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ANOTHER VIEW OF THE LEVINSON INTEGRAL INEQUALITY
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ABSTRACT. In this article, we extend the applicability of the Levinson integral inequality. In
particular, we show that the ratio expression of the main integrated function can be avoided,
as well as some monotonicity assumptions, and that a weight function appears naturally in
the integral of the upper bound. These generalizations are made by revisiting an existing
proof in the literature. Some examples and further integral inequalities based on the ob-
tained weight function are given.
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1. Introduction

In mathematical analysis, integral inequalities are crucial for establishing bounds on inte-
grals involving functions of various kinds. They make it possible to analyze the behavior of
solutions to differential equations and optimization problems. They are also used in other
areas of applied mathematics, including statistics, engineering and mathematical physics. We
can refer to [, 2, 8, 1, 10]. Among these integral inequalities is the Levinson integral inequal-
ity, which was established in [5]. For the purposes of this article, let us briefly introduce and
discuss it. We need (a,b) € (0,+00)? with a < b, f : (a,b) — (0,+00) an integrable function
and F' : (a,b) — (0,400) the corresponding primitive defined by

F(x):= /xf(t)dt.

In this framework, the Levinson integral inequality gives a relationship between the ratio
function F'(x)/x raised to a power p, where p € (1,+00), and the integral of the function
f(z), also raised to the same power p. Formally, we have

(1.1) /ab [F;x)rdx < <pf1>p/ab (2)dz,

provided that the integrals involved converge. It can be seen as a bounded interval version of

the famous Hardy integral inequality, corresponding to a = 0 and b = 400 (see [1, 7, (]). It is

useful in several contexts, including the study of functional analysis and integral transforms. It

allows complex integrals to be bound by simpler integrals. Note that the constant [p/(p—1)]P
plays a crucial role in ensuring the tightness of the bound.

This Levinson integral inequality has been generalized in several references, including [7,

, 3]. In particular, it was elegantly generalized in [9, Theorem 3.1.]. The main lines of this
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generalization are given below. Adopting the above mathematical framework, we additionally
consider > 0 and a function g : (a,b) — (0, +00), such that (z+n—a)/g(z) is non-increasing.
Then the following integral inequality holds:

v [ e G L oo v

provided that the integrals involved converge. As noted in [9, Remark 3.3.], if we take
g(x) =z +n—awithn € [0,a), we get

/: [Ff)r“ = /: Lfffza]pdx < (L)p / ' (),

so that the classical Levinson integral inequality in Equation (1.1) is obtained. The generality
of [9, Theorem 3.1.] is thus characterized by the presence of the function g(z) and the
parameter 7. The proof is based on a thorough use of the Holder integral inequality combined
with the non-increasing property of (x+n—a)/g(xz). When analyzing this proof, the following
remarks can be made:

Remark 1.: The ratio term 1/¢P(z) (including the exponent p) seems to play no role
in the first (seven) steps of the proof; its ratio form seems to be justified to artifi-
cially correspond to that of the main integrated term in the original Levinson integral
inequality, until the last steps when it is activated.

Remark 2.: The non-increasing assumption on (z+n—a)/g(x) is only used to extract it,
in a sense, from an integral with a bounded interval; other, more general, alternatives
are possible.

Remark 3.: The penultimate step of the proof introduces a weight function in the upper
bound which is roughly bounded by 1; there is no mention of it in the statement of
[9, Theorem 3.1.]; some sharpness seems to be lost.

These three remarks suggest some improvements to this general Levinson integral inequality.
More specifically, on a similar proof basis, we show that the ratio term of the main integrated
term can indeed be relaxed and significantly generalized thanks to the use of a bivariate
function. The assumption of monotonicity becomes unnecessary. Furthermore, we rehabilitate
the weight function that appears in the proof in [9, Theorem 3.1.]. In particular, we discuss
how it can be treated or bounded by various sharp functions to obtain original upper bounds
on the main integral term. Some precise examples are given. The study is concluded with
an integral inequality result dealing with a different kind of primitive of the main bivariate
function.

