
Mathematical Analysis
& Convex Optimization

Vol. 5 (2024), No. 2, 1-7
https:\\ maco.lu.ac.ir
DOI: 10.22034/maco.5.2.1

Research Paper

WEAKLY STRETCH 4-DIMENSIONAL FINSLER MANIFOLDS
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Abstract. There are some interesting non-Riemannian curvatures in Riemann-Finsler ge-
ometry. Recently, the author introduced a new non-Riemannian quantity named mean
stretch curvature. Taking trace with respect to fundamental tensor in first and second vari-
ables of stretch curvature gives rise the mean stretch curvature. A Finsler metric is said to
be weakly stretch metric if has vanishing mean stretch curvature. In this paper, we are going
to study the mean stretch curvature of 4-dimensional Finsler manifolds. First, we find the
necessary and sufficient condition under which a 4-dimensional Finsler manifold is weakly
stretch. Then, we show that the main scalars of a weakly stretch metric satisfies some certain
PDEs.
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1. Introduction

In 1926, Berwald introduced a new non-Riemannian quantity for the class of Finsler metrics
called by the stretch curvature and denoted it by Σy which can be considered as an meaningful
extension of Landsberg curvature [3]. Let us recall some Finslerian notions and curvatures.
For this aim, let (M,F ) be a Finsler manifold. The third order derivatives of 1/2F 2

x at non-
zero vector y ∈ TxM0 is called the Cartan torsion Cy of F . The rate of change of C along
Finslerian geodesics is called the Landsberg curvature of F and denoted by L. Then, F is
called a Landsberg metric if it has vanishing Landsberg curvature, namely L = 0. For a non-
zero vector y ∈ TxM0, one can define the stretch curvature Σy : TxM×TxM×TxM×TxM → R
by Σy(q, u, v, w) := Σ ijkl(y)q

iujvkwl, where
Σijkl := Lijk|l − Lijl|k.(1.1)

Here “ | ” is the horizontal derivation with respect to the Berwald connection of Finsler
metric F . The family Σ := {Σy}y∈TM0 is called the stretch curvature. F is called a stretch
metric if Σ = 0. As a geometric meaning, Berwald showed that the stretch curvature of F
satisfies Σ = 0 if and only if the length of an arbitrary vector is unchanged under the parallel
displacement along an infinitesimal parallelogram. F is said to be stretch metric whenever
Σ = 0. Then, this curvature was studied by researchers such as Shibata [7] and Matsumoto
[4]. In [10], Tayebi-Tabatabaeifar showed that every Douglas-Randers metric with vanishing
stretch curvature is a Berwald metric. It results that, a Douglas-Randers metric is R-quadratic
if and only if it is a Berwald metric. In [8], Tayebi-Najafi proved that every homogeneous
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(α, β)-metric is a stretch metric if and only if it is a Berwald metric. In [9], Tayebi-Sadeghi
showed that a regular (α, β)-metric of non-Randers type satisfying S = 0 is a stretch metric if
and only if it is a Berwald metric. Let F be an almost regular non-Randers type (α, β)-metric.
Suppose that F is not Berwaldian. They found a family of stretch (α, β)-metrics which are
not Landsberg metrics [9].

In [5], Najafi-Tayebi introduced a new non-Riemannian quantity named mean stretch cur-
vature. Taking trace with respect to gy in first and second variables of Σy gives rise the mean
stretch curvature Σ̄y, namely,

Σ̄ := trace(Σ).

A Finsler metric is said to be weakly stretch metric if Σ̄ = 0. F satisfying Σ̄ = 0 is called
weakly stretch metric. The class of weakly stretch metric metrics contains the class of stretch
metrics [1][2]. Najafi-Tayebi proved that every compact weakly stretch manifold with negative
flag curvature reduces to a Riemannian manifold [5].

In order to study of mean stretch curvature, we focus on the class of 4-dimensional Finsler
manifolds. For studying of 4-dimensional Finsler spaces, the special and useful Miron frame
was founded and developed method by Radu Miron. It works under the assumption that the
Finsler function is positive-definite. Then one can define a local field of orthonormal frame
(ℓ,m, n, p) called the Miron frame. Let (M,F ) be a 4-dimensional Finsler manifold. We study
4-dimensional Finsler manifolds and define a local field of orthonormal frame (ℓi,mi, ni, pi)
called the Miron frame. This frame is locally defined in a neighborhood of each point of M .
It is interesting to find the necessary and sufficient condition under which a 4-dimensional
Finsler manifold is weakly stretch (see Lemma 3.1). Then, we prove the following.

