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ABSTRACT. In this paper, we consider a—Chebyshev polynomials, a—Chebyshev wavelet
approximation and hdlder of order [. We estimate a—Chebyshev-wavelet approximation of
a function f having satisfy condition hdlder where f is expanded in terms of a—Chebyshev
wavelet polynomials.
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1. Introduction and Background

There are several subjects in which these functions take a significant position in modern
developments including Chebyshev wavelets, wavelet approximation, numerical integration,
and spectral methods for partial differential equations.

It is said pseudo-Chebyshev if a = 3. (see [1-5])

The av—Chebyshev functions for |z| < 1 are

Kinds a — Chebyshev Functions
First — Kind o Chebyshev T%(x) = cos(n + a)f
Second — Kind o Chebyshevl Uf(x) = W
Third — Kind o Chebyshev Vo (z) = coslntald
Fourth Kind o Chebyshev W (x) = sin(n + «)f

Theorem 1.1. The first kind a— Chebyshev function where |z| < 1 is solution for first kind
a— Chebyshev differential equation (1 —z?)y" — xy’ + (n + a)?y =0,
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Proof. Suppose y = cos(n + a)(0) = cos(n + a)(cos~'z), then

% = (n+ao)(l- x2)_%sin(n + a)(cos ')
fljcg =  —(n+a)*)(1 —2*)"teos(n + a)(cos™ z)
+  z(1- :cQ) 2 (n+ a)sin(n + a)(cos™'z),
Then (1 -2y’ —ay + (n+a+1)%y
= (1-2)[-(n+a)*(1—2z?)"tecos(n + a)(cos 1)
+  z(1- a:Q)%B (n + a)sin(n + a)(cos 'z)]

-  zlln+a)(1 - mQ)_%sin(n + a)(cos )]
+  (n+4a)’cos(n + a)(cos™?

=  —(n+a)’cos(n + a)(cos ')

x)

+ z(1- :UQ)_Tl(n + a)sin(n + a)(cos ™

x)
- z(n+a)(l- xz)*%sin(n + a)(cos™tx)
+ (n + a)?cos(n + a)(cos™'z)

O

We definition a-Chebyshev wavelets. Suppose & € N (degree of multiresolution), m >
0, n=0,1,2,---, 21 (see [5-7]).

a — Chebyshev wavelets \ Sequences a — Chebyshev function
k41
o (1) 2 EETa (2R —2n41)) te[d= 1,2,@”1].
’ otherwise
2’““Ua (2% —2n+1) te 2=t n]
Ugm() 2k— 172k1 .
’ otherwise
k41
Ve (1) 2 Vo(2kt — 2n 4 1) te[le,Qk”I].
’ otherwise
k
we Q,Liwg(2kt—2n+1) t e [2=h, 2]
n,
0 otherwise
In the following, we suppose ¥y |, =T or W3 =Ug ., or W3, =V,  or ¥y, =Wg,

A function f € L?[—1,1) is expanded by a-Chebyshev wavelet series as

2k o
= Z Z Cn,mq’g,m(t)

n=0m=0

where

1
o = [ T OV (D1
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and wy ,, is the weight function of a-Chebyshev wavelets. Also

1
| w0 w0 = L,

1

5 m=nVY=T% or V=W
L=<0 m#n V=T or WY or U% or ¥ =V,
T m=nV¥Y=U0U% U=V
1
—— =T or¥=W"
Wt = { VIE_ ) -
Vvi—-t? v=U%or¥v=V

It is necessary to study multiresolution analysis and Mallat’s Theorem for wavelet approx-
imation (see [7-9]).

Definition 1.2. Multiresolution Analysis: An MRA with scaling function ¢ is a collec-
tion of closed subspaces {V;}jcz of L?(R), such that

() Vj C Viga;

(i) f(@) €V, < f(20) € Vpio:

(iii) UV, = L2(R),
(iv) NV; = 0;
(v) There exists a function ¢ € V{ such that the collection {¢(zk) : k € Z} is a Riesz basis
of V.

The sequence of wavelet subspaces W; of L?(R) is such that V; LW, for allj and V1 =
V; @ W;. Closure of @ W; is dense in L%(R) for L? norm.