The rest of the article is divided into two sections: Section 2, which presents the main
theorem and secondary results, and Section 3, which is devoted to a conclusion.

2. Results
The new results are highlighted and proved in this section.
2.1. Main theorem. The theorem below offers a different view of the Levinson integral

inequality, by significantly generalizing it through the use of a bivariate function and a man-
ageable weight function for the upper bound.
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Theorem 2.1. Let (a,b) € (0,400 )2 with a < b, f : (a,b)®> — (0,+00) be a bivariate
integrable function and F : (a,b) — (0,400) be its primitive deﬁned by

/ f(t;z)dt, x € (a,b).

We consider the function f, : (a,b) — (0,+00) defined by
(2.1) ful@) == sup [(u—a)f(z;u)],

u€[z,b)

provided that it exists.
Then, for any p € (1,400), we have

/a ' () < <pf1>p / " (@) (@) d,

where wy, : (a,b) — (0,+00) is given by

(2.2) wp(z) =1 — <”;:Z>1_1/p.

It is understood that the integrals involved converge.

Proof. Let us set

(2.3) A= /b FP(x)dx

Then we consider the following decomposition:

(24) A= /ab [/x F(t; x)dt]pdx = /ab [/:(t — q)P /P (= q)~ =D/ g x)dt]pdaz.

The Holder integral inequality applied with the parameter p (and ¢ = p/(p — 1)) gives

as | { [l " - a>1/pdt}“/p}pdx
_ (;;Z)p_l/ab [/:(t—a)l_l/pfp(t;x)dt] (z — a)1-1/P-D gy
B

p—1 ,rb pz
Bi- <p> / (t— a)' VP (z — @)1 1POD 25 2 dtdar
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Changing the order of integration according to the Fubini-Tonelli integral theorem (the inte-
grated term is positive), we obtain

B- (pg)p_l /ab [/tb(t ) Vp (g — )R 1) gy, x)dx] dt
_ (p&)p_l /ab(t —a)Up /tb(x — )2 [(p — a) f(t ) dx} dt.

Using, for any = € [t,b), (x —a) f(t;x) < fi(t), where f,(t) is given in Equation (2.1) and the
definition of wy(x) given in Equation (2.2), we get

B< (pp1>p1 /ab(t — )=V g () [/tb(x - a)l/p2dx] dt
_ (pﬂ)pl /ab(t — )Y {11)1) [ —a) /vt — (1 —a) o] } dt

P p b P P rb
2. = —_— p = _— P
eo = (%) [ o= (1) [ e
where the notation has been standardized in the last step. Combining Equations (2.3) (2.4),
(2.5) and (2.6), we end the proof of Theorem 2.1. O

The inequality in Theorem 2.1 includes those in Equations (1.1) and (1.2). More specifically,
in the context of Equation (1.2), let us take
1
fa;t) = —< f(x).
9(t) (
We recall that it is assumed that there is a constant n > 0 such that (u +n — a)/g(u) is
non-increasing. Based on Equation (2.1), for any = € (a,b), we have

1
@)= s (= a)f(ri] = fir) s o]
su u —Qa L = (x —a f(l')
=7 weloh) [( o )Q(U)} @+ n )g(:v)‘

Bounding w,(x) by 1 (details will be given in Proposition 2.2), Theorem 2.1 implies that

/ab FP(z)dr < (pﬁl)p/ab IP(2)w,y(z)d
<(25) [ [ern-ols] wwn
< () [ oo

This gives Equation (1.2).
Theorem 2.1 thus extends the scope of the Levinson integral inequality, where the function
f(x;u) can be chosen in an infinite number of ways.
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2.2. Secondary results. Based on Theorem 2.1, the proposition below shows how the pres-
ence of the weight function wy,(x) can be exploited to find an original upper bound for the main
integral term. Seven proposals are given, including power, exponential and logarithmic-type
upper bounds.

