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WEAKLY STRETCH 4-DIMENSIONAL FINSLER MANIFOLDS

AKBAR TAYEBI

ABSTRACT. There are some interesting non-Riemannian curvatures in Riemann-Finsler ge-
ometry. Recently, the author introduced a new non-Riemannian quantity named mean
stretch curvature. Taking trace with respect to fundamental tensor in first and second vari-
ables of stretch curvature gives rise the mean stretch curvature. A Finsler metric is said to
be weakly stretch metric if has vanishing mean stretch curvature. In this paper, we are going
to study the mean stretch curvature of 4-dimensional Finsler manifolds. First, we find the
necessary and sufficient condition under which a 4-dimensional Finsler manifold is weakly
stretch. Then, we show that the main scalars of a weakly stretch metric satisfies some certain
PDEs.
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1. INTRODUCTION

In 1926, Berwald introduced a new non-Riemannian quantity for the class of Finsler metrics
called by the stretch curvature and denoted it by ¥, which can be considered as an meaningful
extension of Landsberg curvature [3]. Let us recall some Finslerian notions and curvatures.
For this aim, let (M, F) be a Finsler manifold. The third order derivatives of 1/2F2 at non-
zero vector y € T, My is called the Cartan torsion C, of F. The rate of change of C along
Finslerian geodesics is called the Landsberg curvature of F and denoted by L. Then, F' is
called a Landsberg metric if it has vanishing Landsberg curvature, namely L = 0. For a non-
zero vector y € T, My, one can define the stretch curvature 3, : T, M xT,, M x T, M xT, M — R
by 3, (¢, u,v,w) ==X ijkl(y)qiujvkwl, where

(1.1) ikt = Lijen — Lijik-
Here “ | 7 is the horizontal derivation with respect to the Berwald connection of Finsler
metric F'. The family ¥ := {3, },erns is called the stretch curvature. F is called a stretch
metric if 3 = 0. As a geometric meaning, Berwald showed that the stretch curvature of F
satisfies 32 = 0 if and only if the length of an arbitrary vector is unchanged under the parallel
displacement along an infinitesimal parallelogram. F' is said to be stretch metric whenever
3 = 0. Then, this curvature was studied by researchers such as Shibata [7] and Matsumoto
[1]. In [10], Tayebi-Tabatabaeifar showed that every Douglas-Randers metric with vanishing
stretch curvature is a Berwald metric. It results that, a Douglas-Randers metric is R-quadratic
if and only if it is a Berwald metric. In [8], Tayebi-Najafi proved that every homogeneous
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(a, B)-metric is a stretch metric if and only if it is a Berwald metric. In [9], Tayebi-Sadeghi
showed that a regular (o, 5)-metric of non-Randers type satisfying S = 0 is a stretch metric if
and only if it is a Berwald metric. Let F' be an almost regular non-Randers type («, §)-metric.
Suppose that F' is not Berwaldian. They found a family of stretch (a, §)-metrics which are
not Landsberg metrics [9].

In [5], Najafi-Tayebi introduced a new non-Riemannian quantity named mean stretch cur-
vature. Taking trace with respect to g, in first and second variables of 3, gives rise the mean
stretch curvature f]y, namely,

3 = trace(X).
A Finsler metric is said to be weakly stretch metric if 3 = 0. F satisfying ¥ = 0 is called
weakly stretch metric. The class of weakly stretch metric metrics contains the class of stretch
metrics [1][2]. Najafi-Tayebi proved that every compact weakly stretch manifold with negative
flag curvature reduces to a Riemannian manifold [5].

In order to study of mean stretch curvature, we focus on the class of 4-dimensional Finsler
manifolds. For studying of 4-dimensional Finsler spaces, the special and useful Miron frame
was founded and developed method by Radu Miron. It works under the assumption that the
Finsler function is positive-definite. Then one can define a local field of orthonormal frame
(¢,m,n,p) called the Miron frame. Let (M, F') be a 4-dimensional Finsler manifold. We study
4-dimensional Finsler manifolds and define a local field of orthonormal frame (¢, m?,n?, p?)
called the Miron frame. This frame is locally defined in a neighborhood of each point of M.
It is interesting to find the necessary and sufficient condition under which a 4-dimensional
Finsler manifold is weakly stretch (see Lemma 3.1). Then, we prove the following.

Theorem 1.1. Let (M, F) be j-dimensional Finsler manifold. Suppose that F is a weakly
stretch metric. Then the main scalars of F satisfies following

(1.2) (A" +B"+C") = (B3 + i3 (A+B+0),

(1.3) 2(A" + B+ C"ho + (A + B+ C)hgjg — joko(A+B+C) =0,

(1.4) 2(A"+ B +C')jo + (A+ B+ C)jojo + hoko(A+ B +C) =0,

where A = A(zx,y), ..., H = H(x,y) are scalar functions on TM and called the main scalars
of F, and A" := Ay, H = H|sy® denote the horizontal derivation of main scalars along

Finslerian geodesics, , and A" := 1Sy5, vy, H = "Sys, and hs = hs(x,y), js = js(x,y) and
ks = ks(z,y) are called the h-connection vectors, and hy = hsy®, jo = jsy° and ko = ksy®,
hojo := ho|sy® and jojo := JojsY°*-

