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Abstract. In this article the Caputo time- and Riesz space-fractional Fokker-Planck equa-
tion (TSFFPE) is solved by the stable Gaussian radial basis function (RBF) method. By a
spatial discretization and using the Riesz fractional derivative of the stable Gaussian radial
basis function interpolants computed in [23], the computations of TSFFPE reduced to a sys-
tem of fractional ODEs. A high order finite difference method is presented for this system
of ODEs, and the computations are converted to a system of linear or nonlinear algebraic
equations, in each time step. In the nonlinear case, these systems can be easily solved by
the Newton iterative method. Numerical illustrations are performed to confirm the accuracy
and efficiency of the presented method. Some comparisons are made with the results in other
literature .
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1. Introduction and Background
The Fokker-Planck equation

∂u(x, t)

∂t
=

[
∂

∂x

V ′(x)

mη1
+ κ1

∂2

∂x2

]
u(x, t),(1.1)

was introduced to describe the Brownian motion of an article in the presence of an external
force field F (x) = −V ′(x) [21]. In (1) u(x, t) is the probability density function of finding
the particle at position x and at the given time t, m is the mass of particle, κ1 denotes the
markovian diffusion constant, and η1 denotes the friction coefficient which is a measure for
interaction of the particle with its medium. The mean square displacement for markovian
diffusion process is as < r2(t) >= 2κ1t. For highly non-homogeneous mediums, the diffusion
process is not markovian and is named anomalous diffusion. In fact for anomalous process
< r2(t) >= 2κα

Γ(1+α) t
α, α ̸= 1, in which κα denotes the anomalous diffusion coefficient, and α

is the anomalous diffusion exponent and ranges from 0 to 1 for subdiffusion and more than
1 for super diffusion. It is observed that the fractional Fokker-Planck equations (FFPEs)
are adequate to model the particle transport in anomalous diffusion [14]. In [14, 27] the
authors showed that the time-fractional Fokker-Planck equation (TFFPE) depicts traps, the
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space-fractional Fokker-Planck equation (SFFPE) describes the Lévy flights, and TSFFPE
characterize the competition between traps and Lévy flights.
In this article, we consider TSFFPE with a source term as [26]

cDα
t u(x, t) =

[
∂

∂x

V ′(x)

mηα
+ κγα

∂γ

∂|x|γ

]
u(x, t) + s

(
x, t, u(x, t)

)
, a ≤ x ≤ b,(1.2)

with the initial condition
u(x, 0) = g(x), a ≤ x ≤ b,(1.3)

and boundary conditions
u(a, t) = h1(t), 0 < t ≤ T,(1.4)
u(b, t) = h2(t), 0 < t ≤ T,(1.5)

where f(x) =
V ′(x)

mηα
is known as the drift coefficient and κγα denotes the anomalous diffusion

coefficient. cDα
t is the Caputo fractional derivative of order α ∈ (0, 1) which is defined by

(1.6) cDα
t u(x, t) =

1

Γ(1− α)

∫ t

0
(t− ζ)−α ∂u(x, ζ)

∂ζ
dζ.

Moreover, ∂γ

∂|x|γ
is the Riesz derivative of order γ ∈ (1, 2) and is defined as

∂γu(x, t)

∂|x|γ
= −cγ

[
aD

γ
xu(x, t) + xD

γ
bu(x, t)

]
,(1.7)

where cγ =
1

2 cos(πγ2 )
. Also,

(1.8) aD
γ
xu(x, t) =

1

Γ(2− γ)

d2

dx2

∫ x

a
(x− ζ)1−γu(ζ, t)dζ, x > a,

and

(1.9) xD
γ
bu(x, t) =

1

Γ(2− γ)

d2

dx2

∫ b

x
(ζ − x)1−γu(ζ, t)dζ, x < b,

are the left- and right-sided Riemann-Liouville fractional derivatives, respectively. Clearly,
these fractional derivatives are linear operators.

