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RECONSTRUCTION OF DISCONTINUOUS STURM-LIOUVILLE
PENCILS WITH THE EIGENVALUE IN THE BOUNDARY CONDITION
ON THE HALF-LINE

YASSER KHALILI* AND ABDOLALI NEAMATY

ABSTRACT. This work considers the discontinuous differential pencil on the half-line with
the spectral boundary condition. We establish some uniqueness theorems on the potentials
for the Sturm-Liouville pencil by the incomplete inverse problem and the interior inverse
problem methods. We determine the potentials by only a set of eigenvalues knowing the co-
efficients So, 51, B2, 33 and potentials go(x), q1(z) on (0,a). We also establish the potentials
by a set of values of eigenfunctions at some internal point £ = a and eigenvalues.

MSC(2010): 34A36; 34K29.
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tinuity.

1. Introduction

Inverse spectral problems that are recovering the operator from its given spectral data are
used in various branches of the physical science and engineering. Boundary value problems
with discontinuities often appear in branches of sciences like mathematics, mechanics, physics,
geophysics (see [3, 10]).

In this article, we investigate the boundary value problem B := B(qo, q1, 5o, 51, B2, B3) for
the Sturm-Liouville pencil

(L.1) y'(@) + (p° +ip q1(x) + qo(2))y(z) =0, = >0,

where complex-valued functions go(z) and ¢i(x) satisfy ql(L) (x) € L(0,00) as 0 < ¢ <1 < 1,

q1(z) is absolutely continuous and p is the spectral parameter, and with the spectral boundary
condition

(1.2) U(y) := (Bip + Bo)y'(0) + (Bsp + B2)y(0) =0,
where the coefficients 5y, 51, B2, 83 are complex numbers, and with the transmission conditions
(1.3) yla+0,p) = ary(a —0,p),  y'(a+0,p) =a'y(a—0,p) +azy(a —0,p),

where aq(ay # +1,+i) and ag are complex numbers.

Hochstadt-Lieberman showed that one spectrum is suffice to determine the potential g(z)
on the whole interval provided that ¢(z) is known a priori on the half of the interval [3].
Taking this method, some researchers investigated inverse problems for the Sturm-Liouville
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operator [10, 17, 22]. In [4, 18] it can be also seen the incomplete inverse problem that recovers
the potential g(x) using a part of the spectrum prescribed that the potential ¢(z) is known
on a part of the interval. Mochizuki and Trooshin discussed interior inverse problems and
showed that one spectrum and a part of information on eigenfunctions at some interior point
suffice to determine the potential ¢(z) [12]. This technique has been used in many articles for
studying the inverse problem for Sturm-Liouville equations [15, 19, 20, 21]. Inverse spectral
problems for the Sturm-Liouville operator with eigenvalue dependent boundary conditions
were investigated in [I, 19, 20]. Inverse problems for Sturm-Liouville equations with discon-
tinuities inside the interval were also studied in [13, 18]. Some aspects of the inverse problem
for Sturm-Liouville pencils were investigated in [4, 9, 20, 21]. However, in this work, we try to
prove inverse problems for the discontinuous Sturm-Liouville pencil with the spectral bound-
ary condition on the half line. We establish the incomplete inverse problem for the problem
B and recover B by taking eigenvalues provided that the potentials are known a priori on a
part of the interval. In the other theorem, we prove the interior inverse problem for B and
show that a set of values of eigenfunctions at some interior point = a and eigenvalues are
sufficient to reconstruct the problem B.

The paper is organized as follows. In Sec. 2, some properties of spectral characteristics
are given. In Sec. 3, we give two uniqueness theorems for B taking the incomplete and
interior inverse problem methods. The techniques employed in this paper are a extension of
Hochstadt-Lieberman’s and Mochizuki-Trooshin’s theorems [3, 12].

2. Preliminaries

Let A = p?, and let for definiteness Sp > 0. Denote by II the A-plane with the cut A > 0.
Then II corresponds to the domain Iy := {p : Sp > 0} and II :=TI; \ {0}. We know from

the technique in [0, 11] that the Jost solution of (1.1) satisfying the condition
(2.1) lim e(x,p) =0, pell,
T—r00

has the following form for uniformly in > a and sufficiently large p € II,

(2.2) ™) (2, p) = (ip)eap(ipz — Q(@))[1], m=0,1,

where Q(x) = %fox q(t)dt and [1]:=14+0 (p7').

