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ABSTRACT. Introducing some coupled coincidence points for a mixed monotone operator in
partially ordered complete G-metric spaces is the purpose of this paper. We also demon-
strate the existence and uniqueness of coupled common fixed points. The main results of
this paper improve the result given by Nashine and Shatanawi [Computers and Mathematics
with Applications 62 (2011) 1984-1993]. An example is given to support the usability of our
results.
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1. Introduction and Background

Fixed point and coincidence point theorems play a very important role in optimization
problems. See for example [(] and the references therein.

In [15], Mustafa and Sims provided a reliable generalized metric known as G-metric spaces.
Many authors worked on G-metric spaces, see for example [3, 9, 15, 16, 17, 18, 19, 20, 25,

|. There has been recent interest in constructing fixed-point theorems in partially ordered
complete metric spaces that fulfill a contraction condition by partial order, see for example
[ Iy by Oy ) ) ) ) ’ ) ) ) ) ]

Fixed-point problems were also examined in partly ordered probability metric spaces [11]
and partly ordered G-metric spaces [, 25]. In [14], Bhaskar and Lakshmikantham produced
the results of coupled fixed points in partially ordered metric spaces. After that, several
results coupled point and point of coincidence have emerged in the recent literature. See for
example [1, 2, 7, 8, 13, 14, 26, 27, 28, 30, 31, 32].

In the present work, we establish these results for mixed h-monotone mapping in partly
ordered G-metric spaces. Our findings generalize the very recent findings of Nashine and
Shatanawi [22]. At the beginning, we are reminded of some definitions and properties in the
G-metric spaces used in this document.

Definition 1.1 ( [18]). Let Y #0 and let G: Y x Y x Y — R™ be a mapping satisfying the
following conditions:

(A1) G(u,v,w) =0 iff u=v=w.

(A2) 0 < G(u,u,v) ¥V u,v € Y with u # v.

(A3) G(u,u,v) < G(u,v,w) V¥V u,v,w € Y with v # w.
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(Ag) G(u,v,w) = G(u,w,v) = G(v,w,u) = ....
(45) G(u,v,w) < G(u,a,a) + G(a,v,w) V u,v,w,a € X.
We say that G is a G-metric on Y, and we say that (Y, G) is a G-metric space.

Definition 1.2 ( [138]). Let {u,} be be a sequence in G-metric space Y. Then {u,} is
G-convergent to u € Y if lim  G(u, up,uy) = 0, that is,

n,Mm—00
Ve>0 IN €N st. G(u,up,um) <€ Yn,m > N.
We write u, — u or lim u,, = u.
In [18], Mustafa and Sims have shown the following conditions to be equivalent in G—metric

spaces:
a) {un,} is G-convergent to u.
b) G(un, un,u) = 0 as n — +oo.
¢) G(up,u,u) — 0 as n — +o0.
d) G(un, Um,u) = 0 as n,m — +o0.

(
(
(
(

Also in [18], Mustafa and Sims have defined the G-Cauchy concept for sequences in G-
metrics spaces as follows.

Definition 1.3 ([18]). In a G-metric space (Y, G) a sequence {u,} is called G-Cauchy if,
Ve >0 IN €N s.t. G(up,um,u) < e Vn,m,l > N.

In [15], they proved that, the concept of G-Cauchy for sequence {u,} in G-metric space Y’
equivalents with the following condition:

Ve >0 IN €N s.t. G(up, Um,tum) < € Yn,m > N.

In [18] they showed that, a mapping h : Y — Y is G-continuous at v € Y iff it is G-
sequentially continuous at u.

Definition 1.4 ( [18]). If every G-Cauchy sequence is G-convergent, thwn we say that G-
metric space (Y, G) is G-complete.

We say that a G-metric space Y is symmetric, if G(u,v,v) = G(v,u,u) for all u,v € Y.

Definition 1.5 ( [8]). In a G-metric space (Y, G), a mapping T : Y x Y — Y is continuous
if for G-convergent sequences {u,} and {v,} converging to u and v respectively, {T (un,vy)}
is G-convergent to T'(u,v).

In 2006 [5], Bhaskar and Lakshmikantham brought in the concept of a monotonous mixed
ownership. Subsequently, in 2009 [14], Lakshmikantham refined this concept as follows:

Definition 1.6 ( [I1]). Let Y be a partially ordered set. For functions 7: Y x Y — Y and
h :Y — Y on partially ordered set (Y, <), we say that, T hase mixed h-monotone property
if, the following conditions for all u,v € Y are hold:

ui,uz € Y, huy < hug implies T'(u1,v) < T(ug,v),
v1,v2 € Y, hvy = hvy implies T'(u,v9) = T (u,vy).
Definition 1.7 ( [5]). (u,v) € Y x Y is a coupled fixed point of function T:Y x Y — Y if
T(u,v) =u, T(v,u) =v.
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Definition 1.8 ( [11]). (u,v) € Y X Y is a coupled coincidence point (C-C-point) of the
mappings T: Y XY Y and h:Y — Y if

T(u,v) = hu and T(v,u) = hv.

In 2011 ([8]), Choudhury and Maity by reconciling the concept of mixed monotone prop-
erty, established certain linked fixed points.
Recently, Neshin and Shatanawi have developed some coupled fixed point results for mixed
these mappings in [22].

In Section 2, we present the main outcome of this article for the coupled coincidence point.
In Sections 3, we demonstrate the existence and the uniqueness theorem of a coupled common
fixed point. At the end of the article, here is an example that supports the usability of our
results.

