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ON THE EXISTENCE OF FIXED POINTS OF A NONLINEAR
OPERATORS FOR A SYSTEM OF BOUNDARY VALUE PROBLEMS

BEHNAZ FARNAM, ROBABEH SAHANDI TOROGH", AND SAKINEH SAHANDI TOROGH

ABSTRACT. Recently, a lot of attention has been given to the study of multi points boundary
value problems. This paper is mainly concerned with the existence of positive solutions for
a class of nonlinear boundary value problems. We obtain at least one positive solution to
this problem. We introduce a completely continuous operator such that, the fixed points of
this operator are positive soultions of the problem. We establish some theorems to prove the
existence of solutions for this system. A completely continuous operator is defined and by
using the fixed point theorem in cones, the existence of solutions is proved..
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1. Introduction

In this paper, we study the existence of positive solutions for a class of multi point bound-
ary value problems:

(1) = >0 azu(mi)

Apu = Fi(u,v) +&i(2)
(1.1) { ) (1) =32y biv(n;)

Np v = Fy(u,v) + &t

—
Q\
=
N—
|
oo
I

<

where

_ 1 1
Apx = ¢p<m/)7¢p(x) = ’3‘p Q.T,p > 17¢q = (¢p>_17 ]; + g = lya’i Z 07 bz Z 07

n n
1 .
0<) a;<L,0<) bi<L0<m<n<..<n,< Si=12
=1 =1

and F;(u,v) € C([0,400) x [0, +00), [0, +00)),& € C([0,1], [0, +00)) .

Recently, a lot of attention has been given to the study of multi points boundary value prob-
lems.

See, [1-9,11,12] and the references therein.
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The main purpose of this paper is to establish the existence of positive solution for problem
(1.1) using the fixed point theory.
In this paper, we use and extend the result of the papers [5,12].
In [10] authors, studied the existence of solution to the problem

2" (t) + a(t)x'(t) + b(t)x(t) + f(t,x(t),2'(t)) =0, t € (0,1)
2(0) = 0,2(1) = 7% cu(&),
2(0) = 0,2(1) = 177 (&)

A completely continuous operator is defined and by using the fixed point theorem in cones,
the existence of solutions is proved.

In [3] the authors define a cone and completely continuous operator and then by using the
fixed point theorems in cone, they prove the existence of solutions to the problem :

2. The preliminary lemmas

Definitions.[1]. Let E be a real Banach space. A nonempty convex closed set K C E is
said to be a cone provided that
i)au € K for all u € K and a > 0 and
it)u, —u € K implies that u = 0.
The main tool of this paper is the following theorem.

Theorem 2.1. (/10]). Let E be a real Banach space and K C E a cone. Suppose that Q C E
is a bounded open set and T : QK — K is a completely continuous operator.

Let zp € K \ {0}

(1) If x — Tx # nxo forn > 0,2 € QN K, then i(T, Q2 k, k) = 0, where i indicates the fixed
point index on K.

(II) Let E be a real Banach space and K a cone in E. Suppose that Q C E is a bounded open
set with 0 € Q and T : QN K — K is a completely continuous operator. If x — nTx # nxo
forne[0,1],z € QN K, then i(T,Qk, k) = 1.

Let P := C([0,1],R) and

K :={ue P:u(t)>0,te|0,1]}, ||u| := mazx{|u(t)| : t € [0,1]}

and
1w, )| == maz{[lul, [«Il, v, 1v[1}, (u,v) € P x P,
B, = {(u,v) € P?: ||(u,v)|| <7}
for r > 0.
Then (P, ]| . ||) is a real Banach space and K, K? are cones.
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let, we define the following operators:

L(u,v) = (L1(u, v)(t), La(u, v)(t))

such that

n t 1
Lo(u,v)(t) = ——=7—- 1@ D b [ o (] (Balulr),o(r)) + &(r)dr)ds
1= b 0
=17 =1 8

So, L : K? — K? is an completely continuous operator.

Remark 2.2. Suppose that z € K is concave on [0,1] , || z ||= z(1). then || z ||< %2 fol x(t)singtdt.

Lemma 2.3. (Jensen’s Integral Inequality for Nonnegative Concave Functions) Suppose that
u € C([a,b], R),¢ € C(RT,R"). If ¢ is concave, then

&(

b b
= [ unan > = [ onar

In particular, if b —a < 1, then we have
b b b
( / w(B)d)® > (b— a)o! / W)t > / O (1) dt

for0<a<1.
Let Cis a cone in a Banach space (K, || . ||), the Bonsall cone spectral radius of T is defined
by

, i 1
Ro(T) = limp—soo | T™ || = infinzy [| T [

Lemma 2.4. (/5]), Let C is a cone in a Banach space (K,| . ||), and T : C — C is a
countivous homogeneous. If

Ro(T) < 1,u,up € C
satisfy uw < Tu + ug , then u < (I — T)aluo, where the Bonsall cone spectral radius of T is
. 1 1
Re(T) = limmoo | T™ [[m = infmzy [| T [

and (I —T)g' is the inverse operator of I —T on C.
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3. Main Results
Let :

H;p) There are nonnegative constants «, 3,7, d, ¢ such that Rg2(T2) < 1 and
(Fi(u,v) 4 &1(1)) < auP™ 4 BoP™ + ¢, (Fy(u,v) 4 &o(t)) < yuP ™t + 0P~ + ¢

for u,v € [0, +00),t € [0,1]
we define
Ty : K2 — K? by Ty(u,v)(t) =

t 1
o o, o' (et s

t 1
s b ) et ) o anas)

4

Hjy)There are two continuous nonnegative functions x, Y and two constants 7 > 6

p>0
satisfying
i)xP- is concave on [0, +00)

1) (Fy (1,0) + €0(0) > x(07 1), (Fa(u, ) + &a(t)) > T(u )
for all u,v € [0, +00),
ii1) xP- (YP-(w)) = /w for all w € [0, 4+00)

Theorem 3.1. Suppose that Hy, Hy be satisfied. Then the problem (1.1) has at least one
positive solution.