Lemma 1.1. For the Riemann-Liouville fractional derivatives we have [17]

aD
γ
x1 =

1

Γ(1− γ)
(x− a)−γ ,(1.10)

xD
γ
b 1 =

1

Γ(1− γ)
(b− x)−γ .(1.11)

Theorem 1.2. The Riemann-Liouville fractional derivatives of the power functions satisfy
[17]

aD
γ
x (x− a)p =

Γ(p+ 1)

Γ(p+ 1− γ)
(x− a)p−γ ,(1.12)

xD
γ
b (b− x)p =

Γ(p+ 1)

Γ(p+ 1− γ)
(b− x)p−γ ,(1.13)
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where n− 1 < γ < n, p > −1 and p ∈ R.

There is not any method for finding the exact solution of FFPEs except for special cases
[1, 11]. That’s why several analytical and numerical methods for solving the FFPEs have
been proposed in some literature. In [9], an analytic solution for the linear and nonlinear
TSFFPEs was derived by the homotopy perturbation method. In [29], the authors presented
an analytic solutions for a type of SFFPE. A numerical solution of TFFPEs was gained by
a spectral collocation method in [25]. Xie et al. [24] applied the Chebyshev wavelets for
solving TSFFPEs with variable coefficients. In [26] a finite difference scheme, and in [7] a
finite elements method for solving the Caputo time- and Riesz space-FFPE were introduced.
For more study, e.g., see [6, 15, 20, 22, 28].
There are only a few methods for solving nonlinear space- and time-fractional PDEs. On
the other hand, it is common to use the finite difference and finite elements methods in
order to discretizing the fractional derivatives. But, the fractional derivatives are non-local
differential operators, thus the non-local methods such as the radial basis functions (RBFs)
method are more efficient for discretizing them. Moreover, the RBFs methods are usually more
accurate than those methods, because the interpolating of smooth data using global, infinitely
differentiable RBFs has a spectral accuracy [2, 4, 12, 13]. Also unlike those methods, the RBFs
methods are efficient for problems with irregular domain, because no mesh generation is need
in RBFs methods [16]. However, only a few RBFs methods have been presented to solve
fractional PDEs. For these reasons, we were motivated to propose a RBF method to solve
TSFFPE.
The RBFs may be applied to interpolate a function f(x) at the distinct points x1,x2, . . . ,xM

as

(1.14) f(x) ≈
M∑
i=1

λiϕi(x), x ∈ Rd,

in which ϕi(x) = ϕ(∥x − xi∥2) is radial basis function, λi’s are scalars to be determined in
such a way that Eq. (14) is satisfied as equality for xj ’s, and d is the dimension of problem.
Thus a linear system of algebraic equations is obtained as

AΛ = b,

in which Λ = (λ1, λ2, ..., λM )T is an unknown vector to be determined,

b = [f(x1), f(x2), ..., f(xM )]T

is the right-hand side vector, and the RBF interpolation matrix is given by

A = [Φij ] = [ϕ(∥xi − xj∥2)]1≤i,j≤M .

The coefficients matrix, A, has usually a very large condition number i.e. A is very ill-
conditioned. This is a major problem in RBF interpolation.
In this study, we use the Gaussian basis functions

ϕ(r) = e−εr2 ,(1.15)

where, ε is called shape parameter that controls the flatness of the function. As the shape
parameter becomes smaller, a better accuracy is obtained. But the smaller shape parameter
causes the condition number of the interpolation matrix rapidly increase. To solve this issue,
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Fasshauer et al. proposed a stable method to compute and evaluate the Gaussian RBF inter-
polants [10]. Their method was based on Mercer’s theorem and the eigenfunction expansion
of the Gaussian RBF. They showed that the eigenfunctions of the Gaussian RBF can be
written in terms of Hermite polynomials. Laterally, the authors in [18] showed that these
eigenfunctions can be rewritten in terms of the shifted Chebyshev polynomials, and this can
computationally improve the RBF interpolation.
In this work, we apply the Gaussian RBF interpolant with the Chebyshev polynomials type
eigenfunctions, for TSFFPE (1). Since the spatial derivative is of the fractional type, so for
our development we apply the left- and right-sided Riemann-Liouville fractional derivatives of
the eigenfunctions of the Gaussian RBF computed in [23]. Then, by a spatial discretization,
we reduce the problem to a system of fractional ODEs. To solve this system of ODEs, we
propose a high order finite difference scheme. If the source term, s(x, t, u), in (1), is a linear
(nonlinear) function of u, these ODEs are linear (nonlinear), and our finite difference scheme
leads to a linear (nonlinear) system of algebraic equations, in each time step.