For every fixed = > - a, the functions e(™) (z,p), m = 0,1, are holomorphic and continuous
for p € I and p € 11, respectively. Also these functions are continuously differentiable for
p €Il

Moreover the integral form of the Jost solution has the following presentation

(2.3) e(x,p) = exp(ipr — Q(x)) + /OO My (z,t) exp(ipt)dt, x> a,

for a bounded function M (x,t) [2, 21].
Using the Birkhoff fundamental system of solutions

B (w,p) = (1) Yip)™ exp((—1) ! (ipz — Q(@))[1], p 11, = >0,
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for k =1,2 [14, 23], we can write

o) = G explipa - Qo) (0} + e (in(e — 0) - Qo) - Q)]
(2.4) +H(=1)"(ai — 1) exp (—ip(a — a) + (Qz) — Q(a))) m), z € [0,a)
(see [9] for more details). The properties of the Jost solution e(x,p) in the interval [0,a)

remain true.
The integral form of this solution has the following presentation

e(ep) = Qfalexpupa—cz(a))((a%l)exp (ip(a — a) — (Q() - Q(a)))

(@~ 1yexp  — ip(e — a) + (Q() - Q(a))))

(2.5) +/ Mo(z,t) exp(ipt)dt +/ Ms(z,t) exp(ip(2a —t))dt, 0<z <a,
0 0

for bounded functions Ma(z,t) and M3z(x,t) [2, 21].
The eigenvalues of B coincide with the roots of the characteristic function

(2.6) A(p) = (B1p + Bo)e'(0,p) + (Bsp + B2)e(0, p),

in the plane IT;. This function is entire in p € II; and taking (2.4), we will have for sufficiently
large p € 11,

Brip? , .
Ap) = o explipn — Q@) (af + 1) exp(~ipa +Q(a))]1]
(27) ~(a ~ Dexplipa ~ Q)1 ).
By the Rouche’s theorem [5] and the known technique [7], one can give that these roots have
the form
1
(2.8) pn= (nm —iQ(a) + K1) + O (n71),
for large enough n, wherein
1 I a? +1
AT

Put Ay = {p € II;; A(p) = 0}. For p, € A4, we denote \,, = p2 and y,(z, p) = y(x, p,) the
eigenvalues and the eigenfunctions of B, respectively.

Denote Gs := {p € ll+;| p— pn |> 6, Vn} for 6 > 0 and a constant C' > 0. Applying (2.7)
and the known method [7], one can prove that

(2.9) IA(p)| = Clp?|,

for sufficiently large p € Gj.

To show the uniqueness theorems in the next sections, alongside B := B(qz1, qo, 53, 52, 81, B0),
a boundary value problem B = B(q1, qo, B3, B2, b1, Bo) of the similar form (1.1)-(1.3) is con-
sidered. We suppose that if « signifies an object relevant to B, then « will signify the similar
object relevant to B.



42 Y. KHALILI AND A. NEAMATY

3. Main results

In this section, we state the main results of this work in two theorems. We will prove the
Hochstadt-Lieberman type theorem and the Mochizuki-Trooshin type theorem of (1.1)-(1.3).

In the following theorem, we first give the so-called incomplete inverse problem for B
and show that the potentials ¢;(z), go(x) are determined from eigenvalues provided that the
potentials ¢i(x), go(x) are known a priori on (0, a).

Theorem 3.1. Let ¢1(z) = qi1(x) and qo(z) = qo(x) a.e. on (0,a). Then the set of the
eigenvalues uniquely establishes q1(x) and qo(z) a.e. on x > 0.

Proof. Let e(x, p) be the solution of (1.1) and é(z, p) be the solution of this equation with
tilde. Multiplying (1.1) by é(z, p) and the secondary equation by e(z, p) and subtracting, we
will have

(31)  (ao(x) — Go() +ip(ar(z) — qi(x)))e(x, p)e(w, p) = €' (x, p)e(x, p) — e(x, p)€(w, p)-

Now by integrating the above equation on [0, 00), one gets

/OOO (90(z) —do(z) +ip(q(x) —q1(x)))e(z, p)e(x, p)dz = (¢'(z, p)e(=, p) —e(w, p) (x, p))[G+ 12"
Taking the hypothesis of the theorem and (2.1), we can infer that
o) = [ (@ole) +ipQs(a, el p)P(r. )
(32) = 6(0,p)g/(0,p) - e/(07p)g(07p)7
where Qo(z) = qo(z) — go(z) and Q1(z) = q1(z) — ¢1(x). Therefore
H,(p) = (0, p)g/(Q p) — 61(0’ p)e(0, p).

Using the assumption of the theorem, we will have H,(p,) =0, p, € Ay. Thus it is sufficient
to show that H,(p) = 0 for other p in II;.

Let Q, (z) = Q(z) + Q(z). The relation (2.3) gives that
e(z,p)e(x,p) = exp(2ipr — Qi (x))
(3.3) + / UMy (2, B exp(2ipt— QL (D)t x> a,
and therefore we have ’
(@, p)e(@, p)| < Cexp(~2Spla), @ 2 a,

for some constant C > 0. Taking (3.2) and this result, we can write that

(3.4) |Ha(p)| < Clp| exp(—23pa),
for some constant C > 0. Now considering the function
Ha(p)
G(p) = ,
=20

which is analytic for p € II; \ A4 and the relations (2.9) and (3.4), we will have that G(p) =0
and therefore H,(p) = 0 for other p in IL.
From (3.2) and H,(p) = 0, we obtain for all p,

(3.5) /OO (Qo(z) +ipQ1(z))e(z, p)e(x, p)dz = 0.
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Substituting (3.3) in (3.5) and then rewriting it, we get for ¢ > a,
00 t
[ exotziot = 0.0) (o) + [ QoMo )z ) a

ip / ~ exp(2ipt — Q. (1) <Q1(t) + / t Ql(x)Ml(:):,t)d:n> dt = 0.