Proof. Let
$ = {(u,v) € K?|(u,v) = 0T (u,0),0 <7 < 13,

If (up,vp) € S so, Iy € [0, 1] such that (ug,vo) = 10T (uo, vo) then,

wlt) < st S [t ) v + &,

a;
lei:

’Ug(t)

1
e Zb [0 Fatuato) o) + oy

Suppose that €,¢cg > 0,e > 0 such that
(1+e)Ri2(Tz) < Lg, (e +¢) < (1+e)p, ' (e) + co,
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H; implies that,

€ t 1
up(t) < (1+n)ai Zai/o @51(/ (a(ug(r))P~" + B(vo(r))P~)dr)ds + co,

n t 1
vo(t) < (1+n6)b Zbi/o appl(/s (yuP~ (1) + S0P~ (r)dr)ds + co,

lemma 2.4 implies that

(uo,v0) < (1 + &)Ta(ug,vo) + (co, o), (uog,v0) < (L — (14 E)Tg);é(co, o).
Then, & is bounded. For
R> sup{| (u,0) || (u,v) € S}

we have

(u,v) # 0T (u,v),¥(u,v) € 0Br N K2,
theorem 2.1 implies that
(3.1) i(T,BRN K* K?) =1
We define

¢ = {(U,’U) € Eﬁ K2|(U,’U) = T(U7U) + 77(’207'20)’77 > 0},where z0 = 2t — t2a

121

Now, we suppose that (ug,vg) € I’ this implies that 79 > 0, (ug,vo) = T'(ug,v0) + 1(20, 20),

wlt)> st > [t ) ) + &

a;
117/7::

vo(t) >

1
i Zb [0 Fatuato) o) + oy

Jensen’s inequality for concave functions implies that

uf 7 (t) >

1 - L N
1—2”21@;&/0 (min{t, s})(F1(uo(r), vo(r)) + &1 (r)))" ds,

o — 1 n 1 . »
70> sy o [ minfe B0 000 + 60 i
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Hs implies that

1

/ 1 /
(32) L) > / (min{t, s}ym? (o8 =} ())ds, o =1 (t) > / (min{t, s} (u'~1(s))ds,
0 0
then, we have

/

1 1 ,
a7t > /0 (min{t, s})m?( /O (min{r, s}t (u& = (r))dr)ds

L’/Ol /Ol(min{t,s})(min{r,s})ug_l(r)drds

S0,
1 /1 16L /1 ™ 1 /1 .

/ ub (t)sm tdt > ug (t)sin—tdt, so / ub 7 (t)sin=tdt = 0, then ug = 0.
0 2 7T4 0 2 0 2

From (2) we have m? (v2 ~1)(t) = 0 so, vo = 0, then ¥ = 0. So
1 (Wo

(u,v) # T(u,v) +n(z0,20),n > 0.
By Theorem 2.1, we can obtain
(3.3) i(T,BRN K* K*) =0
from o
(T,(Br\ B,) N K?* K% =1-0.
Then, T has at least one positive solution. ]

Theorem 3.2. Let assumptions Hs, Hs, Hy be satisfied,
where:

e

Te:d > 0 and two nonnegative functions x1,T1 €

Hs) There are two constants « >
C([0,+00), [0,400)) such that
i)x|" is concave on [0, +0o0)
i) (Fi(u,v) + €1() = x1(vP27Y) — ¢, (Fa(u,v) + &(t) = Ti(wh™h) — ¢
for all u,v € [0, 400),
i) X7 (T (w)) = ww — d for all w € [0, +00)

Hy) There is a positive constant I > o such that for every u,v € [0,]]

(Fif) +640) < (LD + 600 (o) +60) < (B0 + 60,
a Z/ et [ E + &0 <.

1
1= b Zb/ s /(Fz(lal)+§2(t))dr)ds<l

Then the problem (1.1) has at least two positive solutions.
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Proof. From Hs, Hy and Theorem 3.1 we have,
i(T,BRNK? K?) =0
, suppose that » < y < R. By Hy for all (u,v) € B, N K2, so

171 (u, v) || = Ta (u, 0)(1)

| /\

Z [ et )+ @i < v

1
(o) = Toe0)(1) < {5 Zb [ entt [t + opanias) <o,

then, for (u,v) € 9B, N K?, we conclude that
1T (u, 0) || < [[(u, 0) ||, (w,v) # nT'(u,v),0 < n < 1.
By Theorem 2.1 we can find,

(3.4) i(T,B.,NK* K?) =1
By (3),(4) we have,

i(T,(BR\ B,)NK?* K?) =0—1,i(T,(B.\ B,) N K> K*)=1-0=1.
Therefore, T has at least two fixed points on Br\ B.) N K?2. Then the proof is completed. [
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