2. CouPLED COINCIDENCE POINT
We start this section with the following definition.

Definition 2.1. Let h: Y =Y and T: Y x Y — Y be two functions on G-metric space Y.
h and T are said to be G-compatible if

li_>m G(hT (up, vy), T(huy, hvy), T'(huy, hvy)) = 0,
and

lim G(hT (vy, uy), T'(hvy, huy,), T'(hvy,, huy,)) = 0,

n—oo

for all sequences {u,, } and {v, } with lim T'(u,,v,) = lim hu, and lim T'(v,,u,) = lim huv,.
n—00 n—00 n—00 n—00

NOTE 1: Tow next theorems are the main results of this article. These theorems and their

proofs are the same as Theorem 2.1 and Theorem 2.2 of [12], but our contraction condition is
different from the contraction condition of that theorems. Also in Theorem 2.3 of this paper,
the condition of Theorem 2.2 of [12] is reduced.

Theorem 2.2. Let G be a complete G-metric on partially ordered set (Y, =). Suppose two
functions T : Y XY =Y and h: Y — Y where T has the mized h-monotone property on'Y .
Suppose for o, B,v, L = 0 with a + 3+ v < 1 we have

G(T(z,y), T(u,v),T(z,w))

< amin{G(T(z,y), T(x,y), hx), G(T(u,v), hx, hx), G(T(z,w), hx, hx)}

B min{ G(T(z, ), hu, k), G(T(u, v), T(u,v), hu), G(T (2, w), hu, hu)’}

+ymin{ G(T(x,y), hz, hz), G(T(u,v), hz,hz), G(T(z,w),T(z,w), hz)}
(2.1) +Lmin{ G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T (z,y), hz, hz)}
for all x,y,u,v,z,w € Y with ht < hu =< hz and hy = hv = hw. Also suppose that
T(Y xY) C h(Y) and h is continuous nondecreasing and h and T are G-compatible. Suppose
that either
(a) T is a continuous function,

or
() Y applies in the following conditions:

(i) if {un} is nondecreasing and {u,} — wu, then u, < u, ¥ n > 0;
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(i) of {vn} is nonincreasing and {v,} — v, then v < v,, ¥V n > 0.
If there exist ug,vp € Y such that huy < T (ug,voy) and hvy = T(vg,ug), then h and T have a
C-C-point.

Proof. Let ug,vg € X such that hug < T (ug, vg) and hyy = T'(vg, up). Since T(Y xY) C h(Y),
we can choose uy,v; € Y such that huy = T(ug,vg) and hvy = T(vp,up). Again since
T(Y xY) C h(Y), we can choose ug,vs € Y such that hus = T'(u1,v1) and hve = T'(v1,u1).
By doing so, we build two sequences {u,} and {v,} in Y so that,

(2.2) htp+1 = T(up,vy), hvpsr = T (v, un) Yn > 0.

Now we conclude that for all n > 0

(2.3) huy, = hupg,
and
(2.4) hvy, = hvgy.

Let us begin with mathematical induction. Let n = 0. Since hug < T'(ug,v9) and hvy =
T(vo,up), in view of hu; = T(ug,vg) and hvy = T(vg,ug), we have h(up) =< h(ui) and
h(vg) = h(vi). Suppose the relations (2.3) and (2.4) stand for some n. As T has the mixed
h-monotone property and h(uy) < h(un+t1), h(vn) = h(vnp41), from (2.2), we have

(2.5)  hupyr =T (un,vn) = T(tnt1,vn) and hvgyr = T (Vn, un) = T (Vng1, Un).
Also for the same reason we have
(2'6T(un+17 Un) = T(Un+17 'Un—l—l) = huy42 and T(Un—i-la un) = T(Un—l—l, un—i—l) = hvp4o.

Then from (2.5) and (2.6), we get huy+1 < huypio and hvy 1 = hvgpo. Through mathematical
induction, it follows that (2.3) and (2.4) stand for all n > 0. Therefore,

(2.7) hug = huy < hug =< ... 2 gz, < hupq < ...,
and
(2.8) hvg = hvy = hve = ... = hv, = hvpp1 = ...

If for some n, (huyt1, hvny1) = (huy, hvy), then T'(uy,v,) = huy, and T'(v,, uy) = ho,, that
is, T" and h have a coincidence point. So, we assume that (hup41, hvpt1) # (huy, hoy,), for all
n € N, that is, we assume that either hu,11 = T'(up, vpn) # huy or hvp1 = T(vp, uy) # hoy.
Since huy, = hup—1 and hv, = hv,_1, from (2.1) and (2.2), we get

G(hun+1, hun+1, hun) = G(T(una Un)y T(un7 Un)a T(“n—la vn—l)))

< amin{G(hupy1, htuni1, huy), G(hupy1, huy, huy), G(huy, by, huy)}

+4 min{ G (huni1, huy, huy,), G(htugi1, huni1, huy), G(huy, huy,, huy,)}

+y min{ G (hupt1, hup—1, hup—1), G(hupt1, hup—1, hun—1), G(hty, huy, huy—1)}

+ L min{ G (huy,, hty, huy), G(hy, by, huy), G(hups1, htg—1, hup—1)},

and hence

(2.9) G (htpt1, htnt1, hug) < YG(htg, by, hu,—1).
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Similarly, from hv,—1 = hv,, hup—1 < huy, (2.1) and (2.2), we have
G (hvp, hvp i1, hvnt1) = G(T (vn—1,un—1), T(vp, up ), T'(vp, up))
< amin{G(hvy, hv,, hv,_1), G(hvny1, hvp—1, hvp—1), G(hvpt1, hvp—1, hvp—1)}
+8 min{ G (hvy, hv,, hvy), G(hvy41, hvgii, hoy), G(hvgg1, hog, hoy) }
+v min{ G (hvy, hvy,, hvy,), G(hvy1, hoy, hoy), G(hvg1, hvp1, hop) }
+L min{G(hv,t1, hvp—1, hvn—1), G(hvpt1, hoy, huy), G(hvy, hu,, hoy) },
and hence
(2.10) G (hvp, hvny1, hvpt1) < aG(hvy, hoy,, hv,—1).
By adding (2.9) and (2.10), we have
G (htpt1, htupy1, huy) + G(hvy, hvgt1, hupt1)

< YG(huy, huy, huy,—1) + aG(hvy, hv,, hvu,—1)

< (a+ B+ 7)G(huy, huy, hup—1) + (o + 8+ v)G(hvy, hvy, hvp—1)
= (a+ B+ 7)[G(hup, huy, huy—1) + G(hvy, hv,, hug—1)]

< G(hup, hty, hup—1) + G(hvy,, hvy, hv,—1).

