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Abstract. In this paper, we consider α−Chebyshev polynomials, α−Chebyshev wavelet
approximation and hölder of order l. We estimate α−Chebyshev-wavelet approximation of
a function f having satisfy condition hölder where f is expanded in terms of α−Chebyshev
wavelet polynomials.
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1. Introduction and Background
There are several subjects in which these functions take a significant position in modern

developments including Chebyshev wavelets, wavelet approximation, numerical integration,
and spectral methods for partial differential equations.
It is said pseudo-Chebyshev if α = 1

2 . (see [1-5])
The α−Chebyshev functions for |x| ≤ 1 are

Kinds α− Chebyshev Functions
F irst−Kind α Chebyshev Tα

n (x) = cos(n+ α)θ

Second−Kind α Chebyshevl Uα
n (x) =

sin(n+α)θ
sinθ

Third−Kind α Chebyshev V α
n (x) = cos(n+α)θ

sinθ
Fourth Kind α Chebyshev Wα

n (x) = sin(n+ α)θ

Theorem 1.1. The first kind α−Chebyshev function where |x| ≤ 1 is solution for first kind
α−Chebyshev differential equation (1− x2)y′′ − xy′ + (n+ α)2y = 0,
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Proof. Suppose y = cos(n+ α)(θ) = cos(n+ α)(cos−1x), then
dy

dx
= (n+ α)(1− x2)−

1
2 sin(n+ α)(cos−1x)

d2y

dx2
= −(n+ α)2(1− x2)−1cos(n+ α)(cos−1x)

+ x(1− x2)
−3
2 (n+ α)sin(n+ α)(cos−1x),

Then (1− x2)y”− xy′ + (n+ α+ 1)2y

= (1− x2)[−(n+ α)2(1− x2)−1cos(n+ α)(cos−1x)

+ x(1− x2)
−3
2 (n+ α)sin(n+ α)(cos−1x)]

− x[(n+ α)(1− x2)−
1
2 sin(n+ α)(cos−1x)]

+ (n+ α)2cos(n+ α)(cos−1x)

= −(n+ α)2cos(n+ α)(cos−1x)

+ x(1− x2)
−1
2 (n+ α)sin(n+ α)(cos−1x)

− x(n+ α)(1− x2)−
1
2 sin(n+ α)(cos−1x)

+ (n+ α)2cos(n+ α)(cos−1x)

= 0.

□

We definition α-Chebyshev wavelets. Suppose k ∈ N (degree of multiresolution), m ≥
0, n = 0, 1, 2, · · · , 2k−1 (see [5-7]).

α− Chebyshev wavelets Sequences α− Chebyshev function

Tα
n,m(t)

{√
2k+1

n Tα
m(2kt− 2n+ 1)) t ∈ [ n−1

2k−1 ,
n

2k−1 ]

0 otherwise
.

Uα
n,m(t)

{√
2k+1

n Uα
m(2kt− 2n+ 1) t ∈ [ n−1

2k−1 ,
n

2k−1 ]

0 otherwise
.

V α
n,m(t)

{√
2k+1

n V α
m(2kt− 2n+ 1) t ∈ [ n−1

2k−1 ,
n

2k−1 ]

0 otherwise
.

Wα
n,m(t)

{√
2k+1

n Wα
m(2kt− 2n+ 1) t ∈ [ n−1

2k−1 ,
n

2k−1 ]

0 otherwise

In the following, we suppose Ψα
n,m = Tα

n,m or Ψα
n,m = Uα

n,m, or Ψ
α
n,m = V α

n,m, or Ψ
α
n,m =Wα

n,m.
A function f ∈ L2[−1, 1) is expanded by α-Chebyshev wavelet series as

f(t) =

2k∑
n=0

∞∑
m=0

cn,mΨα
n,m(t),

where

cn,m =

∫ 1

−1
f(t)Ψα

n,m(t)ωα
n,m(t)dt,
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and ωα
n,m is the weight function of α-Chebyshev wavelets. Also∫ 1

−1
Ψα

n,m(t)Ψα
n,m(y)ωα

n,m(t)dx = L,

L =


π
2 m = n,Ψ = Tα, or Ψ =Wα

0 m ̸= n,Ψ = Tα, or Wα, or Uα, or Ψ = V α,

π m = n,Ψ = Uα, Ψ = V α

,

ωα
n,m(t) =

{
1√
1−t2

Ψ = Tα, or Ψ =Wα

√
1− t2 Ψ = Uα, or Ψ = V α

,

It is necessary to study multiresolution analysis and Mallat’s Theorem for wavelet approx-
imation (see [7-9]).