Taking Riemann-Lebesgue lemma, one gives

/aoo exp(2ipt — Q1 (t)) <Qy(t) + /at Ql,(a:)Ml(ac,t)d:c> dt=0, v=0,1,

for sufficiently large p. From the completeness of the exponential function [7, 22], we can
write

Qut) + /t Qu(@)M (2, t)dz = 0, v = 0,1,

which are homogeneous Volterra integral equations with the trivial solution, i.e., Qo(z) =
Q1(x) =0, for x > a. Thus we result that ¢ (z) = ¢1(z) and go(z) = go(x) a.e. on x > a. The
proof is completed. [

Remark 3.2. Consider the functions y(z, p) and z(z,p) as the solutions of the boundary
value problem B. The Wronskian of the functions y(z, p) and z(z, p) at the neighborhood of

r = a is equal. In other words, < y(w, p),z(%, p) >|,_ =< y(, p), 2(x,p) >|,.0-

In the following theorem, we state the interior inverse problem for B and prove the unique-
ness theorem using its eigenvalues and the properties of the eigenfunctions in an interior point
T =a.

Theorem 3.3. Let for the eigenvalues Ay,
Ay, = Xn, < en(w,p), en(z,p) >|,_,= 0.
Then q1(z) = q1(z) and qo(x) = go(x) a.e. on x > 0.

Proof. Integrating (3.1) on [0, a), we have
[ (@) = @) + infar () = () e (e ) = (/. ). p) = el (o) .
So
() = [ (Qulo) +ip@ (@) el p)e(r. )

(3.6) = (¢/(a, p)ela, p) — e(a, p)Z (a,p) = (¢'(0, p)E(0, p) — €(0, p) (0, p)) .

On the base of the assumption of the theorem, we result that

Ho(pn) = (egm(% p)gn(a, p) - en(a> p)gfn(a, p)) - (6%(07 p)En(O, P) - en(ov p)gn((L :0)) =0,
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for p, € A;. Now we have to show that Hy(p) = 0 for other p € I1.
Let Q_(z) = Q(z) — Q(z). The Jost solution (2.5) gives

e(z,p)e(z,p) = 4;% exp(2ipa — Q4 (a)) ((a? +1)?exp(2ip(z — a) = (Q+(z) — Q4 (a)))

+(a? — 1)2 exp(~2ip(x — a) + (Q4 (z) — Q1 (a)))
+2(af ~ Deosh(Q-(2) ~ Q-(a))

+ /x M (z,t) exp(2ipt — Q4 (t))dt
0

(3.7) + /OI Mg (z,t) exp(2ip(2a — t) — (2Q4(a) — Q4 (1)))dt, = € [0,qal,

and then
’e($>p)g($7p)’ < CGXP(_2‘%P|$% 0<z<a.

Repeating the similar arguments in the proof of Theorem 3.1, we can get that Hy(p) = 0 for
other p € I1.
Now this result and the relations (3.6) and (3.7) give for all p,

a CL4 _
| HAZ exptzipn — @ @)eosh( (1)~ @) Qu(t) + ins (1)

a (.2 2
n /0 wexp(zipt— Q1 (1))(Qoz2(t) +ipQua(t))dt

a a2 -1 2 ) ]
+ [T epinza 1) - (204 @) - Q40))(Quat) + ipQua(t))dt =0,
0 1
where Q0 = Q,(t) + fta Qu(z)My(z,t)dz and Q,3 = Q,(t) + fta Qv (x)Ms(z,t)dx, v =0, 1.
Using Riemann-Lebesgue lemma for continuous functions, we can get as large enough p,

/0“ exp(2ipt — Q1 (t)) Qua(t)dt = 0,

| explin(2a — ) - (2Q1(0) - Q1) Qualt)d = 0.
0
From the completeness of the exponential function [7, 22], we can write for 0 < t < a,

QV?(t) = Qu3(t) = 07 v= 07 17
that is

Qu(t) + /t " 0u(@) Moz, Bdz =0, Qu(t) + /t " 00(2) M, ) = 0.

These homogeneous Volterra integral equations have only the trivial solution. Therefore
Qo(xz) = Q1(z) =00n 0 <z < a. Thus q1(z) = q1(z) and go(z) = go(x) a.e. on [0, a].
Based on Remark 3.2 and using (2.1), we can give for p, € A4,
Ho(pn) = en(a, p)&y,(a, p) — €y (a, p)én(a, p) = 0.

Similar to the pervious section, one can prove that H,(p) = 0 for other p € II; and therefore
by repeating the last discussion, we can show that qo(z) = go(x) and ¢1(x) = q1(x) a.e. on
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Thus go(z) = go(x) and q1(z) = q1(z) a.e. on = > 0. The proof is completed. [
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