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ON LANDSBERG AND MEAN LANDSBERG CURVATURES OF
TWO-DIMENSIONAL FINSLER MANIFOLDS
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ABSTRACT. In this paper, we study the Landsberg and mean Landsberg curvatures of two-
dimensional Finsler manifolds. First, we prove that a two-dimensional Finsler metric is a
generalized Landsberg metric if and only if it is a stretch metric. Then, we study Finsler
surfaces with isotropic main scalar and find the necessary and sufficient condition under
which these spaces has vanishing J-curvature.
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1. INTRODUCTION

The class of two-dimensional Finsler spaces has some extraordinary geometric properties
which shows these spaces have more attentions with respect to the spaces with higher dimen-
sions. As a first example, all of Finsler surfaces are C-reducible. Also, every two-dimensional
Finsler space is of scalar flag curvature, i.e., the flag curvature of any two-dimensional Finsler
space is independent of flag K = K(z,y). In [1], Berwald studied two-dimensional spaces and
obtained many interesting results for this class of Finsler spaces.

In order to study of two-dimensional Finsler spaces, one can consider their non-Riemannian
curvature properties. Among these non-Riemannian curvatures, Landsberg and mean Lands-
berg curvatures are deep geometric meaning. Let (M, F') be a Finsler manifold. The second
and third order derivatives of %Ff at y € T, My are inner products g, and symmetric trilinear
forms C, on T, M, respectively. We call g, and C, the fundamental form and the Cartan
torsion, respectively. The Cartan torsion is a non-Riemannian quantity in Finsler geometry
which was first introduced by Finsler and emphased by Cartan [17]. A Finsler metric reduces
to a Riemannian metric if and only if it has vanishing Cartan torsion. The Landsberg curva-
ture L measure the rate of changes of the Cartan torsion C along geodesics. A Finsler metric
with vanishing Landsberg curvature is called a Landsberg metric [6][?].

There are some weaker notions of Landsberg metrics, namely stretch metrics and gener-
alized Landsberg metrics. In 1924, at the annual meeting of the Mathematical Society of
Germany in Innsbruck, Berwald gave the definition of stretch curvature as a generalization
of Landsberg curvature [3]. He showed that a Finsler metric has vanishing stretch curvature
if and only if the length of a vector remains unchanged under the parallel displacement along
an infinitesimal parallelogram. In [2], Bajancu-Farran introduced another weaker notion of
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Landsberg metrics, namely generalized Landsberg metrics. This class of Finsler metrics con-
tains the class of Landsberg metrics as a special case. A Finaler metric F' is a generalized
Landsberg metric if the h-curvatures of the Berwald and Chern connections of F' coincide in
the sense of Bajancu-Farran.

In this paper, we study the stretch curvature of the class of Finsler surfaces and prove the
following result.

Theorem 1.1. Let (M, F') be a Finsler surface. Then F is a generalized Landsberg metric if
and only if it is a stretch metric.

In [1], Berwald decided to made a special frame for the class of two-dimensional Finsler
spaces, called by Berwald’s frame. The study of Berwald’s frame shows that a well-known
function appears such that distinguishes each metric from the other metrics, called by the
main scalar of the Finsler surface and denoted by Z = Z(z,y). Berwald characterized two-
dimensional Finsler metrics with isotropic main scalar Z = Z(z). Using this characterization,
he found the classification of projectively flat Finsler surfaces with isotropic main scalar [1]. In
[8], Matsumoto gave some geometrical meanings of the main scalar of Finsler surfaces. These
studies shows that the class of Finsler surfaces with isotropic main scalars has important
position in the class of two-dimensional Finsler metrics.

Taking a trace of Cartan torsion yields the mean Cartan torsion I,. In [5], Deicke proves
that a positive definite Finsler metric F' is Riemannian if and only if the mean Cartan torsion
vanishes. The mean Landsberg curvature J measure the rate of changes of the mean Cartan
torsion I along the geodesics in a general Finsler space. Indeed, J = VoI, where V denotes
the horizontal derivation along Finslerian geodesics. A Finsler metric F' is called weakly
Landsberg metric if it has vanishing mean Landsberg curvature J = 0. This non-Riemannian
curvature has been observed in many situations, including when working with the Gauss-
Bonnet theorem in the Finslerian setting. In [!], Bao and Shen proved that the volume
function is a constant for every weakly Landsberg metric. Let us define

which is a (0, 2)-type symmetric tensor and “,” denotes the vertical covariant derivatives with
respect to the Berwald connection. It is easy to show that J = 0 if and only J = 0. In
[18], Xia introduced an extension of mean Landsberg curvature. Let us denote by J the
horizontal covariant differentiation of J along Finslerian geodesics. More precisely, one can
define J = jijdxi ® d?, where

Jij = (Jij + Jji)jmy™

In this paper, we study the class of Finsler surfaces with isotropic main scalar. We find the
necessary and sufficient condition under which these spaces has vanishing J-curvature.