Set pn = G(htnt1, htni1, huy)) + G(hvg, hvg 1, hvgy1) and § = a + 8+ . Then
0< pn < 6pp—1 < 8%pp_z < ... < 5" py.
Since § < 1, then
Jim o =0
Thus
(2.11) lim G(hupi1, hupt1, huy)) =0 and nh_)rrolo G (hvp, hvy 1, hvg 1) = 0.

n—oo
Now, we prove that both sequences {hu,} and {hv,} are Cauchy. For each m > n:
G (httym, Wby, huy) < G(httm, M, Bt —1) + G(htg—1, Aty —1, htty,—2)
+... + G(hupt1, hupt1, huy),
and
G (hvm, hvm, hvy) < G(hvp, hvg,, hvg,—1) + G(hvg—1, hvg—1, hvpy,—2)
+... + G(hvpt1, hvpt, hoy).
Therefore,
G (R, By, huy) + G(hvp,, hvg, hvy) < pm—1 + Pm—2 + ... + pn
= (T T4 400
= (1464 ...+ " Hpg

5TL
< 17_500,

which implies that
(2.12) lim [G(hup, htm, huy)) + G(hvy,, hvg,, hu,)] = 0.

m,n—00
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Thus two sequences {hu,} and {hv,} are Cauchy. Hence, there are u,v € Y such that:

(2.13) nlgn huy, = hrn T(un,vn) =u and nan;O hv, = nlLrEo T (vp, up) = y.
G-compatibility of A and T implies that

(2.14) nl;rgo G (RT (un, vy ), T(hup, hvy), T (huy,, hv,)) = 0,

and

(2.15) nlgr;() G (RT (vn, up), T(hvy, huy), T (hvy, huy,)) = 0.

First, assume that the hypothesis (a) holds. We have
G (hu, T (huy,, hvy), T (huy,, hvy,))
< G(hu, AT (un,vn), KT (tn,vy))
(2.16) + G (AT (un, vy), T(hty, hvy), T (huy,, hvy,)).
Taking the limit from (2.16) and using (2.13), (2.14) and continuity of h and T" we get that
G (hu,T(u,v),T(u,v)) = 0, and hence, hu = T'(u,v). Similarly, T'(v,u) = hv.

Now, suppose that (b) holds. From (2.7) and (2.8), {hu,} and {hv,} are nondecreasing
and nonincreasing sequences respectively, and since h is a nondecreasing function, we get
h(huy) < hu and h(hvy,) > hv hold for all n € N. On other hand, G-compatibility of h and
T implies that T'(huy, hv,) = KT (un,vy) = h(huny1) — hu and T'(hvy, huy) = AT (vn, up) =
h(hvp41) = hv. So by (2.1), we have

G (h(hupt1), h(hupy1), T(u,v)) = G(T (huy, hvy), T'(huy, hvy), T'(u,v))

< amin{G(h(hunt1), h(htuni1), h(hzy)), G(h(huni1), h(hxy), h(hxy,)),

G(T(u,v), h(hzy), h(hx,))}

+5 min{G(h(hun+t1), h(hxy,), h(hxy,)),

G(h(hupt1), h(hups1), h(hzy)), G(T (u,v), h(hxy), h(hx,))}

+vymin{ G (h(hun+1), hu, hu),

G (h(hupt1), hu, hu), G(T(u,v), T(u,v), hu)}

+L min{G (T (u,v), h(huy), h(huy,)),

G(T(u,v), h(huy), h(huy)), G(h(hupt1), hu, hu)},
Taking the limit from above inequality, we get G (hu, hu, T(u,v)) = 0. Hence hu = T'(u,v).
In the same way, we can show that hv = T'(v,u). So T and h have a C-C-point. O

NOTE 2: In Theorem 2.2 of [12], the authors, consider that the function g is commutes
with /. In the next theorem we omit this condition.

Theorem 2.3. Let G be a complete G-metric on partially ordered set (Y,=). Suppose
T:YXY =Y andh:Y =Y are two functions where T has the mized h-monotone property
on Y. Suppose for a,5,v,L >0 with o+ 6+ v < 1 we have

G(T(2,y),T(u,v), T(z,w))
< amin{G(T(z,y),T(x,y), hx), G(T(u,v), hx, hx), G(T(z,w), hz, hx)}
+Bmin{ G(T(z,y), hu, hu), G(T (u,v), T (u,v), hu), G(T(z,w), hu, hu)}
+ymin{ G(T(x,y), hz, hz), G(T(u,v), hz, hz), G(T(z,w),T(z,w), hz)}
(2.17) +Lmin{ G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T (z,y), hz, hz)}
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forall z,y,u,v,z,w € Y with hx < hu <X hz and hy > hv > hw. Also, suppose that:

(i) if {un} is nondecreasing and {u,} — u, then u, < u, ¥V n > 0;

(ii) if {vn} is nonincreasing and {vy,} — v, then v < vy, ¥ n > 0.
If there exist ug,vg € Y such that hug < T'(ug,vo) and hvy = T'(vo,uq), then h and T have a
C-C-point.