Definition 1.2. Multiresolution Analysis: An MRA with scaling function ϕ is a collec-
tion of closed subspaces {Vj}j∈Z of L2(R), such that

(i) Vj ⊂ Vj+1;
(ii) f(x) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1;
(iii) ∪Vj = L2(R),
(iv) ∩Vj = 0;
(v) There exists a function ϕ ∈ V0 such that the collection {ϕ(xk) : k ∈ Z} is a Riesz basis

of V0.

The sequence of wavelet subspaces Wj of L2(R) is such that Vj⊥Wj , for allj and Vj+1 =
Vj

⊕
Wj . Closure of

⊕
Wj is dense in L2(R) for L2 norm.

Now we state Mallat’s theorem which guarantees that in the presence of an orthogonal
MRA, an orthonormal basis for L2(R) exists. These basis functions are fundamental in the
theory of wavelets which helps us to develop advanced computational techniques.

Lemma 1.3. (Mallat’s Theorem) Given an orthogonal MRA with scaling function ϕ, there
is a wavelet ψ ∈ L2 ∗ (R) such that for each j ∈ Z, the family {ψj,k}k∈Z is an orthonormal
basis for Wj. Hence the family {ψj,k}k∈Z is an orthonormal basis for L2(R).

Definition 1.4. (i) Let Pn(f) be the orthogonal projection of L2([−1, 1]) onto Vn. Then

Pn(f) =
∞∑
−∞

< f, ϕn,k > ϕn,k, n = 1, 2, 3, · · ·

(ii) The wavelet approximation of the Chebyshev polynomial is defined by

En(f) = ∥fPn(f)∥2 =
∫ 1

−1
|f(t)Pn(f)(t)|2dt = o(ϕ(n)).

Theorem 1.5. Let f ∈ L2([−1, 1]) be a continuous function and
f(t) =

∑2k

n=0

∑∞
m=0 c

α
n,mΨα

n,m(t) and the series
∑2k

n=0

∑∞
m=0 |cαn,m|2 be convergent. Then

α-Chebyshev wavelet approximation f , for every M is the partial sums

s2k,M−1(t) =
2k∑
n=0

M−1∑
m=0

cαn,mΨα
n,m(t),
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and

E2k,M−1(f) = o((L

2k∑
n=0

∞∑
m=M

|cαn,m|2)).

Proof. We have
∥ f − s2k,M−1∥22

= ∥
∫ 1

−1
(

2k∑
n=0

∞∑
m=0

cαn,mΨα
n,m(t)−

2k∑
n=0

M−1∑
m=0

cαn,mΨα
n,m(t))2ωα

n,m(t)dt∥

≤
∫ 1

−1
∥(

2k∑
n=0

∞∑
m=0

cαn,mΨα
n,m(t)−

2k∑
n=0

M−1∑
m=0

cαn,mΨα
n,m(t))2∥ωα

n,m(t)dt

=

∫ 1

−1
∥

2k∑
n=0

∞∑
m=M

cαn,mΨα
n,m(t)∥2ωα

n,m(t)dt

≤
2k∑
n=0

∞∑
m=M

|cαn,m|2
∫ 1

−1
|Ψα

n,m(t)|2ωα
n,m(t)dt

= L

2k∑
n=0

∞∑
m=M

|cαn,m|2

Therefore ∥f − sM−1∥2 ≤ (L
∑∞

m=M |Tα
n,m|2)α. That is

E2k,M−1(f) = o((L
2k∑
n=0

∞∑
m=M

|cαn,m|2)α),

□

2. Wavelet approximation with Hölder condition of order 0 < l ≤ 1

In this section, we estimate wavelet approximation of a function f having satistisfy condi-
tion hölder as 0 < l ≤ 1.

Definition 2.1. Suppose D ⊂ C is open bounded. A function f : D → C satisfies the Hölder
condition of order 0 < l ≤ 1 if there is a constant C > 0 for which |f(x)− f(y)| ≤ C|x− y|l
for all x, y ∈ D.