Other sections of the paper are as follows: In section 2, Chebyshev polynomials and stable
Gaussian RBF interpolation are expressed and, the left- and right-sided Riemann-Liouville
derivatives of the eigenfunction expansions based on Chebyshev polynomials are presented.
In section 3, we describe our method for solving Eq. (1.2). Several numerical examples are
provided in section 4 to certify the efficiency and accuracy of the new method.

2. Preliminaries
2.1. Chebyshev polynomials. The Chebyshev polynomial of degree n for n = 0, n = 1
and n ≥ 2, is as follows: T0(x) = 1, T1(x) = x and

Tn+1(x) = 2xTn(x)− Tn−1(x), n = 1, 2, . . .

where x ∈ [−1, 1]. For n = 1, 2, . . ., the function Tn(x) has n+ 1 extrema points as

xj = cos
π(j − 1)

n
, j = 1, 2, . . . , n+ 1.

2.2. Stable Gaussian RBF interpolation. The Gaussian RBF as a positive definite kernel
can be expanded in terms of positive eigenvalues λn and normalized eigenfunctions ϕn as
[10, 18]

e−ε(x−z)2 =
∞∑
n=1

λnϕn(x)ϕn(z),(2.1)

in which the functions
ϕn(x) =

√
βe−δ2x2

H̃n−1(σβx), n = 1, 2, · · ·(2.2)

are the orthogonal functions with respect to the weight function w(x) = σ√
π
e−σ2x2 , σ > 0,

and H̃n(x) are normalized Hermite polynomials. Moreover,

β =
(
1 +

4ε2

σ2

) 1
4
, δ2 =

σ2

2
(β2 − 1),

and

λn =

√
σ2

σ2 + ε2 + δ2
( ε2

σ2 + ε2 + δ2
)n−1

.
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The Gaussian RBF interpolant of f(x) at x1, x2, · · · , xM is as

sf (x) =

M∑
j=1

cje
−ε(x−xj)

2
,(2.3)

where cj ’s are scalars to be determined in such a way that the interpolation conditions
sf (xi) = f(xi), i = 1, . . . ,M are satisfied.
In practice by choosing M terms of the series in (2.1), we approximate e−ε(x−z)2 , and conse-
quently we can rewrite (2.3) as

sf (x) =
M∑
j=1

cj

M∑
n=1

λnϕn(x)ϕn(xj).(2.4)

In [5, 18] the authors showed that sf (x) can be written independent of coefficients cj and
eigenvalues λn as

sf (x) = V T
ϕ (x) Φ−T

X f,(2.5)

where V T
ϕ (x) = [ϕ1(x), ..., ϕM (x)], f = [f(x1), ..., f(xM )]T , and

ΦX =

 ϕ1(x1) . . . ϕ1(xM )
...

...
ϕM (x1) . . . ϕM (xM )

 .(2.6)

The Hermite polynomials can grow dramatically and it can lead to instability in our compu-
tations. For this reason the authors of [19] rebuilt the eigenfunctions as

ϕn(x) =
√

βe−δ2x2
T̂n−1(x), n = 1, . . . ,M,(2.7)

in which T̂n−1’s are the shifted Chebyshev polynomials on the interval [0, 1] that are given by

T̂n(x) =


1√
M

, n = 0,√
2

M
Tn(2x− 1), n ≥ 1.