Theorem 1.1. Let (M,F ) be 4-dimensional Finsler manifold. Suppose that F is a weakly
stretch metric. Then the main scalars of F satisfies following

(A′′ + B′′ + C′′) = (h20 + j20)(A+ B + C),(1.2)
2(A′ + B′ + C′)h0 + (A+ B + C)h0|0 − j0k0(A+ B + C) = 0,(1.3)
2(A′ + B′ + C′)j0 + (A+ B + C)j0|0 + h0k0(A+ B + C) = 0,(1.4)

where A = A(x, y), ..., H = H(x, y) are scalar functions on TM and called the main scalars
of F , and A′ := A|sy

s, ..., H′ := H|sy
s denote the horizontal derivation of main scalars along

Finslerian geodesics, , and A′′ := A′
|sy

s, ..., H′′ := H′
|sy

s, and hs = hs(x, y), js = js(x, y) and
ks = ks(x, y) are called the h-connection vectors, and h0 = hsy

s, j0 = jsy
s and k0 = ksy

s,
h0|0 := h0|sy

s and j0|0 := j0|sy
s.

2. Preliminary

Let M be an n-dimensional C∞ manifold, TM =
∪

x∈M TxM the tangent bundle and
TM0 := TM−{0} the slit tangent bundle. A Finsler structure on M is a function F : TM →
[0,∞) with the following properties:
(i) F is C∞ on TM0;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM , i.e.,

F (x, λy) = λF (x, y), ∀λ > 0,

(iii) The following quadratic form gy : TxM × TxM → R is positively defined on TM0

gy(u, v) :=
1

2

∂2

∂s∂t

[
F 2(y + su+ tv)

]
s=t=0

, u, v ∈ TxM.
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Then the pair (M,F ) is called a Finsler manifold.

Let x ∈ M and Fx := F |TxM . To measure the non-Euclidean feature of Fx, one can define
Cy : TxM × TxM × TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
t=0

, u, v, w ∈ TxM.

The family C := {Cy}y∈TM0 is called the Cartan torsion. It is well known that C = 0 if and
only if F is Riemannian.

For y ∈ TxM0, define Iy : TxM → R by

Iy(u) :=
n∑

i=1

gij(y)Cy(u, ∂i, ∂j),

where {∂i} is a basis for TxM at x ∈ M . The family I := {Iy}y∈TM0 is called the mean
Cartan torsion. By definition, Iy(y) = 0 and Iλy = λ−1Iy, λ > 0. Therefore, Iy(u) := Ii(y)u

i,
where Ii := gjkCijk.

The Landsberg tensor Ly : TxM×TxM×TxM → R defined by Ly(u, v, w) := Lijk(y)u
ivjwk,

where
Lijk := Cijk|sy

s

u = ui∂/∂xi|x, v = vi∂/∂xi|x and w = wi∂/∂xi|x. The family L := {Ly}y∈TM0 is said the
Landsberg curvature of F . F is called a Landsberg metric if L = 0.

The mean Landsberg curvature Jy : TxM → R defined by Jy(u) := Ji(y)u
i, where

Ji := gjkLijk.

A Finsler metric is said to be weakly Landsbergian if J = 0.
For a vector y ∈ TxM , the Landsberg and mean Landsberg curvature of F can be defined

by following

Ly(u, v, w) :=
d

dt

[
Cσ̇(t)

(
U(t), V (t),W (t)

)]
|t=0, Jy(u) :=

d

dt

[
Iσ̇(t)

(
U(t)

)]
|t=0,

where σ = σ(t) is the geodesic with σ(0) = x, σ̇(0) = y and U(t), V (t),W (t) are three linearly
parallel vector fields along σ with U(0) = u, V (0) = v,W (0) = w. Then the Landsberg (resp.
mean Landsberg) curvature measures the rate of change of the Cartan (resp. mean Cartan)
torsion along Finslerian geodesics.