Now we state Mallat’s theorem which guarantees that in the presence of an orthogonal
MRA, an orthonormal basis for L?(R) exists. These basis functions are fundamental in the
theory of wavelets which helps us to develop advanced computational techniques.

Lemma 1.3. (Mallat’s Theorem) Given an orthogonal MRA with scaling function ¢, there
is a wavelet 1 € L? x (R) such that for each j € 7, the family {jr}kez is an orthonormal
basis for W;. Hence the family {1;}rez is an orthonormal basis for L*(R).

Definition 1.4. (i) Let P,(f) be the orthogonal projection of L?([—1,1]) onto Vj,. Then
o0
= Z < f7¢n,k > ¢n,k7 n= 172737”'
—0o0

(ii) The wavelet approximation of the Chebyshev polynomial is defined by

1
En(f) = IfPa(f)ll2 = /1 [F(OPa(f)(®)Pdt = o(6(n)).

Theorem 1 5. Let f € L*([~1,1]) be a continuous function and

k
f(t) = Zn 0 2m=0Cnm ¥ m(t) and the series 2, oo lex | be convergent. Then
a-Chebyshev wavelet approximation f, for every M 1is the partial sums

2k M-—1

Sok M— 1 E E Cnm nm

n=0 m=0
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and

2k 00
EQk,M—1(f) = 0((LZ Z ’Cgm‘Q))

n=0m=M
Proof. We have
H f—SQkM 1”%
2k M—1
-/ S i)~ 5 kit
“F n=0m=0 n=0 m=0
2k M—1
< [ (5 b= 3 3 W0 01
n=0 m=0 n=0 m=0
- [ 1303 it
- n=0m=M
< Z S / T ()Pl (£t
n=0m=M
o0
= LZ Y lenml?
n=0m=M

Therefore || f — sapr—1ll2 < (LY po_p, [T2,,1%)*. That is

2k o
Eye o1 (f) = o((LY Y lenml®)®)

n=0m=M

2. WAVELET APPROXIMATION WITH HOLDER CONDITION OF ORDER 0 < <1

In this section, we estimate wavelet approximation of a function f having satistisfy condi-
tion holder as 0 <[ < 1.

Definition 2.1. Suppose D C C is open bounded. A function f: D — C satisfies the Holder
condition of order 0 < [ < 1 if there is a constant C' > 0 for which |f(z) — f(y)| < Clz — y/|!
for all z,y € D.

Theorem 2.2. Let f:[0,1] — R be a function satisfying condition holder with order 0 < [ <
1.

i) If f(t) = D00 Dm0 Cnm T (t) is expanded in terms of wavelet a-Chebyshev polyno-
mial of the first kind. Then the a— Chebyshev wavelet approzimation Eq (t) of f by (2%)1)

is th partial sum:
Sok_11 = Z E Cnm nma

n=2k—141m=o

and
limlﬁooEQkJ(f) = liml%oo”f - SQkJHQ =0
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(i) If f(t) = D 00> me0 CamUsm(t) is expanded in terms of the wavelet a- Chebyshev
polynomial of the second kind. Then a— Chebyshev wavelet approximation Eqk i(t) of f by
(2F,1) is th partial sum

D
Sok_11 = E E Cn,mU;zX,ma
n=2k—141m=0
and

l'l’ml*)OOEQkyl(f) = lzml%oo”f - SQk,lHQ =0

(i) If f(t) = D00 Dm0 Cnim Ve (t) is expanded in terms of the wavelet a- Chebyshev
polynomial of the third kind. Then the a— Chebyshev wavelet approzvimation Eqe i(t) of f by
(2%.1) is th partial sum

0o
e
Sok_11 = § : § :cn,mvn,m7

n=2k-141m=0
and
limy oo B3y (f) = limy oo f — 95 4ll2 = 0

() If f(t) = D 00D om0 Cnm Wi (t) is expanded in terms of wavelet o-Chebyshev poly-
nomial of the fourth kind. Then the a— Chebyshev wavelet approvimation Ex (t) of f by
(2%.1) is th partial sum

o
(07
Sok_11 = E : § cnamWn,m7
n=2k-141m=0
and

im0 Bk _1 1 () = limieo|| f — se-1]l2 = 0

Proof. (i) Since f : [0,1] — R be a function satisfying condition héder with order .
Note that if 0 < 6 < 7, then