The shifted Chebyshev polynomial of degree n can be presented by the analytical form [8]

T̂n(x) =


1√
M

, n = 0,√
2

M
n

n∑
i=0

(−1)n−i 2
2i(n+ i− 1)!

(2i)!(n− i)!
xi, n ≥ 1.

(2.8)

In our development we apply the Gaussian RBF interpolant (2.5) with the eigenfunctions
(2.7).

The left- and right-sided Riemann-Liouville fractional derivative of ϕn(x), n = 1, 2, · · · are
as follows [23]

aD
γ
xϕ1(x) =

√
β

M

∞∑
k=0

(−δ2)k

k!

2k∑
j=0

(
2k

j

)
a2k−j Γ(j + 1)

Γ(j + 1− γ)
(x− a)j−γ ,(2.9)
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xD
γ
bϕ1(x) =

√
β

M

∞∑
k=0

(−δ2)k

k!

2k∑
j=0

(
2k

j

)
b2k−j(−1)j

Γ(j + 1)

Γ(j + 1− γ)
(b− x)j−γ ,(2.10)

and for n ≥ 2,

aD
γ
xϕn(x) =

√
2β

M

∞∑
k=0

(−δ2)k

k!
(n− 1)

n−1∑
i=0

(−1)n−i−1 22i(n+ i− 2)!

(2i)!(n− i− 1)!

i+2k∑
j=0

(
i+ 2k

j

)
ai+2k−j Γ(j + 1)

Γ(j + 1− γ)
(x− a)j−γ ,(2.11)

and

xD
γ
bϕn(x) =

√
2β

M

∞∑
k=0

(−δ2)k

k!
(n− 1)

n−1∑
i=0

(−1)n−i−1 22i(n+ i− 2)!

(2i)!(n− i− 1)!

i+2k∑
j=0

(
i+ 2k

j

)
bi+2k−j(−1)j

Γ(j + 1)

Γ(j + 1− γ)
(b− x)j−γ .(2.12)

3. Solution of TSFFPE
Here, we present a method to solve Eq. (1.2). For this purpose, we substitute (1.7) in (1.2)

and rewrite it as follows:

cDα
t u(x, t) = f ′(x)u(x, t) + f(x)

∂u(x, t)

∂x
− κγαcγ

[
aD

γ
xu(x, t) + xD

γ
bu(x, t)

]
+ s

(
x, t, u(x, t)

)
,

(3.1)

in which, f ′(x) is the first order derivative of f(x).
Now, we consider the distinct points x1, x2, . . . , xM where x1 = a and xM = b are boundary
points, and we discretize Eq. (3.1) in the interior points x2, . . . , xM−1 as

cDα
t ui(t) = f ′(xi)ui(t) + f(xi)

∂u(x, t)

∂x
|x=xi − κγαcγ

[
aD

γ
xu(x, t)

+ xD
γ
bu(x, t)

]
x=xi

+ s
(
xi, t, ui(t)

)
,(3.2)

in which ui(t) = u(xi, t).
Using Eq. (2.5), we write

u(x, t) ≈ V T
ϕ (x) Φ−T

X U(t),(3.3)

where U(t) =
[
u1(t), . . . , uM (t)

]T
.

Replacing Eq. (3.3) in (3.2), gives

cDα
t ui(t) = f ′(xi)ui(t) + f(xi)V

′
ϕ
T
(xi) Φ

−T
X U(t)− κγαcγ

[
aD

γ
xV

T
ϕ (xi) + xD

γ
bV

T
ϕ (xi)

]
Φ−T
X U(t)

+ s
(
xi, t, ui(t)

)
, i = 2, . . . ,M − 1(3.4)
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in which the vectors

aD
γ
xV

T
ϕ (xi) =

[
aD

γ
xϕ1(xi), ..., aD

γ
xϕM (xi)