For y ∈ TxM0, define Σ̄y : TxM × TxM → R by Σ̄y(u, v) := Σ̄ij(y)u
ivj , where Σ̄ij :=

gklΣklij . In local coordinate, it is defined by

Σ̄ij = 2(Ji|j − Jj|i).

F is called a weakly stretch metric if it satisfies Σ̄ = 0.

Throughout this paper, we use the Berwald connection on Finsler manifolds. The h- and
v-covariant derivatives of a Finsler tensor field are denoted by “ | ” and “, ” respectively.
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3. Proof of Theorems

In this section, we are going to prove Theorem 1.1. For this aim, let (M,F ) be a 4-
dimensional Finsler manifold. Suppose that ℓi := Fyi is the unit vector along the element of
support, mi is the unit vector along mean Cartan torsion Ii, i.e.,

mi :=
1

||I||
Ii,

where ||I|| :=
√

gijIiIj , and ni and pi are unit vectors orthogonal to the vectors ℓi and mi.
Then the quadruple (ℓi,mi, ni, pi) is called the Miron frame. In this frame, we have

gij = ℓiℓj +mimj + ninj + pipj .(3.1)

In order to prove Theorem 1.1, we need the following.

Lemma 3.1. A 4-dimensional Finsler manifold (M,F ) is a weakly stretch manifold if and
only if its main scalars satisfy

(A′
|k + B′

|k + C′
|k)mi − (A′

|i + B′
|i + C′

|i)mk = (A′ + B′ + C′)(hink + jipk)− (A′ + B′

+C′)(hkni + jkpi)− (A|k + B|k + C|k)(h0ni + j0pi) + (A|i + B|i + C|i)(h0nk + j0pk)

−(A+ B + C)
[
h0|kni − h0|ink + j0|kpi − j0|ipk

]
− (A+ B + C)

[
(kkpi − kipk − hkmi

+himk)h0 + (jimk − jkmi + kink − kkni)j0

]
.(3.2)

Proof. Taking a vertical derivative of (3.1) yields the Cartan torsion as follows

FCijk = Amimjmk + B(minjnk + nimjnk + ninjmk) + C(mipjpk + pimjpk + pipjmk)

+D(mimjnk +minjmk + nimjmk) + Eninjnk + F(mimjpk +mipjmk + pimjmk)

+G(ninjpk + nipjnk + pinjnk) +H(minjpk +mipjnk + nimjpk + nipjmk

+pimjnk + pinjmk)− (D + E)(nipjpk + pinjpk + pipjnk)− (F + G)pipjpk,(3.3)

where A = A(x, y), B = B(x, y), C = C(x, y), D = D(x, y), E = E(x, y), F = F(x, y),
G = G(x, y) and H = H(x, y) are scalar functions on TM and called the main scalars of F .
By (3.1), we have

gij = ℓiℓj +mimj + ninj + pipj .(3.4)

Contracting (3.3) with (3.4) gives us the following

FIk = (A+ B + C)mk.(3.5)

(3.5) shows that a positive-definite 4-dimensional Finsler metric F is Riemannian if and only
if A+ B + C = 0.

The horizontal derivation of Miron frame are given by following

ℓi|j = 0,(3.6)
mi|s = hsni + jspi,(3.7)
ni|s = kspi − hsmi,(3.8)
pi|s = −jsmi − ksni,(3.9)
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where hs = hs(x, y), js = js(x, y) and ks = ks(x, y) are called the h-connection vectors (for
more details, see [6]). Multiplying (3.7)-(3.9) with ys yield

mi|0 := mi|sy
s = h0ni + j0pi,(3.10)

ni|0 := ni|sy
s = k0pi − h0mi,(3.11)

pi|0 := pi|sy
s = −j0mi − k0ni,(3.12)

where h0 = hsy
s, j0 = jsy

s and k0 = ksy
s. Taking a horizontal derivation of (3.5) along

Finslerian geodesic and using (3.10)-(3.12) imply the following

FJi = (A′ + B′ + C′)mi + (A+ B + C)(h0ni + j0pi).(3.13)

Taking a horizontal derivation of (3.13) yields

FJi|k = (A′
|k + B′

|k + C′
|k)mi + (A′ + B′ + C′)(hkni + jkpi) + (A|k + B|k + C|k)(h0ni + j0pi)