Proof. Further to the proof of Theorem 2.2, we can conclude that {hu,} and {hv, } are Cauchy
sequences in A(Y'). From the completeness of A(Y), for some u,v € Y we have:

(2.18) lim hu, = lim T(up,v,) = hu and lim hv, = li_>m T (vp, upn) = gy.

n—+00 n—00 n—00
From (2.7) and (2.8), {hu,} and {hv,} are nondecreasing and nonincreasing respectively. So
by assumption we have hu, =< hu and hv, = hv for all n, we get
G (hunt1, huny1, T(u,v)) = G(T (un, vp), T (tun, vn), T (u, v))
amin{G(hupi1, Ay, huy), G(hupi1, b, huy), G(T (u, v), huy, huy,)}
+pmin{ G(hupt1, hn, huy), G(htnt1, huny, huy), G(T(u,v), huy, huy,) }
+ymin{G(9xn+1, 97, 9x), G(9Tn+1, 9z, hu), G(T (u,v), T (u,v), hu)}
+L min{G(T'(u, v), huy, huy), G(T(u,v), huy, huy), G(hupt1, hu, hu)},

Now by taking the limit, we obtain G(hu, hu,T(u,v)) = 0. Hence hu = T'(u,v). Similarly,
one can show that hv = T'(v,u). Thus, T and h have a C-C-point. O

IN

Theorem 2.4. Let G be a complete G-metric on partially ordered set (Y,=<). Suppose
T:YXY =Y andh:Y =Y are two functions whereI' has the mized h-monotone property
on'Y. Suppose for o, 3,7, L >0 with a + 8+ v < 1 we have

G(T(z,y), T(z,y),T(u,v))

< amin{G(T(x,y), T(w,y), ha), G(T(w,y), ha, ha), G(T(u,v), ha, ha)}

+Bmin{ G(T(, ), hu, k), G(T(z, y), hu, hu), G(T (u,v), T(u,v), hu)’}
(2.19) +L min{ G(T(u,v), hx, hx), G(T(z,y), hu, hu)}
for all x,y,u,v € Y with hx <X hu and hy > hv. Suppose also that T(Y xY) C h(Y) and
h(Y) is complete. Also, suppose that:

(i) if {un} is nondecreasing and {u,} — wu, then u, < u, V n > 0;
(ii) if {vn} is nonincreasing and {v,} — v, then v < v,, ¥ n > 0.

If there exist ug,vp € Y such that huy < T (ug,voy) and hvy = T(vg,ug), then h and T have a
C-C-point.

Proof. The proof is similar to that provided by Theorem 2.3. O
Remark 2.5. By taking G(z,y,z2) = %(d(x,y) +d(y, z) + d(z,m)), in Theorem 2.4, we can
conclude Theorem 2.1 in [22].

The next theorem is an immediate consequence of Theorem 2.2.

Theorem 2.6. Let G be a complete G-metric on partially ordered set (Y,=<). Suppose
T:Y XY =Y and h:Y — Y are two mappings such that T has the mired h-monotone
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property on Y. Suppose for o, B,v, L = 0 with a4+ B + v < 1 we have

G(T(z,y), T(u,v),T(z,w))
< amin{G(T(z,y),T(z,y),z), G(T(u,v),z,z), G(T(z,w),z, )}
+Bmin{ G(T'(z, y),u,u), G(T (u,v), T (u, ) u), G(T(z,w),u,u)}
+ymin{ G(T'(z,y),2,2), G(T(u,v), 2, 2), G(T(z,w), T (z,w), 2)}
(2.20) +Lmin{ G(T(z,w),z,x), G(T(z,w),u,u), G(T(x,y),z,2)}

for all x,y,u,v,z,w €Y withx S u =<z andy = v = w. Also suppose that either
(a) T is a a continuous function,

or

(b) Y applies in the following conditions:

(i) if {un} is nondecreasing and {u,} — u, then u, < u, ¥V n > 0;
(ii) if {vn} is nonincreasing and {v,} — v, then v < v,, ¥ n > 0.

If there exist ug,vg € Y such that ug < T'(ug,vo) and vg = T'(vo,ug), then there exist u,v € Y
such that u =T (u,v) and v =T (v,u).

Proof. Let g = Ix and apply Theorem 2.2. d

By letting a = 8 = v = 0 in Theorem 2.2, we conclude the next result.

Corollary 2.7. Let G be a complete G-metric on partially ordered set (Y,=). Suppose
T:YXY =Y andh:Y =Y are two functions wherel' has the mized h-monotone property
on Y. Suppose for some L > 0:

G(T(z,y), T(u,v), T(z,w))
(2.21) < Lmin{G(T(z,w), hz,hx), G(T(z,w), hu, hu), G(T(z,y), hz, hz)}

for all z,y,u,v,z,w € Y with hr < hu =< hz and hy = hv = hw. Also suppose that
T(Y xY) Ch(Y) and h is continuous nondecreasing and h and T are G-compatible. Suppose
that either

(a) T is a continuous function,

or

(b) Y applies in the following conditions:

(i) if {un} is nondecreasing and {u,} — wu, then u, < u, V n > 0;
(ii) if {vn} is nonincreasing and {v,} — v, then v < v,, ¥ n > 0.

If there exist ug,vp € Y such that huy < T (ug,vg) and hvy = T(vo,up), then h and T have a
C-C-point.

NOTE 3: In Corollary 2.3 of [12], the authors, consider that the function g is commutes
with F. In the next corollary (results directly from the main theorem) this condition is
replaced by G-compatibility, which is simpler. Also, our contraction condition is deference
from that one.