Theorem 2.2. Let f : [0, 1] → R be a function satisfying condition hölder with order 0 < l ≤
1.

i) If f(t) =
∑∞

n=0

∑∞
m=0 cn,mT

α
n,m(t) is expanded in terms of wavelet α-Chebyshev polyno-

mial of the first kind. Then the α−Chebyshev wavelet approximation E2k,l(t) of f by (2k, l)
is th partial sum:

s2k−1,l =
∞∑

n=2k−1+1

l∑
m=o

cn,mT
α
n,m,

and
liml→∞E2k,l(f) = liml→∞∥f − s2k,l∥2 = 0
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(ii) If f(t) =
∑∞

n=0

∑∞
m=0 cn,mU

α
n,m(t) is expanded in terms of the wavelet α- Chebyshev

polynomial of the second kind. Then α−Chebyshev wavelet approximation E2k,l(t) of f by
(2k, l) is th partial sum

s2k−1,l =
∞∑

n=2k−1+1

∑
m=0

cn,mU
α
n,m,

and

liml→∞E2k,l(f) = liml→∞∥f − s2k,l∥2 = 0

(iii) If f(t) =
∑∞

n=0

∑∞
m=0 cn,mV

α
n,m(t) is expanded in terms of the wavelet α- Chebyshev

polynomial of the third kind. Then the α−Chebyshev wavelet approximation E2k,l(t) of f by
(2k, l) is th partial sum

s2k−1,l =
∞∑

n=2k−1+1

∑
m=0

cn,mV
α
n,m,

and

liml→∞E
2
2k,l(f) = liml→∞∥f − s2k,l∥2 = 0

(iv) If f(t) =
∑∞

n=0

∑∞
m=0 cn,mW

α
n,m(t) is expanded in terms of wavelet α-Chebyshev poly-

nomial of the fourth kind. Then the α−Chebyshev wavelet approximation E2k,l(t) of f by
(2k, l) is th partial sum

s2k−1,l =
∞∑

n=2k−1+1

∑
m=0

cn,mW
α
n,m,

and

liml→∞E2k−1,l(f) = liml→∞∥f − s2k−1,l∥2 = 0

Proof. (i) Since f : [0, 1] → R be a function satisfying condition höder with order l.
Note that if 0 ≤ θ ≤ π, then

−1 ≤ cosθ ≤ 1
2n− 2

2k
≤ cosθ+2n−1

2k
≤ 2n

2k

0 ≤ n− 1

2k−1
≤ cosθ+2n−1

2k
≤ n

2k−1
≤ 1.
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Case 1; l = 1
Since

cn,m = < f(t), Tα
n,m(t) >w

= 2
k
2

∫ 1

0
f(t)Tα

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)Tα

m(cosθ)
1√

1− cos2θ
sinθdθ

≤ α2
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)lcos(m+ α)θ

1√
1− cos2θ

sinθdθ

≤ C2
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)cos(m+ α)θ

1√
1− cos2θ

sinθdθ

≤ C2−
k
2

∫ π

0
((cosθ)cos((m+ α)θ) + (2n− 1)cos(m+ α)θ))dθ

≤ C2−
k
2

∫ π

0
cosθcos(m+ α)θdθ

= C2−
k
2
−1

∫ π

0
[cos(m− α)θ + cos(m+

3

2
)θ]dθ

= C2−
k
2
−1[

sin(m− α)θ

m− α
+
sin(m+ 3

2)θ

m+ 3
2

]π0

= C2−
k
2
−1[

1

m− α
− 1

m+ 3
2

]

≤ C2−
k
2
−1

m− α
,

therefore

|cn,m| ≤ C

m− α
.

For ∥Tα
n,m∥2

∥Tα
n,m∥22 = 2k

∫ 1

0
|Tα

m(2kt− 2n+ 1)|2wα(2kt− 2n+ 1)dt

≤ 2k
∫ 1

−1
Tα
m(2kt− 2n+ 1)2wα(2kt− 2n+ 1)dt

=
π

2
2k

= π2k−1,
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and

E2
2k−1,l(f) = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mT
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mTn,m+α∥22

= ∥
2k−1∑
n=0

∞∑
m=l+1

cn,mT
α
n,m∥22

≤
2k−1∑
n=0

∞∑
m=l+1

(
2−

k
2
−1C

m− α
)2(π2k−1)

= 2−k−2C2π

2k−1∑
n=0

∞∑
m=l+1

(
1

m− α
)2

= 2−k−2(2k − 1)C2π

∞∑
m=l+1

(
1

m− α
)2

Since the series
∑∞

m=0(
1

m−α)
2 is convergence. Then

liml→∞E2k−1,l(f) = 0.