+(A+ B + C)(h0|kni + j0|kpi) + (A+ B + C)
[
(kkpi − hkmi)h0 − (jkmi + kkni)j0

]
.(3.14)

By replacing i ↔ k in (3.14) it follows that

FJk|i = (A′
|i + B′

|i + C′
|i)mk + (A′ + B′ + C′)(hink + jipk) + (A|i + B|i + C|i)(h0nk + j0pk)

+(A+ B + C)(h0|ink + j0|ipk) + (A+ B + C)
[
(kipk − himk)h0 − (jimk + kink)j0

]
.(3.15)

(3.14) − (3.15) implies

FΣik = (A′
|k + B′

|k + C′
|k)mi − (A′

|i + B′
|i + C′

|i)mk + (A′ + B′ + C′)(hkni + jkpi)

−(A′ + B′ + C′)(hink + jipk) + (A|k + B|k + C|k)(h0ni + j0pi)

−(A|i + B|i + C|i)(h0nk + j0pk) + (A+ B + C)
[
h0|kni − h0|ink + j0|kpi − j0|ipk

]
+(A+ B + C)

[
(kkpi − kipk − hkmi + himk)h0 + (jimk − jkmi + kink − kkni)j0

]
.(3.16)

By (3.16), we get (3.2). □

Proof of Theorem 1.1: Contracting (3.16) in yk gives us

FΣi0 = (A′
|0 + B′

|0 + C′
|0)mi + (A′ + B′ + C′)(h0ni + j0pi) + (A′ + B′ + C′)(h0ni + j0pi)

+(A+ B + C)(h0|0ni + j0|0pi) + (A+ B + C)
[
(k0pi − h0mi)h0 − (j0mi + k0ni)j0

]
.(3.17)

where
A′ := A|sy

s, B′ := B|sy
s, C′ := C|sys.

and
A′′ := A′

|sy
s, B′′ := B′

|sy
s, C′′ := C′

|sy
s.

By assumption, (3.17) reduces to

(A′′ + B′′ + C′′)mi + 2(A′ + B′ + C′)(h0ni + j0pi) + (A+ B + C)(h0|0ni + j0|0pi)

+(A+ B + C)
[
(k0pi − h0mi)h0 − (j0mi + k0ni)j0

]
= 0,(3.18)
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which can be written as follows[
(A′′ + B′′ + C′′)− (h20 + j20)(A+ B + C)

]
mi

+
[
2(A′ + B′ + C′)h0 + (A+ B + C)h0|0 − j0k0(A+ B + C)

]
ni

+
[
2(A′ + B′ + C′)j0 + (A+ B + C)j0|0 + k0h0(A+ B + C)

]
pi = 0.(3.19)

Contracting (3.19) with mi, ni and pi imply (1.2), (1.3) and (1.4), respectively. □

Corollary 3.2. Let (M,F ) be a 4-dimensional Finsler manifold with constant main scalars.
Suppose that F is a weakly stretch metric. Then F is a Riemannian metric or its main scalars
satisfy

h20 + j20 = 0,(3.20)
h0|0 − j0k0 = 0,(3.21)
j0|0 + h0k0 = 0.(3.22)

Proof. For a Finsler metric F with constant main scalars, the relation (3.2) reduces to fol-
lowing

(A+ B + C)
{
h0|kni − h0|ink + j0|kpi − j0|ipk + (kkpi − kipk − hkmi + himk)h0

+(jimk − jkmi + kink − kkni)j0

}
= 0.(3.23)

If A+ B + C = 0, then by (3.5) one can see that F is Riemannian. Suppose that F is not a
Riemannian metric. Then, (3.23) implies that

h0|kni − h0|ink + j0|kpi − j0|ipk + (kkpi − kipk − hkmi + himk)h0

+(jimk − jkmi + kink − kkni)j0 = 0.(3.24)
Multiplying (3.24) with yk yields

(h20 + j20)mi − (h0|0 − j0k0)ni − (j0|0 + h0k0)pi = 0.(3.25)
Contracting (3.25) with mi, ni and pi, implies (3.20), (3.21) and (3.22), respectively. □
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