2. PRELIMINARY

Let M be an n-dimensional C*° manifold, TM = |J,c;; 7o M the tangent bundle and
T My :=TM —{0} the slit tangent bundle. A Finsler structure on M is a function F' : TM —
[0, 00) with the following properties:

(i) F is C* on T'My;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle 7'M, i.e.,
F(z,\y) = AF(z,y), VYA>0,
(iii) The following quadratic form g, : T, M x T;;M — R is positively defined on T'My
(u,0) = 1 02
8y 1Y) 9 9sor

[FQ(y+su+tU)} , u,v € TyM.

s=t=0
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Then the pair (M, F') is called a Finsler manifold.

Let x € M and F, := F|p, . To measure the non-Euclidean feature of F, one can define
Cy:T,M xT,M xT,M — R by

1d
Cy(u,v,w) = ST [gy+tw(u,v)}t:0, u,v,w € TpM.

The family C := {C, }yern, is called the Cartan torsion. It is well known that C = 0 if and
only if F' is Riemannian.
For y € T, My, define I, : T, M — R by

Ly(u) = Z 97 (y)Cy(u, 8;, 0;),
=1

where {0;} is a basis for T, M at « € M. The family I := {I,},crn, is called the mean
Cartan torsion. By definition, I(y) = 0 and I, = A~'I,, A > 0. Therefore, I,(u) := L;(y)u’,
where [; := gjkC'ijk.

The Landsberg tensor Ly, : T, M x T, M xT, M — R defined by Ly, (u, v, w) := Lijk(y)uivjwk,
where
Liji := Cijrjsy®
u = u'd/0x"|y, v = v'0/0x'|, and w = w'd/dx’|;. The family L := {Ly}yern, is said the
Landsberg curvature of F. F' is called a Landsberg metric if L = 0. '
The mean Landsberg curvature J,, : T, M — R defined by J,(u) := J;(y)u’, where

Ji = g* Lijp.

A Finsler metric is said to be weakly Landsbergian if J = 0.
For a vector y € T, M, the Landsberg and mean Landsberg curvature of F' can be defined
by following

d d

G (VD VO W) [lmo, Iy = 2 L (VD) |0,

where 0 = o(t) is the geodesic with (0) = z, 6(0) = y and U(t), V (t), W (¢) are three linearly
parallel vector fields along o with U(0) = u, V(0) = v, W(0) = w. Then the Landsberg (resp.
mean Landsberg) curvature measures the rate of change of the Cartan (resp. mean Cartan)

torsion along Finslerian geodesics.

Ly, (u,v,w) :=

For y € T, My, define £, : T,M x T,M — R by ¥,(u,v) = %;;(y)uv/, where ¥;; =
gklEkl,-j. In local coordinate, it is defined by

Xij = 2(Jy); = Jj0)-

F is called a weakly stretch metric if it satisfies ¥ = 0.

Throughout this paper, we use the Berwald connection on Finsler manifolds. The h- and
v-covariant derivatives of a Finsler tensor field are denoted by “ | 7 and “, ” respectively.
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3. PROOF OF THEOREMS

In this section, we are going to prove Theorem 1.1. For this aim, let (M, F) be a 4-
dimensional Finsler manifold. Suppose that ¢; := F; is the unit vector along the element of
support, m; is the unit vector along mean Cartan torsion I;, i.e.,

1
my = 1,
1]

where ||I|| := / giinIj, and n; and p; are unit vectors orthogonal to the vectors £; and m;.
Then the quadruple (¢;, m;,n;, p;) is called the Miron frame. In this frame, we have

(3.1) gij = fifj + mymy + nyng + pip;.
In order to prove Theorem 1.1, we need the following.

Lemma 3.1. A 4-dimensional Finsler manifold (M, F) is a weakly stretch manifold if and
only if its main scalars satisfy

(Al + Bl + Cly)mi — (Ajy + Bl + Clymi = (A" + B+ C') (hing + jipy) — (A + B/
+C') (hini + jipi) — (A + By + C) (honi + jopi) + (A} + Bji + Cpi) (hony, + jopx)
—(A+B+0) [ho\km — hopink + Joykpi — JoyiPk | — (A+ B+ C) |(kkpi — kipr — ham
(3.2) +himi)ho + (Jimy — jrmi + king — kgni)Jjo |-

Proof. Taking a vertical derivative of (3.1) yields the Cartan torsion as follows

FCiji, = Amymymy, + B(min;ng + nymjng + ninymy) + C(mip;ipk + pim;pr + pipjmi)

+D(mimjnk + mynjmy + nimjmk) + Eninjng, + f(mimjpk + mgpjmy + pimjmk)

+G(ninjpr + nipjng + pingng) + H(mingpy, + mipjng + nimgpy, + nipjmg

(3.3) +pimjng + pinymg) — (D + ) (nipjpx + pingpr, + pipjnr) — (F + G)pivipr,

where A = A(x7y)a B = B($7y)a C = C(.ﬁL‘,y), D = D(.’L’,y), & = g(x7y)a F o= ]:(xvy)?
G = G(z,y) and H = H(z,y) are scalar functions on TM and called the main scalars of F.
By (3.1), we have

(3.4) g9 =00 +mim? +n'nd +pipd.
Contracting (3.3) with (3.4) gives us the following
(3.5) FI, = (A+ B+ C)my,.