]
,

and

xD
γ
bV

T
ϕ (xi) =

[
xD

γ
bϕ1(xi), ..., xD

γ
bϕM (xi)

]
,

are obtained by (2.9), (2.10), (2.11) and (2.12).
Eq. (3.4) gives a system of fractional ODEs in unknowns u2(t), . . . , uM−1(t). We obtain the
structure of this system as follows: We decompose U(t) to two vectors UB(t) and UI(t) that
are the boundrary and interior entries, respectively. We set

Ψ̃T
X =

 f(x2)V
′
ϕ
T (x2)

...
f(xM−1)V

′
ϕ
T (xM−1)

 , aΨ̃
T
X =

 aD
γ
xV T

ϕ (x2)
...

aD
γ
xV T

ϕ (xM−1)

 , bΨ̃
T
X =

 xD
γ
bV

T
ϕ (x2)
...

xD
γ
bV

T
ϕ (xM−1)

 ,

Ȧ = [ȧij ] = Ψ̃T
X Φ−T

X , ¯̄A = [¯̄aij ] = aΨ̃
T
X Φ−T

X and Ā = [āij ] = bΨ̃
T
X Φ−T

X . So, we have

Ψ̃T
X Φ−T

X U(t) =


ȧ1,1 ȧ1,M
ȧ2,1 ȧ2,M

...
...

ȧM−2,1 ȧM−2,M


︸ ︷︷ ︸

=ȦB

[
u1(t)
uM (t)

]
︸ ︷︷ ︸

=UB(t)

+


ȧ1,2 . . . ȧ1,M−1

ȧ2,2 . . . ȧ2,M−1
... . . .

...
ȧM−2,2 . . . ȧM−2,M−1


︸ ︷︷ ︸

=ȦI

 u2(t)
...

uM−1(t)


︸ ︷︷ ︸

=UI(t)

,

where UB(t) is given by boundary conditions (4) and (5), and UI(t) is unknown.
Similarly, aΨ̃

T
X Φ−T

X U(t) = ¯̄AIUI(t) +
¯̄ABUB(t) and bΨ̃

T
X Φ−T

X U(t) = ĀIUI(t) + ĀBUB(t) are
gained.

Replacing the obtained relations in (3.4), we get

cDα
t UI(t) +

[
κγαcγ(

¯̄AI + ĀI)− ȦI − F ′
]
UI(t) +

[
κγαcγ(

¯̄AB + ĀB)− ȦB

]
UB(t)− S(t, UI(t)) = 0,

(3.5)

in which F ′ is a diagonal matrix as

F ′ = diag
(
f ′(x2), . . . , f

′(xM−1)
)
,

and

S(t, UI(t)) =
[
s(x2, t, u2(t)), . . . , s(xM−1, t, uM−1(t))

]T
.
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To solve the fractional system (3.5), we discretize it in the time direction as

cDα
t UI(t

n) +
[
κγαcγ(

¯̄AI + ĀI)− ȦI − F ′
]
UI(t

n)+[
κγαcγ(

¯̄AB + ĀB)− ȦB

]
UB(t

n)− S
(
tn, UI(t

n)
)
= 0,(3.6)

where tn = nτ for n = 0, 1, . . . , N , and τ is time step size. Now, we approximate cDα
t UI(t

n)
for n = 1, n = 2 and n ≥ 3 by the method presented in [3] as

cDα
t UI(t

1) = µa0

(
UI(t

1)− UI(t
0)
)
+O(τ2−α),

(3.7)

cDα
t UI(t

2) = µ

[
(b0 − a1)UI(t

0) + (a1 − a0 − 2b0)UI(t
1) + (a0 + b0)UI(t

2)

]
+O(τ3−α),

(3.8)

cDα
t UI(t

n) = µ

[
(bn−2 − an−1)UI(t

0) + (an−1 − an−2 − 2bn−2)UI(t
1) + (an−2 + bn−2)UI(t

2)