-1< cost <1

2n —2 < cosf+2n—1 < 2n

ok — 2k = 9k

n—1 n
cosf+2n—1



48
Case 1;1=1
Since

Cnm
therefore

For |73, |2

IN

IN

IN

IN

IN
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< f@), Tom®t) >uw

1
/ FOT2 (25 — 2n + 1)w™(2%t — 2n + 1)dt
0

NIES

2

& 0+2n—1 1
23/ f(%)T%(cos@)isianO
0

2 V1 — cos?6
e [T cosd+2n—1, 1 .
a2?2 ——)’cos(m + o) —=5in6db
/0 ( 2k ) ( ) V1 — cos?6
k [T cosf +2n —1 1
22 / ————cos(m + &) ——=sinbdl
0 ( 2k Jeos( ) V1 — cos?6

c2 s /Oﬂ((cose)cos((m + a)f) + (2n — 1)cos(m + «)0))df
c2 % /ﬂ cosfcos(m + «)0db
0

c27z! / [cos(m — )0 + cos(m + g)@]d@
0

. . 3
02_§_1[sm(m —a)b N sin(m +3§)0](7)r
m—uo m + b)
1 1
275 - —]
m— o m + 5
c2 51
m—a’

1
T2l = 2 [T - 20+ ) Pur (2t - 20+
0

1

< 2’“/ T2 (28t — 2n + 1)%w® (2%t — 2n + 1)dt
-1

™

Zok

2

= g2kt



and

SOME PROPERTIES OF THE o-CHEBYSHEV WAVELETS... 49

IN

If — 321671,1”%

SIS [ l
1223 eomTim = D D camTumeall

n=0m=0 n=2k—141m=0
21 oo
1Y > camTiml3
n=0 m=I+1
2F—1 oo _k_
272 C 2 k—
>3 ey
n=0 m=I[+1
261 o0 1
2—k—202 2
> 2 =)
n=0 m=I+1
> 1
2—k—2 2k: 1 2 2
@ - 10 3 ()
m=Il+1

Since the series > °°_ ()2 is convergence. Then

Case 2; 0< <1

Since

Therefore

Cnm

2k_1,1

m—«

liml_)ooEQk_Ll(f) = 0.

1
V1 — cos?6

sin6do

= < f(0),Thm(t) >uw
1
_ zé/ FOTE(25 — 20 + w2 — 20+ 1)dt
0
g [T . cos0+2n—1 _ .
= 22/ f(Z—k)Tm(cose)
0
< a2z

4 1
cos(m + o) ——=s1nbdo
/0 ( ) V1 — cos?6

< 02_5/ cos(m + a)0de
0

= 0.

If — 321671,1”%

SIS 9] l
1223 eomTim— D D comTumeall

n=0m=0 n=2k—141m=0
0,

limlg)ooEQk_Ll(f) = 0.
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(ii) We have
1
U mlls = 2’“/ U2 (2% — 2n + 1) Pw®(2Ft — 2n + 1)dt
0
1
< 2’“/ |US (2% — 2n 4 1) Pw (2%t — 2n + 1)dt
—1

1
= 2’“/ U2 (2% — 2n 4+ 1)2w* (28t — 2n + 1)dt
-1

= 2kr.
Casel. [l =1.

Cn,m:<f() a() w

/f U (25 — 2 + Vw28 — 2n + 1)dt

w\x-

2
— 2)5/ f(ww%)U%(cose)sinﬂsinﬂdﬂ
0

2

= 022/ (COSG%)ZU%(COSG)S’L-HQSZ'TLGdQ
0

T cosl + 2n —

)U%(cos@)sianinGdQ

c\

< 0272 / (cosl + 2n — 1)U (cosB) sinbsinfdb
0

sin(m+ 3)0
sin

= 0273 / (cosf +2n — 1) sin’0do
0

= (2% / cosf + 2n — 1)sin(m + = )952n0d9
0

= (275! (cosh + 2n — 1)[cos(m + 2)0 — cos(m + %)Q]dG

2

(
J,

= 0231/ (cosBcos(m + )9+cos€cos(m+ 3)0)d9
0
= 0232/
0

(cos(m + 7)0 + cos(m + )0 + cos(m + ;)9 + cos(m + a)0)do

1 1 1 1
= 02— bt —— + ]
m+5 m+s5 m+s5 mta
40252
< 7
c2 2
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c2~

