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E-g -FRAMES

HASSAN HEDAYATIRAD AND TAYEBE LAL SHATERI*

ABSTRACT. In the present paper, we introduce the notion of E-g-frames for a separable
Hilbert space H, where E is an invertible infinite matrix mapping on the Hilbert space
% Hr. We study some properties of F-g-frames. Also, we give a result concerning the per-
n=1

turbation of E-g-frames and then use it to construct E-g-frames in separable Hilbert spaces.
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1. Introduction and Background

The concept of frames has been introduced by Duffin and Schaeffer [3] to study some
problems in non-harmonic Fourier series. Then Daubecheies, Grassman and Mayer [2] rein-
troduced and developed them. we refer readers to [1] for an introduction to frame theory in
Hilbert spaces and its applications. Frames have very important and interesting properties
which make them very useful in the characterization of function spaces, signal processing and
many other fields such as image processing, data compressing, sampling theory and so on.

Various extensions of the frame theory have been investigated, several of them were con-
tained in the theory of g-frames and K-g-frames ([0, 8, 9]). Sun [6] introduced g-frames and
g-Riesz bases as other generalized frames. He showed that oblique frames, pseudo-frames,
and fusion frames are special cases of g-frames, also from a g-frame, we may construct a
frame for a complex Hilbert space. Xiao and et.al [3] introduced the concept of K-g-frames
which extends the concepts of K-frames and g-frames. This fact caused several authors to
study various aspects of K—g-frames. One of them is to get the methods of construction of
K—g-frames. For instance, Du and Zhu [1] used the relation between positive operators and
frame operators a K—g-frame to generate a new K—g-frame.

In this paper, by using some ideas from [7] and [5], we present the definition of an F-g-
frame in a separable Hilbert space and give some results of frames in the view of E-g-frames.
E-g-frames in separable Hilbert spaces have some properties similar to those of frames, but
not all the properties are similar. "Which properties of the frame may be extended to the
E-g-frame?”. We shall discuss this natural question.

Let X and Y be two sequence spaces and E = (E, )nr>1 be an infinite matrix of real
or complex numbers. We say that E defines a matrix mapping from & into ), if for every

Date: Received: November 6, 2023, Accepted: May 10, 2024.
*T.L. Shateri.
79



80 H. HEDAYATIRAD AND T.L. SHATERI

sequence r = {x,}72; in X, the sequnce Ex = {(Ex),} 2, is in ), where

00
(El’)n = ZEN,kmk? n = 1, 2, LN
k=1

Throughout this paper, the space H denotes an infinite dimensional separable Hilbert space
and H,n € N is a sequence of closed subspaces of H. Let B(H, H,,) be the space of all bounded
linear operators from H into H.,.

For each sequence {H,, },en, we define the space ( %3 Hn)2 by
n=1

o0

(n%:ngn)P = {{fn ?Lo:l :anHm |fn||2<oo}

n=1
With the inner product (.,.) defined by

o0

{ftnzi Agntnz) = Z(fnagn>a

n=1

( S Hn);2 is a Hilbert space.
=1

n
Recall that a sequence {A,, € B(H,H,) : n € N} is said to be a g-frame for # if there exist
positive real numbers A and B such that

(1.1) ANFIP <Y IAf I < BIFIP,

n=1

for all f € H. The constants A and B are called lower and upper g-frame bounds. We recall
the definition of an E-frame.

Definition 1.1. [7] A sequence {f}2, in a separable Hilbert spaces H is called an E-frame
for H if there exist positive real numbers A and B such that

(1.2) Al < {5 B

for all f € H. the numbers A and B are called E-frame bounds. Inequality (1.2) also can be

2 2
L <BIfI*.

1

written as

oo oo 2
NI <f,ZEn,kfk> < BfI,

n=1 k=1

for all f € H.

The pre E-frame operator T is defined by
T:02 =M, T{a}iZi = c (B{f1520),
k=1

is bounded. Its adjoint, the analysis operator, is given by

rin e, T = {1 ), )

k=1
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Composing T and T™*, the E-frame operator

S=TT :H—H, Sf=> (F(BLU}2),) (BUE),-

k=1

is obtained. The E-frame operator is bounded, invertible, self-adjoint and positive (see [7]).