+
n−1∑
k=3

(
w1,n−kUI(t

k) + w2,n−kUI(t
k−1) + w3,n−kUI(t

k−2) + w4,n−kUI(t
k−3)

)

+ w1,0UI(t
n) + w2,0UI(t

n−1) + w3,0UI(t
n−2) + w4,0UI(t

n−3)

]
+O(τ4−α), n ≥ 3

(3.9)

in which

µ =
τ−α

Γ(2− α)
,

aj = (j + 1)1−α − j1−α,

bj =
(j + 1)2−α − j2−α

2− α
− (j + 1)1−α + j1−α

2
,

w1,j =
1

6

[
2(j + 1)1−α − 11j1−α

]
+

1

2− α

[
(j + 1)2−α − 2j2−α

]
+

1

(2− α)(3− α)

[
(j + 1)3−α − j3−α

]
,

w2,j =
1

2

[
(j + 1)1−α + 6j1−α

]
− 1

2− α

[
2(j + 1)2−α − 5j2−α

]
− 3

(2− α)(3− α)

[
(j + 1)3−α − j3−α

]
,

w3,j =− 1

2

[
2(j + 1)1−α + 3j1−α

]
+

1

2− α

[
(j + 1)2−α − 4j2−α

]
+

3

(2− α)(3− α)

[
(j + 1)3−α − j3−α

]
,
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and

w4,j =
1

6

[
(j + 1)1−α + 2j1−α

]
+

1

2− α
j2−α − 1

(2− α)(3− α)
×[

(j + 1)3−α − j3−α
]
.

By replacing (3.7)-(3.9) one by one in (3.6), the following finite differences equations are
achieved, respectively

1AIUI(t
1)−ABUB(t

1)− S
(
t1, UI(t

1)
)
− µUI(t

0) = 0,

(3.10)

2AIUI(t
2)−ABUB(t

2)− S
(
t2, UI(t

2)
)
+ µ

[
(b0 − a1)UI(t

0) + (a1 − a0 − 2b0)UI(t
1)
]
= 0,

(3.11)

and

3AIUI(t
n)−ABUB(t

n)− S
(
tn, UI(t

n)
)
+ µ

[
(bn−2 − an−1)UI(t

0) + (an−1 − an−2 − 2bn−2)UI(t
1)

+ (an−2 + bn−2)UI(t
2) +

n−1∑
k=3

(
w1,n−kUI(t

k) + w2,n−kUI(t
k−1) + w3,n−kUI(t

k−2) + w4,n−kUI(t
k−3)

)

+ w2,0UI(t
n−1) + w3,0UI(t

n−2) + w4,0UI(t
n−3)

]
= 0,

(3.12)

in which

1AI =
(
µI − F ′)− ȦI + κγαcγ(

¯̄AI + ĀI),

2AI =
(
µ(a0 + b0)I − F ′

)
− ȦI + κγαcγ(

¯̄AI + ĀI),

3AI =
(
µw1,0I − F ′)− ȦI + κγαcγ(

¯̄AI + ĀI),

and

AB = ȦB − κγαcγ(
¯̄AB + ĀB).

Clearly, Eqs. (43), (44) and (45) are linear (nonlinear) systems, when in Eq. (1), s(x, t, u) is
a linear (nonlinear) function of u. For linear case, the obtained linear systems have identical
coefficients matrices for n ≥ 2. So, the decomposition methods seem to be suitable for solving
them. But, we found that the ”LU” decomposition methods were inefficient for these. So, we
solved them using ”QR” decomposition method as a stable method. In nonlinear case, the
resulted nonlinear systems are solved by utilizing the Newton iterative method as follows:

In nth time step for n = 1, 2, . . . , N , the unknown vector UI(t
n) is given by