Case 2; 0 < l < 1
Since

cn,m = < f(t), Tα
n,m(t) >w

= 2
k
2

∫ 1

0
f(t)Tα

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)Tα

m(cosθ)
1√

1− cos2θ
sinθdθ

≤ α2
k
2

∫ π

0
cos(m+ α)θ

1√
1− cos2θ

sinθdθ

≤ C2−
k
2

∫ π

0
cos(m+ α)θdθ

= 0.

Therefore

E2
2k−1,l(f) = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mT
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mTn,m+α∥22

= 0,

liml→∞E2k−1,l(f) = 0.
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(ii) We have

∥Uα
n,m∥22 = 2k

∫ 1

0
|Uα

m(2kt− 2n+ 1)|2wα(2kt− 2n+ 1)dt

≤ 2k
∫ 1

−1
|Uα

m(2kt− 2n+ 1)|2wα(2kt− 2n+ 1)dt

= 2k
∫ 1

−1
Uα
m(2kt− 2n+ 1)2wα(2kt− 2n+ 1)dt

= 2kπ.

Case 1. l = 1.

cn,m = < f(t), Uα
n,m(t) >w

= 2
k
2

∫ 1

0
f(t)Uα

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)Uα

m(cosθ)sinθsinθdθ

= C2
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)lUα

m(cosθ)sinθsinθdθ

= C2
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)Uα

m(cosθ)sinθsinθdθ

≤ C2−
k
2

∫ π

0
(cosθ + 2n− 1)Uα

m(cosθ)sinθsinθdθ

= C2−
k
2

∫ π

0
(cosθ + 2n− 1)

sin(m+ 3
2)θ

sinθ
sin2θdθ

= C2−
k
2

∫ π

0
(cosθ + 2n− 1)sin(m+

3

2
)θsinθdθ

= C2−
k
2
−1

∫ π

0
(cosθ + 2n− 1)[cos(m+

5

2
)θ − cos(m+

3

2
)θ]dθ

= C2−
k
2
−1

∫ π

0
(cosθcos(m+

5

2
)θ + cosθcos(m+

3

2
)θ)dθ

= C2−
k
2
−2

∫ π

0
(cos(m+

7

2
)θ + cos(m+

3

2
)θ + cos(m+

5

2
)θ + cos(m+ α)θ)dθ

= C2−
k
2
−2[

1

m+ 7
2

+
1

m+ 3
2

+
1

m+ 5
2

+
1

m+ α
]

≤ 4C2−
k
2
−2

m+ 7
2

=
C2−

k
2

m+ 7
2

.
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Therefore,

|cn,m| ≤ C2−
k
2

m+ 7
2

.

and
E2

2k−1,l(f) = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mU
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mU
α
n,m∥22

= ∥
2k−1∑
n=0

∞∑
m=l+1

cn,mU
α
n,m∥22

≤
2k−1∑
n=0

∞∑
m=l+1

|cn,m|2∥Uα
n,m∥22

= πC2
2k−1∑
n=0

∞∑
m=l+1

(
1

m+ α
)2

= 2k−1πC2
∞∑

m=l+1

(
1

m+ α
)2.

Since- the series
∑∞

m=0(
1

m+α)
2 is convergence. Then

liml→∞E2k−1,l(f) = 0.

Case 2; 0 < l < 1
Since

cn,m = < f(t), Uα
n,m(t) >w

= 2
k
2

∫ 1

0
f(t)Uα

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)Uα

m(cosθ)
1√

1− cos2θ
sinθdθ

≤ α2
k
2

∫ π

0
cos(m+ α)θ

1√
1− cos2θ

sinθdθ

≤ C2−
k
2

∫ π

0
cos(m+ α)θdθ

= 0.

Therefore
E2

2k−1,l(f) = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mU
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mUn,m+α∥22

= 0,
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liml→∞E2k−1,l(f) = 0.