2. Main Results

In this section, we present the definition of an E-g-frame, then we give several construction
methods of E-g-frames. More precisely, we give a result concerning perturbations of E-g-
frames and then use it to construct E-g-frames in Hilbert spaces.

Definition 2.1. A sequence A = {A, }nen in B(H,H,,) is called an E-g-frame for H if there
exist positive real numbers A and B such that

co 2

> Enxhrf| < BIfIP,

k=1

(2.1) AlfIP <>

n=1

for all f € H. the numbers A and B are called E-g-frame bounds of {A, }nen. An E-g-frame
is called a tight frame if A = B, and is called a Parseval frame if A = B = 1. If only the right
hand inequality of 2.1 holds, then we say that {A,, },en is an E-g-Bessel sequence.

Note that if H, = H and A,, = idy, for every n € N, then an E-g-frame is an E-frame.
In the sequel, we give two examples of an E-g-frame.

Example 2.2. Let A = (A, %), ;~; denotes the matrix defined by

A (-1)"*F n-1<k<n
o 0 1<k<n—-—1lork>n.

The matrix form of A is

10 0 0 O
-1 1 0 0 0
0 -1 1 0 O
0 0 -1 1 0
0o 0 0 -1 1

Then for a sequence {f;}72; in H we have

(A{f})n =D Anife = fn— fa1.

k=1

Let {f,}52, be an arbitrary frame in H with the frame bounds A and B. Define A, be the
functional induced by f, , i.e.,

Ap f=(ftn)  (feM),
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and we put Agf = 0. Then {A,}, is a A-g-Bessel sequence for H with the A-Bessel bound
4B.

oo | oo 2 0o
S A S| =Y Anf = A Sl
n=1 k=1 n=1
= Z |<fa fn> - <f7 fn71>|2
n=1
<> 2 (I £+ 1(F fa0)P)
n=1
=2 (Z |<f7 fn>‘2 + Z ‘<f7 fn—1>|2>
n=1 n=1
:4Z|<f7fn>‘2
n=1
< 4B

Example 2.3. With the same hypotheses in Example 2.2, the sequence
{gn}>21 ={f1.0, f2,0, f3,0,---} is a both a frame with the same frame bounds as {f,}22 ;.

n=1 —

Furthermore, {Ag, }7°; is a A-g-frame for H with A-frame bounds A and 2B.

It is clear that the operator

TA : ( @1 Hn)p — /H, TA{fn}Zozl = ZZEn,kAana
n= n=1 k=1

is bounded. T is called the pre E-g-frame operator. The analysis operator, is given by

* o0 * . h
TA . H — ( 6_91 Hn)l% TAf = Z Ena]A]f
" J=1 n=1

The E-g-frame operator is defined as

(e olENNe el o]

SA=TaATx : H —=H, Saf=> > > EnipEnAih;f.

n=1k=1 j=1
We can easily prove the following result.

Proposition 2.4. Let A = {A, }nen be an E-g-frame with frame bounds A and B. Then the
E-g-frame operator Sy is bounded, invertible, self-adjoint, and positive and A < Sy < B.

Remark 2.5. For any f € H, we have

[c o uNNe ol o]

F=5a8 =800 = D3N EnkBu i MA Sy

n=1k=1 j=1

The above E-g-frame decomposition shows that every element in H has a representation as
an infinite linear combination of the E-g-frame elements.
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Let A, = AnSXI, for each n € N, then the above equalities become

We give the following result.

Proposition 2.6. Let {A,}nen be an E-g-frame for H with E-g-frame bounds A and B and
the E-g-frame operator Sy. Then {Ap}nen = {AnSXI}neN is an E-g-frame for H.