<

’Cn,m’

ESk_l,l(f) = Hf_32k—1,lH%

= 122 el = D

n=0m=0

2k-1

IMES

_|_
[\GIEN]

o0

l
> cnmUnmll3

n=2k—141m=0

= 1> > comUnml

n=0 m=Il+1
2k—1 0
< Z Z |Cn,m|2||Ug,m||%
n=0 m=I+1
ok—1 o) 1
= 7102 2
LoD DD D Cer)
n=0 m=I[+1
> 1
= 2F1rC? Y ( )2,
m—+ «
m=Il+1

Since- the series > 0¢_(—2+-)2 is convergence. Then

m+o

Case 2; 0< <1

Since

Therefore

Chom = < f(t)7 UroLl,m(t) >w

NIES

= 2
2
k s
< a22/ cos(m + «)f
0

< 02_3/ cos(m + a)0do
0
= 0.

Egk_u(f) = ||f_32’€—1,lH%

o0 o0
- 135 et -

n=0m=0

= 0,

1
V1 — cos?6

1
/ FOUS (2 — 2+ 1)w® (25 — 2n + 1)dt
0

_ 21;/ f(COSGJr,?”_l)Ug(cose)
0

1 .
m 52n¢9d9

sinfdo

00 l
Z Z Cn,mUn,m+a ”%

n=2k—141m=0

51
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(iii) We have
case 1. [ =1.

and

Cn,m

IN

IN

IA

IN
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ll'ml_>ooE2k717l(f) =0.

< f(t)7 Vnofm(t) >w

1
/ FOVE2R - 2n + Dw* (28t — 2n + 1)dt
0

NES

2

IMES

2 sinfsinddo

T cosd +2n —1 cos(n+ «)f
0 sin

025/ (%)lcos(m—i—a)ﬁsmﬁdﬁ
0

c27% /Oﬂ(cosa—zlfn_l)cos(m + a)fsinfdb
c275 /Oﬂ(cosﬁ + 2n — 1)cos(m + «)Bsinddo

c2751 /OTF(COSQ +2n — 1)(sin(m + 2)9 + sin(m + «)8)df
c251 /Oﬂ(cosﬁsin(m + 2)0 + cosfsin(m + a)df
C2 5 (2n — 1) /Oﬂ(sin(m + g)e + sin(m + o)0)do
252 /0 " (sin(m + g)e + sin(m + «)6)do

0252 / (sin(m + g)e + sin(m + «)8)df
0

02*5(271 —1) / (sin(m + 2)0 + sin(m + «)0)db
0

kg cos(m+35)r—1  cos(m+a)r—1
m—l—% m+ «

]

C2

cos(m+3)m—1  cos(m+a)m — 1
m—f—% m—+ o
1 2 1

m+35 mt+a m+5

]

enm| = C27572

IN



«
For Vi,

Therefore

Since the series Y > (

Case 2; 0 <l <1

Since

Cn,m
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Winld = 27t [ vt n e o
1+t
< 2—’5/ vehy —n)? 2 g
. 11—t
= 2_§7r
1z(f) - ”f
o [e9) l
= IDD amVim— D D camVinl
n=0m=0 n=2k—141m=0
2k 1
S IE Y il
n=0 m=I[+1
Qk 1
n=0 m=I+1
2k 1
D —7)
n=0 m= l+1 2
> 1
= 252 2,
> )
m=Il+1 2

—1)2 is convergence. Then
m+3

liml%ooEQk_ljl(f) = 0.

= < f(®),Vam(t) >uw

/ f(@® Va(th o2n + Dw® (28t — 2n + 1)dt

m\w

k cosl + 2n — 1
= 22 —— ) V% c080) ———=51tn0d0
/ g 2k ) m( )\/1—00329

k 1
a2 cos(m + o) ——=sinbdl
/0 ( ) V1 — cos?6

c2 % / cos(m + o)0do
0
= 0.

IN

IN

53
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Therefore

Egkfl,z(f) = |If- Szk—l,ZH%
oo 0 l
= H Z Z Cn,mvgm - Z Z Cn,mvn,m—i-aH%
n=0m=0 n=2k—141m=0
pu— 07

liml%ooEQk_ljl(f) = 0.