Proposition 2.2. In the framework of Theorem 2.1, the upper bounds of the main upper
bound presented below are valid. For anyi =1, 2, 3,4, 5, 6 and 7, we have

b
/ f2(@)wp(z)dz < Dy,

where Dy, Do, D3, Dy, D5, Dg and D7 are given by

b 1-1/p
Dy ::/a ff($)d$, Dy _/ f* ( CL> dr,
b T —a 1-1/p b T —a
Dsg ::/ fP(x)exp [_(b—a> ]dw, Dy ::/ fP(x)exp [— (1—;) (b—a)] dz,

T = M T (e

ve(ab) 3p—2)
D7—<1—>/fp log<b >d:n

Proof. Let us establish the upper bounds D1, Do, D3, D4, D5, Dg and D7, in turns.

For D;: Since 1 —1/p € (0,1), for any = € (a,b), we have [(z —a)/(b—a)]*"¥/? € (0,1),
implying that wy(z) < 1, and

/ab F(@)wy(z)de < /ab fP(z)dx = D;.

For Dj: Since 1 —1/p € (0,1), using the inequality 1 — 7 < (1 —¢)? for any ¢ € (0,1)
and v € (0,1), with t = (r —a)/(b—a) and y =1 —1/p, we get

1-1/p 1-1/p 1-1/p
Tr—a T —a b—=x

= — < — = .
wp(x) 1 (b—a) _<1 b—a> (b—a)

So we have
b b b 2\ 1-1/P
[ i< [ e (5=5) = .

For Ds: Using the inequality 1 — ¢t < exp(—t) for any t € R, we have

r—a 1-1/p T —a 1-1/p
wp(x):1—<b_a> < exp _<b—a> .

We therefore have

[ e < [ e [— (5= )/] do = D,

and
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For D,: Combining the techniques used for obtaining D and D3, we have

s (555) e (55
(o[ GO 00 620

We therefore have

/ab fL(@)wy(z)de < /abff(x) exp [— (1 - 11)) (Z”:Z)} dz = Dy,

For Dj: Taking the supremum of f¥(z), we have directly

/ fP@)uwp(w)de < sup [f2(o)] /abwpmdx,

z€(a,b)

with

Ry T (= B e R A =

— (b—a) <1_2pp_1) —(p-a2=L

2p—1
Combining the above results gives the upper bound Ds.
For Dg: It follows from the Cauchy-Schwarz integral inequality that

/a b f2(@)wp(z)de < \/ / b ff”(x)dx\/ / bwg(:c)dx

b b 1 1/p]?
/wf)(x)da::/ 1—
b b /o a\ 1/19 (1-1/p)
:/ ClZL‘—Q/ < ) dm+/ ( > dzx
o o \b—a

B 2p p 1 2(p —1)°
=(b-a) [1_219—1 +3p—2] _(b_a)(2p—1)(3p—2)'

Combining the above results gives the upper bound Dg.
For D7: Using the inequality log(t) < t¢t—1 for any t € (—1,00), so that 1 —¢ <
for any ¢ € (—1,00), with t = [(z — a)/(b— a)]'~'/?, we obtain

o= (55) e ee | (555)
=) P G 1= (00 ee (=2)

We therefore have

/f* z)wp(z §<1—)/f* log< )da:_D7.

1-1/p
) dx

with

—log(?)
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This concludes the proof of Proposition 2.2. O

Theorem 2.1 and Proposition 2.2 can be combined to obtain new upper bounds for the
main term in Theorem 2.1. For instance, if we concentrate on Dy, D5, Dg and D7 established
in Proposition 2.2, in the framework of Theorem 2.1, we have

/ab FP(z)dr < <ppl)p/ab fP(z)wy(z)dx
<(5) p= () [ r@es|- (1-1) (4) ] s
/ab FP(z)dr < (pfl)p/ab fP(2)wy(z)dx

g N e A

/ab FP(z)dx < <pz>p/ab 17 (@) wp(z)dz

= <pz>pD6 - (z?ﬁ)plpv /ab Ep(x)dx\/(b_a) (2p - 1)2(3p— 2)

/ab FP(z)dx < <]gz)p/ab PP (2)wp () da

() o () [ e (5o

To the best of our knowledge, these integral inequalities are new to the literature. Of course,
other similar examples can be given.

and

2.3. Another theorem. We complement Theorem 2.1 by another theorem, dealing with
another kind of primitive of the main function.