Corollary 2.8. Let G be a complete G-metric on partially ordered set (Y,=). Suppose
T:YXY =Y andh:Y =Y are two functions where T has the mized h-monotone property
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on Y. Suppose for some K, L >0 with K < 1:

G(T(x,y), T (u,v),T(z,w))
G(T(x,y), T(x,y),hx), G(T(u,v), hx, hx), G(T(z, w), hx, hx)
< (K)ymin{ G(T(x,)hu,bu), G(T(u,v), T(uv), hu), G(T(zw), hu, hn)
G(T(x,y),hz, hz), G(T(u,v), hz hz) G(T(z,w),F(z,w), hz)
+Lmin{ G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T(z,y), hz, hz)}

for all x,y,u,v,z,w € Y with hx < hu < hz and hy = hv > hw. Also suppose that
T(Y xY) Ch(Y) and h is continuous nondecreasing and h and T' are G-compatible. Suppose
that either

(a) T is a continuous function,

or

(b) Y applies in the following conditions:

(i) if {un} is nondecreasing and {u,} — u, then u, < u, V n > 0;
(ii) if {vn} is nonincreasing and {v,} — v, then v < v,, ¥ n > 0.

If there exist ug,vp € Y such that huy < T (ug,vg) and hvy = T(vg,ug), then h and T have a
C-C-point.

K
Proof. By taking a« = 8 =+ = — we have «, 8 and y are non-negative real numbers, and

G(T u,v) )
x,y), (x,¥),hx), G(T(u,v), hx, hx) G(T(z,w), hx, hx)
< (a+ B+ 7)min x,y),hu,hu),G(T(u,v),T( u,v), hu), G(T(z, w), hu, hu)
T(x,y),hz,hz), G(T(u,v),hz, hz), G(T(z,w), T(z,w), hz)
+L min{G(T h:n hz), G(T(z,w), hu, hu), G(T(x,y), hz,hz)}
< amin{G(T(z ,y), T(z,y), hx), G(T(u,v), hz, hx), G(T(z,w), hx, hz)}
+L min{G(T'(z,y), hu, hu), G(T (u,v), T (u,v), hu), G(T(z,w), hu, hu)}
+ymin{G(T(x,y), hz, hz), G(T (u,v), hz, hz), G(T(z,w),T(z,w), hz)}
+L min{G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T(z,y), hz, hz)}.
Now, by applying Theorem 2.2 we get the result. ([l

3. CouPLE FIXED POINT

This section talks about the existence and uniqueness of coupled common fixed points,
which are the results of the previous section.

If (Y, =) is a partially ordered set, we assign the Y x Y product set to the partial order <
defined by

(x,y) X (u,v) & x 2wandy = v.

Theorem 3.1. Suppose that L = 0 in the addition to the hypotheses of Theorem 2.3, g and
T are G-compatible and

(c) for every (z,y), (u,v) € Y XY, there exists (w,z) € Y XY such that (T(w, z),T(z,w)) is
comparable to (T(z,y),T(y,x)) and (T(u,v),T(v,u)).

Then, there exists a unique (p,q) € Y XY where p=hp =T(p,q) and g = hq =T(q,p).



98 SIROUS MORADI AND EBRAHIM ANALOUEI ADEGANI

Proof. According to Theorem 2.3, the set of C-C-points is not empty. We will demonstrate
whether if hx = T'(x,y), hy = T(y,z), hu = T(u,v) and hv = T(v,u), for (z,y) and (u,v),
then

(3.1) hx = hu and hy = hv.

By using assumption, for some (w,z) € Y x Y such that (T'(w, z),T(z,w)) is comparable to
(T(z,y),T(y,z)) and (T(u,v),T(v,u)). Without limiting the generality, it is assumed that
(T(z,y), T(y,z)) = (T(w,z),T(z,w))

(T(u,v), T(v,u)) = (T(w,2),T(z,w)).

Put wyp = w, zp = z and choose w1, 21 € Y such that hw; = T(wy, z0) and hzy = T(zp, wp).

According to the proof of Theorem 2.3, we can define tow sequences {hw,} and {hz,} as
follows:

(3.2) hwpi1 = T(wn, 2n) and hzpy1 = T (zp, wy),
form € N. By taking xp = 1 = 29 = ... = 2, = X, Yo = Y1 = Y2 = ... = Yp = U,
Uy =U] = Uy = ... = U, = u and vy = v; = Vg = ... = v, = v, for all n € N, we have

hz, =T(x,y), hy, = T(y,x) and hu, = T(u,v), hv, = T(v,u).
Since
(T(.%', y)? T(yv x)) = (h‘xh hyl) = (ha:, hy) = (T(U), 2)7 T(Z7 w)) = (hw1, hz1),

then hx < hw; and hy > hz;. Since T is mixed h-monotone, we can show that hx < hw,
and hy > hz, for all n > 1. Hence, from (2.1), we get

G (hwpy1, hx, hr) = G(T (wn, zn), T(x,y), T(z,y))
< amin{G(T (wn, zn), T(wn, zn), hwy,), G(T (z,y), hwy, hwy,), G(T(z,y), hwy,, hw,)}
+Bmin{ G(T (wp, 2n), hz, hx), G(T(x,y), T(x,y), hz), G(T(z,y), hx, hz)}
+ymin{ G (T (wy, zn), hx, hx), G(T(z,y), hz, hz), G(T(x,y), T(x,y), hx)}.
Since T'(z,y) = h(x), we have
G(hwpt1, hz,he) < amin{G(T (wp, 2n), T(wy, z), hwy,),
G (hz, hwy,, hwy,), G(hx, hwy,, hw,)}.
Hence
(3.3) G (hwp41, hx, hr) < a G(hz, hw,, hw,,).
Again from (2.1), we have
G (hy, hy, hzni1) = G(T(y, ), T(y, x), T (zn, wn))
< amin{G(T(y,2), T(y, 2), hy), G(T (9, 2), hy, hy), G(T (20 wn), by, b))}
+Bmin{G(T'(y, x), hy, hy), G(T (y, ), T(y, x), hy), G(T (zn, wn), by, hy) }
+ymin{G(T(y, x), hzn, hzn), G(T(y,z), hzn, hzn), G(T (zn, wn), T (2n, wy), hzn) }-
Since T'(y, x) = hy, we have
G(hy,hy,hzpy1) < ~vymin{G(hy, hz,, hzy,),
G (hy, hzn, hzy), G(T (zn, wn), T (2n, Wy ), hzp) }.
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Hence

(3.4) G (hwpy1, hx, hr) < v G(hy, hzn, hzy,).