(3.5) shows that a positive-definite 4-dimensional Finsler metric F' is Riemannian if and only
it A+B+C=0.
The horizontal derivation of Miron frame are given by following

(3.6) fﬂj =0,

(3.7) mjs = hsni + jspi,
(3.8) ni|s = kspi — hsmg,
(3.9) Dijs = —Jsmi — ksng,
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where hs = hs(z,y), js = js(x,y) and ks = ks(z,y) are called the h-connection vectors (for
more details, see [6]). Multiplying (3.7)-(3.9) with y® yield

(3.10) mijo = my|sy° = honi + jopi,
(3.11) il := Nyjsy° = kopi — homi,
(3.12) Pijo == Pisy’ = —jomi — koni,

where hg = hsy®, jo = jsy° and ko = ksy®. Taking a horizontal derivation of (3.5) along
Finslerian geodesic and using (3.10)-(3.12) imply the following

(3.13) FJi= A+ B +C")m;+ (A+ B+ C)(hon; + jopi)-
Taking a horizontal derivation of (3.13) yields
FJi = (Ajy, + Bl + Cpp)mi + (A" + B' +C") (hini + jipi) + (A + Bjg, + Cpi) (honi + jops)
(3.14) +(A+ B+ C)(hopni + jowpi) + (A+B+C) [(kkpi — hgmi)ho — (jrmi + kkni)jo} :
By replacing i <> k in (3.14) it follows that
FJyi = (A + B, + Clj)mu + (A" + B+ C") (hiny, + jipr) + (A + Bji + Cji) (hony + Jopr)
(3.15) +(A+ B + C)(hojin, + fojipe) + (A+ B +C) | (kipk = i)Yo — Giirn + i) o]
(3.14) — (3.15) implies
FYi = (Al + By + Cl)mi — (A, + Bl + Cl)my, + (A" + B+ ') (hyni + jipi)
—(A"+ B+ C") (hing, + jipr) + (A + By + Cpi) (honi + jopi)
—(Aji + Bj; + Cp;) (hong + jopk) + (A+ B +C) [ho\km — hoping + Jojkpi — j0|ipk}
(3.16) A+ B+C) [(kkpi — kipr — hami 4+ himy ) ho + (Jomy, — jrmi + king, — kkni)jo} -

By (3.16), we get (3.2). O

Proof of Theorem 1.1: Contracting (3.16) in y* gives us
Fio = (Ajg + By + Clo)mi + (A" + B' + C')(honi + jopi) + (A" + B+ C')(honi + jops)
(317)+(A + B + C)(honi + Jojopi) + (A + B+ C) | (kopi — homi)ho — (Jom + koni)Jo |-

where
A=Ay, B =B, ' :=Cy’.
and
A = Aisys, B’ .= stys, c" .= C|’Sy5.
By assumption, (3.17) reduces to
(A" + B" +C")ym; + 2(A" + B+ C')(hon; + jopi) + (A + B+ C) (hojoni + Jojopi)
(3.18) —l—(.A + B+ C) (k’opi — homi)ho — (j()mz + k‘()ni)jo] =0,
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which can be written as follows
[(A” +B"+C") — (h§ + j3)(A+ B+ C)] m;
+ [2(A’ + B +C"ho + (A + B+ C)hgjg — joko(A + B+ C)} n
(3.19) + [2(,4’ + B +C)jo+ (A+ B+C)jop + koho(A+ B+ C)]pi —0.
Contracting (3.19) with m?, n® and p’ imply (1.2), (1.3) and (1.4), respectively. O
Corollary 3.2. Let (M, F) be a 4-dimensional Finsler manifold with constant main scalars.

Suppose that F' is a weakly stretch metric. Then F' is a Riemannian metric or its main scalars
satisfy

(3.20) hi 4 j2 =0,
(3.21) hojo — joko =0,
(3.22) j0|0 + hokog = 0.

Proof. For a Finsler metric F' with constant main scalars, the relation (3.2) reduces to fol-
lowing

(A+B+ C){homm’ — hojing + Jojepi — JojiPk + (kxpi — kipr, — hgmi + himy) ho
(3.23) +(gimy — Jrm; + king, — kkni)jo} =0.

If A+ B+ C =0, then by (3.5) one can see that F' is Riemannian. Suppose that F' is not a
Riemannian metric. Then, (3.23) implies that

hojeni — hopimk + JoPi — JojiPk + (kkpi — kipk — him; + himi)ho

(3.24) +(jimy — jrms + king — kgng)jo = 0.

Multiplying (3.24) with y* yields

(3.25) (h§ + 45)mi — (hojo — joko)ni — (Jojo + hoko)pi = 0.

Contracting (3.25) with m?, n’ and p’, implies (3.20), (3.21) and (3.22), respectively. O
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