(iii) We have
case 1. l = 1.

cn,m = < f(t), V α
n,m(t) >w

= 2
k
2

∫ 1

0
f(t)V α

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)
cos(n+ α)θ

sinθ
sinθsinθdθ

≤ C2−
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)lcos(m+ α)θsinθdθ

≤ C2−
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)cos(m+ α)θsinθdθ

≤ C2−
k
2

∫ π

0
(cosθ + 2n− 1)cos(m+ α)θsinθdθ

≤ C2−
k
2
−1

∫ π

0
(cosθ + 2n− 1)(sin(m+

3

2
)θ + sin(m+ α)θ)dθ

= C2−
k
2
−1

∫ π

0
(cosθsin(m+

3

2
)θ + cosθsin(m+ α)dθ

+ C2−
k
2
−1(2n− 1)

∫ π

0
(sin(m+

3

2
)θ + sin(m+ α)θ)dθ

= C2−
k
2
−2

∫ π

0
(sin(m+

5

2
)θ + sin(m+ α)θ)dθ

+ C2−
k
2
−2

∫ π

0
(sin(m+

3

2
)θ + sin(m+ α)θ)dθ

+ C2−
k
2 (2n− 1)

∫ π

0
(sin(m+

3

2
)θ + sin(m+ α)θ)dθ

= C2−
k
2
−2[

cos(m+ 5
2)π − 1

m+ 5
2

+
cos(m+ α)π − 1

m+ α

+
cos(m+ 3

2)π − 1

m+ 3
2

+
cos(m+ α)π − 1

m+ α
]

= −C2−
k
2
−2[

1

m+ 5
2

+
2

m+ α
+

1

m+ 3
2

]

and

|cn,m| = C2−
k
2
−2[

1

m+ 5
2

+
2

m+ α
+

1

m+ 3
2

]

≤ C2−
k
2

m+ α
.
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For V α
n,m

∥V α
n,m∥22 = 2−

k
2

∫ 1

0
|V α

m(2kt− n)|2wα(t)dt

≤ 2−
k
2

∫ 1

−1
V α
m(2kt− n)2

√
1 + t

1− t
dt

= 2−
k
2 π

Therefore

E2
2k−1,l(f) = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mV
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mV
α
n,m∥22

= ∥
2k−1∑
n=0

∞∑
m=l+1

cn,mV
α
n,m∥22

≤
2k−1∑
n=0

∞∑
m=l+1

|cn,m|2∥V α
n,m∥22

= πC2
2k−1∑
n=0

∞∑
m=l+1

(
1

m+ 7
2

)2

= 2k−1πC2
∞∑

m=l+1

(
1

m+ 7
2

)2.

Since the series
∑∞

m=0(
1

m+ 7
2

)2 is convergence. Then

liml→∞E2k−1,l(f) = 0.

Case 2; 0 < l < 1
Since

cn,m = < f(t), V α
n,m(t) >w

= 2
k
2

∫ 1

0
f(t)V α

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)V α

m(cosθ)
1√

1− cos2θ
sinθdθ

≤ α2
k
2

∫ π

0
cos(m+ α)θ

1√
1− cos2θ

sinθdθ

≤ C2−
k
2

∫ π

0
cos(m+ α)θdθ

= 0.
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Therefore

E2
2k−1,l(f) = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mV
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mVn,m+α∥22

= 0,

liml→∞E2k−1,l(f) = 0.

(iv) We have
case 1. l = 1.

cn,m = < f(t),Wα
n,m >w

= 2
k
2

∫ 1

0
f(t)Wα

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)sin(m+ α)θ

1√
1− cos2θ

sinθdθ

≤ C2
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)lsin(m+ α)θdθ

≤ C2
k
2

∫ π

0
(
cosθ + 2n− 1

2k
)sin(m+ α)θdθ

≤ C2−
k
2

∫ π

0
(cosθ + 2n− 1)sin(m+ α)θdθ

= C2−
k
2

∫ π

0
[cosθsin(m+ α)θ + (2n− 1)sin(m+ α)θ]dθ

= C2−
k
2
−1

∫ π

0
(sin(m+

3

2
θ + sin(m+ α) +

2n− 1

m+ α
[cos(m+ α)π − 1]dθ

= C2−
k
2
−1 1

m+ 3
2

[cos(m+
3

2
)π − 1] +

1

m+ α
[cos(m+ α)π − 1]

+
2n− 1

m+ α
[cos(m+ α)π − 1]