Adding (3.3) and (3.4), we have

G(hwpt1, hx, hx) + G(hy, hy, hzp41)

a G(hx, hw,, hwy,) + v G(hy, hzp, hzy,)

(o + B+ NG (ha, hwn, hwy) + G(hy, hzn, h,)]

(a4 B +7)?[G(hx, hwy_1, hwn_1) + G(hy, hzn_1, hzn_1)]

VAN VAN VAN VAN VAN

(a+ B+ ’y)nJrl[G(h:c, hwg, hwy) + G(hy, hzg, hzo)]

Since o + B+ v < 1, we have
lim [G(hwy, hx, hx) + G(hy, hy, hz,)] = 0.

n=s00
So

(3.5) nh_>nOlo G (hwp, hx, hx) = nh_}nolo G (hy, hy, hz,) = 0.
Similarly

(3.6) nh_>n<r>10 G (hwy, hu, hu) = nh_}n(}o G (hzp, hv, hv) = 0.

Therefore, from (3.5) and (3.6) we get hz = hu and hy = hv. So (3.1) holds.
Now by putting hx = p and hy = g, we get

(3.7) hp = h(hz) = KT (z,y) and hq = h(hy) = hT(y, x).
Obviously,
hxy, =T(x,y) = T(xpn-1,Yn-1) and hy, =T (y,x) = T (Yn-1, Tn-1),
and so
T(zp-1,Yn—1) = T(z,y) and hx, — T(z,y),
as well as

T(Yn—1,2n—1) = T(y,z) and hy, — T (y,x).
From the compatibility property of h and T we get:
G(hT(xn, yn), T (han, hyy), TF (hxy, hy,)) — 0, n — oc.
So hT(z,y) = T(hx, hy). From (3.7) we get that
)

(3.8) hp = h(hz) = hT(z,y) = T(hxz, hy) = T(p, q).
In a similar way,
(3.9) hq = h(hy) = hT(y,r) = T(hy, hx) = T(q,p).

Hence hp = T'(p,q) and hq = T'(q,p). Thus, (p,q) is a coincidence point. Then, from (3.1)
with v = p and v = ¢, we have hx = hp = p and hy = hq = q, that is,

(3.10) hp = p and hq = q.
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From (3.8), (3.9) and (3.10), we get

p=nhp=T(p,q) and q = hq =T(q,p),

and (p,q) is a common coupled fixed point of h and T. To demonstrate uniqueness, if
(z1,x2) is another coupled common fixed, then by (3.1), we have 1 = hz; = hp = p and
T9o = hxo = hqg = q. O

Theorem 3.2. Suppose that L = 0 in the addition to the hypotheses of Theorem 2.2 and
for every (z,y), (u,v) € Y XY, there exists (w,z) € Y XY such that (T'(w, z),T(z,w)) is
comparable to (T(x,y), T(y,x)) and (T (u,v),T(v,u)). Then T and h have a unique common
coupled fixed point.

Proof. The proof is similar to the proof of the previous theorem. O

Theorem 3.3. Suppose that L = 0 in the addition to the hypotheses of Theorem 2.6 and
for every (z,y), (u,v) € Y XY, there exists (w,z) € Y XY such that (T'(w, z),T(z,w)) is
comparable to (T(x,y),T(y,x)) and (T'(u,v), T(v,u)). Then T has a unique common coupled
fized point.

Proof. Let h = Ix and apply Theorem 3.1. O

Theorem 3.4. If hug and hvy are comparable and L = 0 in addition to the hypotheses of
Theorem 2.3, then T and h have a couple coincidence point of the form (u,u).

Proof. We construct two sequences {u,} and {v,} in Y, by Theorem 2.3, such that hu,, — hu
and hv, — hv, where (u,v) is a coincidence point of 7" and h. Since hug and hvy are
comparable, we may assume that hug < hvg. By using the induction and mixed monotone
property of 7"

hu, < hv, V n > 0.
where hu, 11 = T(up,vy,) and hvy11 = T'(vp, up), n = 0,1, ....
Thus, by (2.1) we have
G(hun+1a hvn+1a hvn+1) = G(T(una 'Un)y T('Una un)a T(Uru un))
< amin{G(T (un, vp), T(tn, vp), htn), G(T (v, Un), htin, huy), G(T (vp, Un), Ay, huy,)}
+min{ G(T (un, vyn), hvn, hvy), G(T (Vn, un), T (Vp, wn), hvy), G(T (vp, Un ), hvg, hvy)}
+ymin{ G(T (un, vy), hvy, hvy), G(T (v, up), hvg, hvy), G(T (v, ), T (Vn, ), hvp) }.

Now by letting n — oo, we get G(hu, hv, hv) = 0. Hence hu = T'(u,v) = T'(v,u) = hv. O

Theorem 3.5. If hug and hvy are comparable and L = 0 in Theorem 2.2, then T' and h have
a couple coincidence point of the form (u,u).

Proof. By Theorem 2.2, T and h have a C-C-point. We show that u = v. By Theorem 2.2 we
construct two sequences {z,} and {v,} in Y such that hu, — u and hv, — v, where (u,v)
is a coincidence point of T and h. Since hug and hvy are comparable, we may assume that
hug = hvg. By using the induction and mixed monotone property of 7"

hu, < hv, ¥V n > 0.
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where hu, 1 = T (up,vy,) and hvy11 = T'(vp, up), n = 0,1, ....
By using the triangle inequality:
G(u,u,v) < G(u, u, hupt1) + G(htp41, huny1,v)
< G(u,u, hupy1) + G(hupyt, hups1, hogy1) + G(hvpt, hogi1,v)
G (u, u, hup 1) + G(T (tn, vn), T(tUn, v3), T (U, ) + G(hvpt1, hvpy1, v)
G (u, u, hupy1) + G(hvpt1, hvpt1,v)
+amin{ G (T (un, vpn), T (tn, vp), htn), G(T (tn, vy), R, huy), G(T (vp, Un), Ay, huy,) }
+Lmin{ G(T (un, vp), by, hty), G(T (tun, vn), T (tn, On), hty), G(T (Un, un), iy, huy) }
+ymin{ G (T (un, vy), hvy, hvy), G(T (Un, V), hvg, hvy), G(T (v, un), T (U, Uy ), hoy) }.

