Now, as using triangular norms, one can
introduce and investigate fuzzy subalgebras, fuzzy ideals, fuzzy left derivations, fuzzy right
derivations and fuzzy derivations of BZ-algebras as we did with BCC-algebras and this can
be an open problem for future works.
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