Theorem 2.3. Let (a,b) € (0,+00)? with a < b, f : (a,b)®> — (0,4+00) be a bivariate
integrable function and S : (a,b) — (0,+00) be defined by

= /b flt;x)dt, x € (a,b).

We consider the function fi : (a,b) — (0,400) defined by
(2.7) fi(@) == sup [(b—u)f(z;u)],

u€(a,z]

provided that it exists.
Then, for any p € (1,400), we have

[sraes (1) [ rne
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where z, : (a,b) — (0,+00) is given by

(2.8) 2(x) =1— (2 - ‘Z)l_l/p.

It is understood that the integrals involved converge.

Proof. The proof follows the lines and arguments of the proof of Theorem 2.1. We consider

(2.9) U:= /b SP(z)dx.

Then we decompose it as follows:

(2.10) U:/ab [/:f(t;x)dtrdx:/ab [/:(b—t)(pl)/pQ(b—t)(pl)/pzf(t;x)dtrda;.

From this expression, it follows from the Holder integral inequality applied with the parameter
p (and ¢ =p/(p — 1)) that

:/ab [/:(b—t)ll/pfp(t;x)dt] [Lb(b—t)l/Pdt]p_ldx
|

/x b(b — )iy, x)dt] [pﬂ(b - a:)“/p} "

=1 pbr b
= <pf1>p / [/ (b— t)ll/pfp(t;x)dt} (b—2)1=1/P)=1) gy
V.

P p—1 b b
V= <p—1> / / (b — t)]-*]-/p<b _ x)(lfl/p)(p*].)fp(t;m)dtdx.

Changing the order of integration according to the Fubini-Tonelli integral theorem (the inte-
grated term is positive), we obtain

V= (prH / ’ [ / (b= 1) (b — )P (s a:)dm] i
_ <pf1>p_1 /:(b 1 {/at(b — )2 (b — ) f(t: 2)]" dm} dt.
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Using, for any = € (a,t|, (b—x)f(t;x) < fi(t), where fi(t) is given in Equation (2.7) and the
definition of z,(x) given in Equation (2.8), we get

V< ( f1>p1 /:(b_t)ll/pff(t) [/at(b—x)l/f’2d4 dt
= <p_1>p 1 /ab(b — 1) r R () {ﬁp (b= )/t — (p— 1)/ } dt
-G o |- =]

ey - () " 12020yt = %) " 1)yl

(a standardization of the notation was applied in the last step). Combining Equations (2.9),
(2.10), (2.11) and (2.12), we complete the proof of Theorem 2.3. O

3

In the context of Theorem 2.3, we can take
flait) = —=f(x),
where f : (a,b) — (0,400) is an integrable function and g : (a,b) — (0,4+00) is a function,

assuming that there exists a constant 7 > 0 such that (b+n — u)/g(u ) is non-decreasing.
Based on Equation (2.7), we have

1

A= s (0] = 1) s |-
IR PN
<10 g, [0+0 =015 | = 0000 T

Bounding z,(z) by 1, Theorem 2.3 implies that

o5 (525) [ ot
b p
p f(x)
< LA
. ( - 1) [ o+ )g<x>] e
P rb p
p f (w)]
<|— b+n—z)—=| dz.
<p—1> /a [( )g(w)
In particular, if n = 0, we get the following variant of the Levinson inequality:

/ab SP(z)da < (ﬁ)p/ab [(b—x)g((i))rdx.

To the best of our knowledge, Theorem 2.3 is new to the literature, with the same perspec-
tives of applications as Theorem 2.1.



18 C. CHESNEAU

2.4. Secondary results. Some bounds of z,(z) can be investigated in a similar way as in
Proposition 2.2, leading to original upper bounds, as developed in the proposition below.