IN

Since hu, — w and hv,, — v, by taking the limit from the above inequality, we get that
G(y,y,v) <0 and so G(u,u,v) = 0 and hence u = v. O

Remark 3.6. In addition to the hypotheses of Theorem 2.3, if ug and vy are comparable and
L =0 and h = Ix, then there exists u € Y such that u = T'(u, u).

4. EXAMPLE
In this section, we examine an example with the help of Theorem 2.2.

Example 4.1. We consider Y = [0, 1] with the natural ordering of real numbers. Let G be
the G- metricon Y X Y X Y defined as follows:

G(:an? Z) = maa:{|$ - y|7 |y - Z|7 |Z - CL‘|} v T,Y,2 € X.
Define h: Y — Y by h(z) =22, forallz € Y. Let T: Y x Y :— Y be defined as follows

22 —y2

T
T = 8 Y
(z,y) {0 <.

Obviously, (Y, G) is G-metric, T' obeys the mixed h-monotone property, F(Y x Y) C h(Y),
g(Y) is complete and Y satisfies the conditions (i) and (i) of Theorem 2.3.
Let ug = 0 and vg = ¢ > 0. Then

h(ug) = h(0) =0 =T(0,¢c) = T(ug,vo) and

[

c
8
Consequently, h(ug) < T '(ug,vo) and h(vg) = T'(vo, uo).

We next verify inequality 2.17 of Theorem 2.3 fora = 8 =~ = % and L > 0 holds, that is,

G(T(z,y), T(u,0),T(z,w))
i min{G(T(z,y), T(z,y), hx), G(T (u,v), hz, hz), G(T(z,w), hx, hz)}

h(vo) = h(c) = ¢* > — = T(c,0) = T(vo, up).

IN

—i—% min{G(T(z,y), hu, hu), G(T (u,v), T (u,v), hu), G(T(z,w), hu, hu)}

—i—% min{G(T(x,y), hz, hz), G(T(u,v), hz, hz), G(T(z,w), T(z,w), hz)}

+Lmin{G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T(x,y), hz, hz)},
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for z,y,u,v, z,w € X, such that he < hu < hz and hy > hv > hw, that is, 22 < u? < 22 and
y? = v2 = w?. There is eight possible cases.

Case 1. Suppose, z < y, u < v, and z < w. So

G(T(z,y), T(u,v), T(z,w)) = G(0,0,0) =0
imm{c(o,o,ﬁ), G(0,22,2%), G(0, 22, 22)}

IN

1
+7min{G(0, 1%, u%), G(0,0,u%), G(0, u?, u?)}

1
+7min{G(0,2%, %), G(0, 2%, %), G(0,0,2%)}
+Lmin{G(T(z,w), hx, hz), G(T(z,w), hu, hu), G(T(x,y), hz, hz)}

Case 2. Suppose, z >y, u>v,and z>w. Sow <v <y <z <u<z Hence

G(T(mvy)vT(u’v)’T(sz)) = G( 3 s 3 5 3 )
{’xz W u? 02‘ |u2 02 z2—w2’ ’22_w2 :c2—y2‘}
= max — , — , —
8 8 8 8 8 8
2 2 2.2 2 2 2 2
_ Fowt Tyt 2T Ye—w _1 2 2 2 9
- 155 = P L L -y - )
1
< ng (since y < x)
o 822 —a? 4 y? T2 4 w? 622 —u? +0?
< minf , | )
32 32 32
1 2 .2 2 .2 2 .2 .2 .2
= min{G(—, 2% ), G5 2% ) G, )
1 2 _ .2 2,2 2.2 2 2
S *HllIl{G(x Y 722722)7G(u ! 722722)aG(Z v 72 v 722)
4 8 8 8
1 2 .2 2 2 .2 .9 )
—i—zmin{G(I 3 Y ,uQ,uQ),G(u SU ’u 3 Y ,u2),G(z 8w Ju?, u?)
1 2 .2 .2 2 2 _ .2 22
o min{G (0, = 0?), G0 0?), G 2% )

+Lmin{G(T(z,w), hz, hx), G(T(z,w), hu, hu), G(T(z,y), hz, hz)}.