Theorem 1.2. Let (M, F) be a Finsler surface with isotropic main scalar T = Z(x). Then
J =0 if and only if the main scalar of F' satisfies following

(L) GEF = W) 2B L+ Bl + Fliy + 1) + 20F (T + Ls) =,

where p := =211 /T and p' := py°.
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2. PRELIMINARY

Let M be an n-dimensional C'*° manifold, TM = |J ., T M the tangent space and T'Mj :=
TM — {0} the slit tangent space of M. A Finsler structure on manifold M is a function
F : TM — [0,00) with the following properties: (i) F' is C*° on T'My; (ii) F' is positively
1-homogeneous on the fibers of tangent bundle TM, i.e., F(z, \y) = AF(z,y), VA > 0; (iii)
The quadratic form g, : T.M x T, M — R is positive-definite on T, M

2

10 9
g, (u,v) == 2 9e0t [F (y + su+ tv)} iy WVE T, M.

Then, the pair (M, F') is called a Finsler manifold.

Let x € M and F, := F|7,p. To measure the non-Euclidean feature of F, one can define
Cy:T.M x T, M x T, M — R by
1d
Cy(u,v,w) = oY {gy+tw(u, v)} ) BV e T, M.
The family C := {C, }yern, is called the Cartan torsion. It is well known that C = 0 if and

only if F'is Riemannian.
For y € T, My, define I, : T, M — R by

Ly(u) := Zgij(y)cy(uﬁu 95),
=1

where {0;} is a basis for T, M at € M. The family I := {I,}ycrn, is called the mean
Cartan torsion.

Given a Finsler manifold (M, F ), then a global vector field G is induced by F on T'Mo,
which in a standard coordinate (z*,y") for T'Mj is given by
9 9
G=y'— —2G"—
Y o oyt’
where G* = G(x,y) are local functions on TM given by
Gt .= lgzl{ 62[F2] yk . 6[F2]
© 47 Lozkoy! Ox!
G is called the associated spray to (M, F).

}, y € T, M.

Define By, : T, M x T,M x T,M — T, M by By (u,v,w) := B';,(y)uw/v*w'd/dz"|,, where
PGt

gkl "= DyioyFoy”

B is called the Berwald curvature and F is called a Berwald metric if B = 0.

i

For y € T;; M, define the Landsberg curvature L, : T, M x T, M x T, M — R by

1
Ly(u7 v, w) = _igy (By(ua v, w)7 y)

In local coordinates, Ly (u, v, w) := Ly (y)u'viw®, where

1
ka = _ilelZ]k
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L is called the Landsberg curvature and F' is called a Landsberg metric if L = 0. Also, F is
called of relatively isotropic Landsberg curvature if

Liji = cFCijy,

where ¢ = ¢(z) is a scalar function on M.

For y € T, M, define J,, : T, M — R by J,,(u) := J;(y)u’, where
Ji = g* Lijp.
The quantity J is called the mean Landsberg curvature. A Finsler metric I is called a weakly

Landsberg metric if J = 0. By definition, every Landsberg metric is a weakly Landsberg
metric.

Let (M, F) be an n-dimensional Finsler manifold. Let {e;} be a local frame for 7*T'M,
{w!, W} be the corresponding local coframe for T*(T'My) and {w;} be the set of local
Berwald connection forms with respect to {e;}. In local coordinate system, the Berwald
connection determined by following

dw' = wl A wj-,
dgij — gksz]‘C - gikf«d;'c = _2Lijkwk + 2Cl-jkw”+k,
where w' := da’ and w"t* ;= dy* + ijkj, Thus

Gijlk = —2Lijk,  Gijk = 2Cijk-

For a tensor T = T} ,w' @ -+ @ w*, we have T . = aaT;',;;’“. For a non-zero vector
y € T, M, the tensor T induces a multi-linear form T (u,- -+ ,w) := Tj..x(z,y)u’ - wk on

T,M. Let o(t) denote the geodesic with ¢(0) = y. We have

d

o (U@ W®)] = Tomo0), 6 @)™ OU @) - WE ),

where U(t) = U (£)0/02" |51, - -+ , W(t) = W¥(t)0/02F |, 1) are linearly parallel vector fields
along o.