Proof. For any f € H, we get

)3

0o 2

[e.9]

=Z

[e.9]

B M Syt S

k=1

-y <Z B xArSy f,ZEn]A SA1f>

k=1 7j=1
:<ZZZEnkE GRS, Sy f>
n=1k=1 j=1
:< AS 1f’ f>
:<fs 'f)
S—Hf112~

On the other hand, we have

o < 2ENNe SlNe o

12 =SS (BukEnhihsf. )

n=1k=1 j=1
oo oo B oo
=Z< En,jAjf,ZEn,kAkf>
n=1 \j=1 k=1
L) ) 2 ) ) 2\ 2
<Y ID_E.Af > BnxkArf
n=1 ||j=1 n=1 |l k=1
2\ 2
1 o o0
< B> 3|2 Enshif| |
n=1||j=1
this implies that
o o0 2
ST EnsAsf >f||f|!2
n=1 || j=1

Therefore, {A,, }nen is an E-g-frame for H with E-g-frame bounds L and 4. O
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Remark 2.7. Let S be the E-g-frame operator associated with {]\n}neN. Then

SASy = Z Z E, iSAMA; f

n=1j=1

=3 En;SaSy AN S S
n=1 j=1

=Y > B iNA; S S
n=1 j=1

= SASX1f = f7

for all f € H. Hence Sy = SXl and so An§X1 = AnleSA = A,. This asserts that {A, }nen
and {A,, }nen are dual E-g-frames with respect to each other.
Recall that a sequence {a,}5°; in C is said to be positively confined sequence if

0< mf lan| < sup]an| < 0.
neN

Now, we give a result concerning the perturbation of E-g-frames.

Theorem 2.8. Let {A,}nen be an E-g-frame and Ty, € B(H,H,,), for all n € N. If there
exist constants 0 < o, f < %, such that for every f € H,

> anZEnkAkf*b ZEnk:F <az anZEnkAkf +ﬁz bn ZEnkaf
n=1 k=1 n=1 n=1

Then {T'y }nen is a Efg-fmme, where {an}>° and {bn}n:1 are positively conﬁned sequences.

Proof. Let {A, }nen be an E-g-frame with frame bounds A and B. Then for all f € H we get
2

il bnglEn,krkf _Zl by, ZEnkrkfianZEnkAkf
<QZ1 b, ZEnkrkf—anZEnkAkf
+22 anZE kAkf
n=1
<2 az:l anZEnkAkf +,821 bn ZEnkaf
+2Z anZEnkAkf
Therefore -

o 2 [e.o] [e.9]
(1-28) ) [bal® wkTef || <2014+ 0a) ) fanl® kN f
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this implies that
2

2
[ 2(1 + @) (suppen [an))” <= | %
EniLif|| < — EnpArf
nz_:l ; 2(1 — 26) (infpen [ba])? ,;1 ;
2
< 2(1+a) (SuanN‘anDQBHfHQ
2(1 —2P) (inf pen |bn))
Similarly, we get
Z ZEn kAkf < 20[2 anZEn kAkf
n=1 n=1
B> |bn ZEnkrkf +Z bn ZEnkrkf :
n=1 n=1
consequently
2 2
| 2(1 — 2a) (infpen |an])? o= ||
En,krkf el En,kAkf
212 21 B) (upn I 2= |2
2(1 — 2a) (inf e |an 2
2(1 4 ) (suppen [bnl)
Therefore {I'y, }nen is a E—g-frame. O

If we set a, = b, = 1 for all n and 5 = 0 in Theorem 2.8, then we have the following result.

Corollary 2.9. Let {A,}nen be an E-g-frame and T, € B(H,Hy,), for all n € N. If there
exists 0 < a < %, such that for every f € H,

Z ZEnkAkf ZEn kL

n=1 |[lk=1
Then {I'y}nen is a E—g-frame.

o 2
> EnpArf

k=1

o0
Saz

n=1

Let U € B(H) and M be a subspace of H. Then, M is said to be an invariant subspace for
UifUf € M whenever f € M.
Since for every f € ‘H and n € N, we have

> Enphif - (Z Eyp Ak + UmEn,kAk> f
n=1

k=1
using Corollary 2.9, we get the following result.