Case 3. Suppose, * >y, u > v, and z < w. Hence,
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22 —y? 2 —o?
G(T(w,y),T(u,v),T(z,w)) = G( 3 s 3 70)
22— y?  u?—v?, u?—o? 22 — 2
w2 — 02 22 — o2 W2 —v?  z? g2
< =
< | 8 [+ 8 | 8 + 8
1 1
S §U2+§l‘2
o 8u? — 2 +y? Tu? +0? Su? — 2%+ w?
< min{ , , }
32 32 32
. 7:L’2—|—y2 8x2 —u? +v2 8x2 — 22 + w?
+ min{ , , }
32 32 32
1 2 _ .2 2,2 .2 .2 2,2
= Zmim{G(aj 8y ,u2,u2),G(u 81} ’u 81) ,u2),G(Z 8w L u?)
1 2 .2 .2 2 2 _ 2 2 _ .2
o min{G (-, = 0?), G 0% 2?), G (o)
1 2 _ .2 2_,2 .2 .2 2,2
< min{G(g v ), G e ), G )
1 2_ .2 .2 2 2 _ 2 2 _ .2
4 min{G (-, = 0?), G (0% 2?), G (o)
1 2 _ .2 2 _ .2 2,2 .2 _ 2
o min{G( 222, G 2 ) G )
+L min{G(T'(z,w), hz, hz), G(T(z,w), hu, hu), G(T(x,y), hz, hz)}.
Case 4. Suppose, r < y, u > v and z > w. Hence,
u? —v? 2% —w?
G(I(a, ). T(u,), Tz, w)) = G(o, L 21
u? — v? u? —v? 22— w? 22— w?
- —0 _ 0
u? — v? 22 —w? u? —v? 22 —w?
< =
< | 8 [+ 8 | 8 + 8
1 1
S §U2+§Z2
. 8u2—x2+y2 Tu? + 02 8u? — 22 + w?
< min{ , , }
32 32 32
+min{822—x2—|—y2 722 + w? 822—u2—|—02}
32 ’ 32 32
1 2 _ .2 2,2 .2 .2 2,2
< qmin{G(g T ), G, T ), G )
1 22— y? a2 —y? W2?—v® , 22 _ 2 )
~min{G G G
+4m1n{ ( S ) S ) )7 ( 3 y Ty & )’ ( S ,:C,SL‘)
1 2 _ .2 2 _ .2 2,92 .2 _ 2
o min{ G 22, G 2 ) G )

+L min{G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T(x,y), hz, hz)}.
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Case 5.

Case 6.
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Suppose, x < y, u < v and z > w. So,

IN

IN

IN

22 _ 2
G(T<xay)7T(u7U)vT(sz)) = G(0,0, 3 )
2 2 2 2 2 2
w?, z4 —w z4 —w
0 =
maz 0], |- P = 2
I
gZ
o 822 — 2?4 y? T2 4 w? 822 —u? +0?
min{ , , }
32 32 32
1 2 .9 2 .9 2 .9 2 .2
Zmin{G(%,zz,ZQ),G(%,z,22),G(Z 8w ,Z 8w ,22)
1 2 .2 2 .2 2 .9 2 2
Frin{ G722, G ), G e )
1 2 .2 2 2 .9 9 2 9
—i—zmin{G(:C 3 y ,u2,u2),G(u 3 v ’u 3 v ,u2),G(Z 8w ,u2,u2)
1 2 2 .2 .9 2 .2 2 .9
+Zmin{G(x 8y ,x 8y ,x2),G(u SU ,xQ,x2),G(%,x2,x2)

+L min{G(T(z,w), hz, hx), G(T(z,w), hu, hu), G(T(z,y), hz, hz)}.

Suppose, z <y, u > v and z < w. So, 2 2

IN

IN

IN

G(T(2,y), T (u,v), T(=,w)) = G(0, ———,0)
2 2 2 .2 2 2
maa 0], ||, |1} = =~
1
g
. 8u2—x2—{—y2 Tu? + 02 8u? — 22 + w?
min{ ; ) }
32 32 32
1 2 _ .2 2,2 2 _ .2 2 .2
L min{G(— u u?), G, ), G )
1 2 .2 2 .2 2 .2 2 .2
Fin{G( 7 22, G ) G )
1 2 .2 2 .2 .2 2 2 .2
5 minf G ?), G ), G e )
1 2 .2 2 2 2 .2 2 .2
o min{G (-, = 0?), G 0% 0), G (o)

+L min{G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T(x,y), hz, hz)}.

Case 7. Suppose, z >y, u < v and z < w. Hence,
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2 2

G(T(x,y), T(u,v), T(z,w)) = G(——-,0,0)
2 2 2 2 2 2
Yy x Yy r- =y
= O =
1 2
< _
> 8$
T2 4+ y? 822 —u? +0? 82?2 — 22 4 w?
< min{ , , }
32 32 32
1 . =yt =y, v 0?5 2wt o, o,
= me{G( T g %), G( S yx2 ), G( 3 , %, %)
1 2 _ .2 2 _ .2 2 _ .2 2 _ .2
< qmin{G( ). G ). G e )
1 2,2 2 _ .2 2 _ .2 2 .2
o min{G (e ), G ), G e )
1 2 _ .2 2 _ .2 2 _ .2 2 _ .2
+1nmgcﬁjgy,x 8y,x%xn“ Y22, 2%),G(E 8w,x%x%

+Lmin{G(T(z,w), hx, hz), G(T(z, w), hu, hu), G(T(x,y), hz, hz)}.
Case 8. Suppose, z >y, u < v and z > w. Hence,

2 .2 2 9
G(T (), T(u,0), T(z,w)) = G0, )
22— y? 2w 2 g2
22 _? 22 — 12 22 w2 g2 g2
< | [+ 1= = +
8 6 8 8
1, 1
§ §22+§£L‘2
. 822—:1:2+y2 722 +w? 822 —u? 402
< min{ ; ) }
32 32 32
. T2 4 y? 8x? —u? 4+ 0? 82 — 22 4 w?
min{——, 32 32 }
1 2 .2 2.2 2 .2 2 .2
= min{G(—, 22, 6 ), 6 e )
1 2 .2 .2 2 2 2 2
o minf G T 1), Gt 1), G e )
1 2 .2 2,2 2 .2 2 .2
< gmin{G(—p 22 G ), G e )
1 2,2 2 _ .2 2,2 2 2
o min{G(— v ), G, ), G )
1 2 _ .2 2 .2 2.2 2 .2
—i—imin{G(x 5 Y ’:c 3 Y ,xz),G(u Y ,xz,xz),G(z 8w 22, 2?)

+L min{G(T(z,w), hz, hz), G(T(z,w), hu, hu), G(T(x,y), hz, hz)}.

Hence the required condition of Theorem 2.3 are satisfied and there exists C-C-point (0, 0) of
the mappings h and T'.
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