By the above mentioned explanations, one can find that the Landsberg curvature can be
expressed as follows

Lijk = Cijrimy™
3. PROOF OF THEOREM 1.1

Let (V,F) be a Minkowskian plane. For any non-zero vector v € V', there is a non-zero
vector w € V such that is orthogonal to v with respect to the fundamental tensor g raised
by Minkowski functional F. The Berwald frame was founded by Berwald to study of two-
dimensional Finsler spaces [1]. It works under the assumption that the fundamental tensor is
positive-definite.

For a two-dimensional Finsler manifold (M, F') and every y € T, M, x € M, there is a
vector y+ € T, My such that

gly,y") =0, gly'y")=F(y)
The pair {y,y*} is called the Berwald frame at y.
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Based on the Berwald frame, the Cartan torsion can be determined by a scalar function
on slit tangent bundle. Let us define
_ CGyhyhyh) 1
I(y) : Fy) Z(y™).
One can see that Z(\y) = Z(y) holds for VA > 0 and Vy € T, My. We call Z the main scalar
of Finsler metric F.

In some of literature of Finsler geometry, the special notation (¢,m) was used instead of
{y,y*}. Then, for a scalar T' = T'(x,y), we define the horizontal scalar derivatives (T}, Tj2)
and vertical scalar derivatives (171,72) as follows

Ty =Tl + Tigmi, FT,;:=T1l; +Tom,

where 5 5 5 o
T, aT T G
= G T =R, =
ox' ¢ Loy’ ’ oyt & oyl

denote the horizontal and vertical derivations with respect to the Berwald connection of F'.

7 :

In order to prove Theorem 1.1, we need to know the special form of Berwald curvature of
Finsler surface. We remark that the following identity holds

(3.1) B, = gip{cij”k + Ciklj — Cjpi + Lz‘jk,l}'

See (10.19) at page 145 in [13].
On the other hand, the Cartan torsion of a Finsler surface (M, F') has no components in
the direction ¢, i.e., Cj;1y" = 0. Then it can be written in the Berwald frame (¢, m) as follows

(3.2) FCijk = Imimjmk.

Proof of Theorem 1.1: By definition of a generalized Landsberg metric, we have
Ly = L + L' L7y — L' L, = 0,
where “|” denotes the horizontal derivation with respect to the Berwald connection of F. Fix
k and [ and put
Qij = Lijur — Lijry + Lisk Ly — Lis L’ ..
One can write
Qij == QF; + Q5
where . .
Qij =5 [Qij + sz'], and Qj; = 5 [Qij - jS]-
It is easy to see that );; = 0 if and only if @j; = 0 and Qf; = 0. On the other hand, we have
Qji = Ljiy — Lyjigp + Ljsk L%y — L ja L’
= Lijiyr — Lijep + L Lsit — L%y Lsik.-
Hence
Q5 = Lijur — Lijr)s
and consequently
ij = Liskszl - Lilesjk-
Thus
Q" =Q =0,
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which is equal to

(3.3) LiskL*j — Lig L3, = 0,

(3.4) Lijir — Lijep = 0.

On the other hand, we have

(3.5) FCijr = Imimjmy,

Taking a horizontal derivation of (3.5) implies that

(3.6) FCijps = (I‘lﬁs + I|2ms)mz-mjmk.

Contracting (3.6) with y® yields

(3.7) Liji. = Zymimjmy.

We have

(3.8) Lisk L5 — Lig L* jj, = (Zp)*mamsmpm®mymy — () *mimgmym®mjmy, = 0.

(3.8) shows that the relation (3.3) trivially holds for two dimensional Finsler manifold. [

4. PROOF OF THEOREM 1.2

In this section, we are going to prove Theorem 1.2. First, we remark that by putting (3.6)
and (3.7) in (3.1), we get

(4.1) FBijkl = { — ZI‘lﬁi + (I|172 —l—I\Q)mi}mjmkml.

Let us put Z3 :=Zj; 9 + Zj3. Thus the Berwald curvature of Finsler surfaces is given by
. 1 A ,

(4.2) By = ya (Izm’ - 2I|1€Z)mjmkml.

By (3.2) and (4.2), we have

< 27, - I
(4'3) szkl = _7Cjkl£Z + 37F
where h = h;jdz'dz? denotes the angular metric. Then for a Finsler surface, the Berwald
curvature can be written as follows

(4.4) Bijkl = quklfi + )\(hé‘hkl + hzhjl + h%hjk),

{Rgihi + hiahd + bl }.

where
2 1
o= _fIH’ A= gIQ

Contracting (4.4) with y; implies that
1
(4.5) Lijr + §MFCjkz =0.