= C2−
k
2
−1[

1

m+ 3
2

+
1

m+ α
+

2n− 1

m+ α
]

Therefore,

|cn,m| ≤ C2−
k
2
−1(2n+ 1)

m+ α
,
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For ∥Wα
m∥2

∥Wα
m∥22 = 2k

∫ 1

0
|Wα

m+α(2
kt− 2n+ 1)|2wα(2kt− 2n+ 1)dt

≤ 2k
∫ 1

−1
Wα

m(2kt− 2n+ 1)2wα(2kt− 2n+ 1)dt

=
π

2
2k

= π2k−1,

E2
2k−1,l = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mW
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mW
α
n,m∥22

≤
2k−1∑
n=0

∞∑
m=l+1

cn,mW
α
n,m∥22

=

2k−1∑
n=0

∞∑
m=l+1

|cn,m|2∥Wα
n,m∥22

= C222k−2
2k−1∑
n=0

(2n+ 1)2
∞∑

m=l+1

1

(m+ α)2

Since the series
∑∞

m=0(
1

m+α)
2 is convergence. Then

liml→∞E2k−1,l(f) = 0.

□

Case 2; 0 < l < 1
Since

cn,m = < f(t),Wα
n,m(t) >w

= 2
k
2

∫ 1

0
f(t)Wα

m(2kt− 2n+ 1)wα(2kt− 2n+ 1)dt

= 2
k
2

∫ π

0
f(
cosθ + 2n− 1

2k
)Wα

m(cosθ)
1√

1− cos2θ
sinθdθ

≤ α2
k
2

∫ π

0
cos(m+ α)θ

1√
1− cos2θ

sinθdθ

≤ C2−
k
2

∫ π

0
cos(m+ α)θdθ

= 0.
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Therefore
E2

2k−1,l(f) = ∥f − s2k−1,l∥22

= ∥
∞∑
n=0

∞∑
m=0

cn,mW
α
n,m −

∞∑
n=2k−1+1

l∑
m=0

cn,mWn,m+α∥22

= 0,

liml→∞E2k−1,l(f) = 0.
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2.1. References. The usual way to input references in the text is with the \cite{label-ref}
command where label-ref is a label unique for each reference. References cited in the text
should be defined in the environment {thebibliography}{}. In this journal, we use the
plian bibliography style. In the plain style, references listed in alphabetical order and la-
beled numerically. The unused references must be removed. Each bibliographical entry has a
key, which is assigned by the author and used to refer to that entry in the text. For instance,
the right style for references [?] [?], [?] and [?] is given here:

\bibitem{achdu}
Y. Achdou and O. Pironneau,
\newblock {\em Computational methods for option pricing},
volume~30 of {\em Frontiers in Applied Mathematics}.
\newblock Society for Industrial and Applied Mathematics (SIAM),

Philadelphia,↪→

PA, 2005.

\bibitem{Stampacchia}
P. Hartman and G. Stampacchia,
\newblock On some non-linear elliptic differential-functional equations.
\newblock {\em Acta Mathematica}, {\bf 115}(1):271--310, 1966.

\bibitem{toivanenkou}
J. Toivanen,
\newblock Numerical valuation of European and American options under Kou's
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jump-diffusion model.
\newblock {\em SIAM Journal on Scientific Computing}, {\bf

30}(4):1949--1970, 2008.↪→

\bibitem{knuth}
D.E. Knuth,
\newblock {\em The \TeX Book},
\newblock Addison Wesley Professional, 21st edition, Boston, 1986.

Another way to input references in the article is to use the BibTex tool. Each reference in
this case should be written and stored in a separate BibTeX database (.bib file). Then the
.bib file is recalled in the main source file of the article using following commands:
\bibliographystyle{plain}
\bibliography{your_bib_file_full_directory}
By running the BibTex bibliography processor, citations and reference list are automatically
formatted consistently in the plain style.

Conclusion
The unnumbered section conclusion must be included as the last part of the paper. The

conclusion usually contains a brief summary of the article.
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Appendix A. Appendices
Appendices should be set after the references, beginning with the command \appendix

followed by the command \section for each appendix title, e.g.
\appendix
\section{\bf This is the title of the first appendix}
\section{\bf This is the title of the second appendix}

Subsections, equations, theorems, figures, tables, etc. within appendices will then be au-
tomatically numbered as appropriate.
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