(iv) We have
case 1. [ = 1.

Cam = < f(t), Wi, >uw

[T

1
= 2t [ Wt - 2n s et - 20+ Dai
0

e [T cosl+2n—1 1
= 22 —————— ) sin(m + o) ————=sinfdb
/0 P psin(m + )=

4 2n —1
025/ (CosOt2n = Ly m + 0)0d0
0

IN

2k

IN

T 2n —1
025/ (mg%)sm(mwta)ede
0

IN

23 / (cos® + 2n — 1)sin(m + «)60do
0

= (23 / [cosBsin(m 4+ «)f + (2n — 1)sin(m + «)0]d0
0

= 272! / (sin(m + ;0 + sin(m + o) + 2n [cos(m + a)m — 1]d0
0

m—+ «

[NIES

-1

= 027

%[cos(m + ;)77 — 1]+ [cos(m + a)m — 1]
2

m +
2n —1
m—+ «

= 02737

m+ «

[cos(m + a)m — 1]
1 1 2n —1
3+ +
m—|—§ m + « m + «

]

Therefore,

C27571(2n + 1)
m—+ «

’Cn,m| > ,



SOME PROPERTIES OF THE o-CHEBYSHEV WAVELETS...

For || W2
1

Wals = 2 [ Wi (@t = 2n o )Pur b~ 2n -+
0

1
< 2’“/ We (28t — 2n + 1)2w(2% — 2n + 1)dt
—1

™

= —2ok
2
= w2kl
2
Egk,u = ||f_32’f—1,lH§
SIS ) l
= 12D cmWim— D D camWinll3
n=0m=0 n=2k—141m=0
281 oo
< DD amWilal3
n=0 m=I[+1
261 oo
= >0 D leaml W13
n=0 m=I[+1
2k_1 00 1
- oY e Y
n=0 m=Il+1 (m T Oé)

Since the series Zﬁ:o(#m)2 is convergence. Then

liml—)ooEQk—l,l(f) =0.

Case 2;0<iI<1
Since

Chom = < f(t)v Wv?,m(t) >w

NS

1
= 2 / FOWE (2R — 2n + Vw28t — 2n + 1)dt
0

t [T cosl+2n—1 1
= 25 —_— Wa 0080 782n0d9
/0 FEPE Wi cost)

e [T 1
< a22 cos(m + &) ———sinbdb
/0 ( ) V1 — cos?6

< 027 / cos(m + o)0do
0
= 0.
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Therefore
By () = IIf —sa_nall3
[ SHNe'S) 00 l
= | Z Z cnmWiim — Z Z Cn,mWn,m+aH%
n=0m=0 n=2k—141m=0
= 0’

LMy —yo0 Egi 1, (f) = 0.
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2.1. References. The usual way to input references in the text is with the \cite{label-ref}
command where label-ref is a label unique for each reference. References cited in the text
should be defined in the environment {thebibliography}{}. In this journal, we use the
plian bibliography style. In the plain style, references listed in alphabetical order and la-
beled numerically. The unused references must be removed. Each bibliographical entry has a
key, which is assigned by the author and used to refer to that entry in the text. For instance,
the right style for references [?] [?], [?] and [?] is given here:
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jump-diffusion model.
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\bibitem{knuth}

D.E. Knuth,

\newblock {\em The \TeX Book},

\newblock Addison Wesley Professional, 21st edition, Boston, 1986.

Another way to input references in the article is to use the BibTex tool. Each reference in
this case should be written and stored in a separate BibTeX database (.bib file). Then the
.bib file is recalled in the main source file of the article using following commands:
\bibliographystyle{plain}

\bibliography{your_bib_file_full_directory}
By running the BibTex bibliography processor, citations and reference list are automatically
formatted consistently in the plain style.

Conclusion

The unnumbered section conclusion must be included as the last part of the paper. The
conclusion usually contains a brief summary of the article.
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APPENDIX A. Appendices

Appendices should be set after the references, beginning with the command \appendix
followed by the command \section for each appendix title, e.g.

\appendix
\section{\bf This is the title of the first appendix}
\section{\bf This is the title of the second appendix}

Subsections, equations, theorems, figures, tables, etc. within appendices will then be au-
tomatically numbered as appropriate.
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