Taking a trace of (4.5) implies that

1
(4.6) Ji = =5 uFI;.
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Proof of Theorem 1.2: By assumption, F' has isotropic main scalar Z = Z(z). Thus, we

get
2
= ——17, .
v Z(z) |1(9U)
which shows that
1= p(z).

In this case, by taking a vertical derivation of (4.6), we obtain
1
(4.7) Ji,j = _§M<F‘jli + FIi,j) .
By (4.7), we get
1 1
(4.8) Ji,j + Jj}i = —ilu(Fin + Fifj) — §MF (Im‘ + Ffjﬂ;).

Taking a horizontal derivation of (4.8) along Finslerian geodesic yields

1 1 1
(i + 7i:) Y= (F51i+ BiLy) = Su(F3di+ Fudy) = 50F (1o + L)
1

(4.9) _qu(Ii,ﬂs + Ij,i|s) (T
where p' := pzsy®. The following Ricci identity holds
(4.10) Li jis = Lijsj + 1 B" 5.
Multiplying (4.10) with y* implies that
(411) IZ‘J‘syS = Ii‘s,jys'
Also, the following holds
(4.12) Jig = Lysy°) 5 = Lijs j¥° + Ly,
which gives us

Comparing (4.11) and (4.13) yields
(4.14) L jisy® = Jiyg — Ly
Putting (4.7) in (4.14) implies
1

By putting (4.6), (4.15) in (4.9), one can obtain

1 1

<Jz‘,j + Jz) Y=s (MQF - M') (Fjli + Filj) + ZF(MQF - 2#’) (Im‘ + fj,z‘)
1

By (4.16) and the assumption, we get (1.1). O



1]

[10]

[11]
[12]

[13]
[14]

[15]
[16]
[17]

[18]

AKBAR TAYEBI

REFERENCES

D. Bao and Z. Shen, On the volume of unit tangent spheres in a Finsler space, Results in Math. 26(1994),
1-17.

A. Bejancu and H. Farran, Generalized Landsberg manifolds of scalar curvature, Bull. Korean. Math. Soc.
37(2000), No 3, 543-550.

L. Berwald, Uber Paralleliibertragung in Riéumen mit allgemeiner Massbestimmung, Jber. Deutsch. Math.-
Verein, 34(1925), 213-220.

L. Berwald, On Finsler and Cartan geometries III, Two-dimensional Finsler spaces with rectilinear ex-
tremals, Ann. of Math. 42(1941), 84-112.

A. Deicke, Uber die Finsler-Raume mit A; = 0, Arch. Math. 4(1953), 45-51.

F. Hashemi, Direction independence of the mean Landsberg tensor, J. Finsler Geom. Appl. 5(1) (2024),
88-96.

J. Majidi and A. Haji-Badali, Two classes of weakly Landsberg Finsler metrics, J. Finsler Geom. Appl.
4(2) (2023), 92-102.

M. Matsumoto, Theory of curves in tangent planes of two-dimensional Finsler spaces, Tensor, N.S.,
37(1982), 35-42.

M. Matsumoto, The main scalar of two-dimensional Finsler spaces with special metric, J. Math. Kyoto
Univ. 32(4) (1992), 889-898.

M. Matsumoto, Geodesics of two-dimensional Finsler spaces, Math. Computer. Model. 20(45) (1994),
1-23.

B. Najafi and A. Tayebi, A rigidity result on Finsler surfaces, Balk. J. Geom. Appl. 23(2018), 34-40.

Z. Shen, Two-dimensional Finsler metrics with constant flag curvature, Manuscripta. Math. 109(3) (2002),
349-366.

Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic Publishers, 2001.

Z. 1. Szabd, Positive definite Berwald spaces. Structure theorems on Berwald spaces, Tensor (N.S.),
35(1981), 25-39.

A. Tayebi, On the class of generalized Landsbeg manifolds, Periodica Math Hungarica, 72(2016), 29-36.
A. Tayebi and B. Najafi, On homogeneous Landsberg surfaces, J. Geom. Phys. 168(2021), 104314.

A. Tayebi and H. Sadeghi, On Cartan torsion of Finsler metrics, Publ. Math. Debrecen, 82(2) (2013),
461-471.

Q. Xia, Some results on the non-Riemannian quantity H of a Finsler metric, Int. J. Math. 22(7) (2011),
925-936.

(Akbar Tayebi) DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY OF QOM, QOM. IRAN
Email address: akbar.tayebi@gmail.com



	1. Introduction
	2. Preliminary
	3. Proof of Theorem 1.1
	4. Proof of Theorem 1.2
	References