Proposition 2.4. In the framework of Theorem 2.3, the upper bounds of the main upper
bound presented below are valid. For anyi =1, 2,3,4,5, 6 and 7, we have

b
/ ff(:z)zp(x)dx < Ej,

where Fy, Fs, B3, Ey, E5, Eg and Er are given by

b b T —a 1-1/p
E; ::/ f(@)dz, Es ::/ f () (b—a) dz,

rum [ [-(:25) " Jon s Um0 5) (25)]

= Ssu Plx —aip_l = b 2pl’ X —a 2(p_1)2
E5 T ze(al,)b)[fT( )](b )2p_17 E6 T /a fT ( )d \/(b )(2p_1)(3p_2)

By <1 _ ;) /ab #P () og <Z:Z> dz.

Proof. Let us establish the upper bounds E1, Fs, F3, E4, E5, Eg and F~7, in turns.

For Ej: Since 1 —1/p € (0,1), for any = € (a,b), we have [(b—z)/(b—a)]*""/P € (0,1),
implying that z,(z) <1, and

and

b b
[ @@ < [ e =5

For Es: Since 1 —1/p € (0,1), using the inequality 1 — ¥ < (1 —¢)” for any ¢ € (0,1)
and v € (0,1), witht = (b—2)/(b—a) and vy =1 —1/p, we get

bh— o 1-1/p bh— o 1-1/p T —a 1-1/p
() =1 (b—a) _<1 b—a) <b—a>

So we have

’ b r—a\l"P
[ p@s@s (e (5=2) a-

For Ej3: Using the inequality 1 — ¢t < exp(—t) for any ¢ € R, we have

=1- < — )
Zp(x) =1 (b—a) < exp <b—a>

We therefore have

/ab 1P (@) () < /ab 77 () exp [— (Z = z> 1_1/1 dz = B,
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For E,: Combining the techniques used for obtaining Fo and F3, we have

woma(122) " - k22)
e (2 -l (-G

We therefore have

/: 1P(@)zp()de < /: 1P () exp {— (1 - ;) (Z - Zﬂ dz = Ey.

For Ej5: Taking the supremum of ff (), we have directly

/ P@)zp(@)de < sup [f() /abzp<x>dw,

z€(a,b)

with
b b 1-1/p b b 1-1/p
b—=x b—=x
/azp(x)d:c—/a [1_<b—a> ]dx—/adx—/a <b—a> dx

— (b—a) <1—2pp_1> :(b—a)é;_ll.

Combining the above results gives the upper bound Fs.
For Eg: It follows from the Cauchy-Schwarz integral inequality that

/ab £ (@) zp(x)da < \//ab ffp(x)d:c\//ab 22(z)dx

/abz;(x)dx:/ab [1_ 1 1/11
TN )1 “pm/ (1=

=(b—a) [1—2102?14- P ]:(b—a)

with

(1-1/p)
> dzx

2(p—1)2
(2p—1)(3p—2)

Combining the above results gives the upper bound FEj.
For E7: Using the inequality log(¢) <t —1 for any t € (—1,00), so that 1 —¢ <
for any t € (—1,00), with t = [(b — z)/(b — a)]'~'/P, we get

o (12) < (1)
(L6

3p—2

19

—log(t)



20 C. CHESNEAU

We therefore have

/ab (@) zp(z)da < (1 - ;) /ab () log (Z‘j) dz = E.

This concludes the proof of Proposition 2.4. O

In some mathematical scenarios, some of these bounds may be preferable to others, de-
pending on the functional structure of the integral of interest.

3. Conclusion

In this article, we have revisited the Levinson integral inequality. Our main result is a
general theorem established by using a bivariate function and by rehabilitating a special weight
function in the integral of the upper bound. Several examples and new integral inequalities
are derived. Another theorem is proposed for a complementary type of primitive of the main
function. The results obtained are attractive in the sense that they offer great adaptability
and can be applied in various areas of applied mathematics.
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