2
<|UIP™ || En g Ai I

Corollary 2.10. Let U € B(H) with |U|| < @, and My, be invariant for U, and let { Ay, }nen €
B(H,H,), for alln € N. The followings are equivalent.
(i) {An}tnen s an E-g-frame.
(ii) For each m € N, the sequence {A,, + U™Ap}nen is an E-g-frame.
(iii) There exists m € N such that {A, + U™ Ay }nen s an E-g-frame.

In the following theorem, we show that the product of an E-g-frame and some bounded
linear operators is an E-g-frame.
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Theorem 2.11. Let U € B(H) be a be a self-adjoint injective operator. Then {A,}nen is
an E-g-frame if and only if {A,U}nen s an E-g-frame. Also, for all m € N, the sequence
{A U™} pen is an E-g-frame.

Proof. Let U € B(H) be a be injective, then there exists U~ € B(#H) such that UU ! = I5.
Hence for every f € H, we get

IFIl == U]
<@ [T -

This implies that

(2.2) IO el < U £l

If {A,}nen is an E-g-frame, then there exists A > 0, such that for every f € H

00 2
Y B US| > AU
k=1
= AT 7|2
> AU I1R

Hence {A,U }nen is an E-g-frame.
Now, let {A,U}nen is an E-g-frame. Since U is invertible and U~! is self-adjoint, hence
{An}nen = {AUU 1} en is an E-g-frame. O

Since the E-g-frame operator is self-adjoint and injective, we get immediately the following
result.

Corollary 2.12. Let U € B(H) and {A,U }nen be an E-g-frame with the E-g-frame operator
S. Then {AnS_%}n is an E-g-frame.

Theorem 2.13. Let U € B(H) and {A,U}nen be an E-g-frame. Then, the followings hold.

(i) U is injective.
(ii) If U is self-adjoint and has closed range, then U is invertible and {Ay,}nen s an
E-g-frame.

Proof. (i) It is clear by (2.1).
(ii) Since U is self-adjoint and has closed range, so

R(U)=R(U") =NU)* =H

Therefore U is surjective and by (i) U is invertible.
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Now, let f € H, so there exists g € H such that Ug = f. In view of (2.2), we get

)

2

o0

o0

=2

n=1

Z E, A Ug
k=1

> Allg|l?

= Aluty|?

= Al|@ Y £
> AU £
= AU | fII>-

Therefore {Ay, }nen is an E-g-frame.
]

In the next result, we give conditions under which the sum of an E-g-frame and an F-g-
Bessel sequence is an E-g-Bessel sequence.

Theorem 2.14. Let {A,}nen be an E-g-frame with bounds Ay and By and let {I'y}nen be
an E-g-Bessel sequence with Bessel bound By. If for every n € N, R(A,) L R(I',), and
Ui,Us € B(H), then {A, Uy + I'y,Us}nen is an E-g-Bessel sequence.

Proof. Since R(A,) L R(T'),), so

kAU f ‘ = ZEnk (AU + T Us) £,
— k=1
for all f € H. Therefore
Z ZEnkAkUlf <Y D Bk (MU +Tyl2) f
n=1 |lk=1
o
<> ZEn k:Ak:Ulf + Z ZEn kaUQf
n=1 n=1 [lk=1
< (B1||U1H2 + Bo||Ua1?) 11117,
for all f € H. Consequently, {A, U1 + I',Us }nen is an E-g-Bessel sequence. O

We get the following result.

Corollary 2.15. Let {A,}nen be an E-g-frame with bounds Ay and By and let {T'y,}nen be
an E-g-Bessel sequence with Bessel bound Ba. If for every n € N, R(A,) L R(I',), then the
followings hold.

(i) The sequences {Ay, + 'y }tnen and {Ay, — Ty }nen are E-g-frames.
(ii) If {an}22 and {by}22, are two positively confined sequences, then {a,A, + b,y }nen
is an E-g-frame.
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REFERENCES
Conclusion

In this paper, we have introduced an F-g- frame in a separable Hilbert space, and given
some results of frames from the viewpoint of E-g-frames. Also, we have presented a result on
the perturbation of E-g frames and then used it to construct E-g frames in separable Hilbert
spaces.
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