Uk+1
I (tn) = Uk

I (t
n)−

(
Jn

(
Uk
I (t

n)
))−1

F̃n

(
Uk
I (t

n)
)
, k = 0, 1, 2, ...,(3.13)

with a suitable initial guess U0
I(t

n). In Eq. (3.13), F̃n is a function of UI(t
n) which is denoted

by the left sides of the Eqs. (3.10), (3.11) and (3.12), and Jn(X) is the Jacobian matrix of
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F̃n(X). Also, UB(t
n) is calculated by the boundary conditions (1.4) and (1.5). Then, the vec-

tor U(tn) =
[
u1(t

n), u2(t
n), . . . , uM (tn)

]T
is formed by adding UB(t

n) =
[
u1(t

n), uM (tn)
]T

to

UI(t
n) =

[
u2(t

n), . . . , uM−1(t
n)
]T

. Finally, by substituting U(tn) in Eq. (3.3), the unknown
function U(x, tn) is achieved.

4. Numerical illustrations
Here, we illustrate three numerical examples by the mentioned method. We put a positive

integer ”N ” instead of ”∞” in equations (2.9)- (2.12). In all examples, N = 15 is considered.
Also, we utilize the extrema points of T̂M−1(x) as discretization points that are given as

xj = −1

2
cos

π(j − 1)

M − 1
+

1

2
, j = 1, 2, . . . ,M.

The numerical experiments is implemented in Maple 16 and SageMath 8.8 software on a
PC with an Intel(R) Core(TM) i5-4210U CPU, a 64-bit Windows 8.1 operating system, and
6 GB internal memory. The stop condition of the Newton method is considered as

∥Xk+1 −Xk∥∞
∥Xk+1∥∞

< 10−5.

The errors are computed at t = 1 by the formulas

E∞ =
∥∥∥uexact(x, 1)− uapprox(x, 1)

∥∥∥
∞

= max
1≤i≤M

∣∣∣uexact(xi, 1)− uapprox(xi, 1)
∣∣∣,

E2 =

[ M∑
i=1

(
uexact(xi, 1)− uapprox(xi, 1)

)2
] 1

2

,

RMSE =

[
1

M

M∑
i=1

(
uexact(xi, 1)− uapprox(xi, 1)

)2
] 1

2

.

We calculate the errors with M = 101 uniform points.
Moreover, the following formula is used to compute the experimental convergence order (C−
Order) of the new method

C −Order = log2

(
ℓ(∆x, 2τ)

ℓ(∆x, τ)

)
,

where ℓ can be E∞, E2 and RMSE errors.

4.1. Illustration 1. Consider the nonlinear TSFFPE:
∂αu(x, t)

∂tα
=

[
− ∂

∂x
+ 2

∂γ

∂|x|γ

]
u(x, t) + s(x, t, u), 0 ≤ x ≤ 1,

where

s(x, t, u) = u3(x, t) +
Γ(6)

Γ(6− α)
t5−αx2(1− x)2 + 2(1 + t5)(x− 3x2 + 2x3)

+
2(1 + t5)

cos(πγ2 )

[
x2−γ

Γ(3− γ)
− 6x3−γ

Γ(4− γ)
+

12x4−γ

Γ(5− γ)
+

(1− x)2−γ

Γ(3− γ)
− 6 (1− x)3−γ

Γ(4− γ)
+

12 (1− x)4−γ

Γ(5− γ)

]
,
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with the initial and boundary conditions,
u(x, 0) = x2(1− x)2, 0 ≤ x ≤ 1,

u(0, t) = 0, t ≥ 0,

u(1, t) = 0, t ≥ 0.

The exact solution is u(x, t) = (1 + t5)x2(1− x)2.
In Table 1, the errors obtained by our technique for τ = 0.0125, γ = 1.4, M = 13, ε = 0.4,
σ = 3, t = 1 and various values of α are listed. In this case, κ∞(ϕ−T

X ) = 19.094 and so our
interpolation is well-condition. In Table 2, we show the E∞, E2 and RMSE errors of our
numerical findings for various values of γ. In this case, the condition number is 22.099. The
E∞ errors and C−Orders obtained by the mentioned method with some time steps are listed
in Table 3. This table demonstrates the C − Order for our method is approximately 4 − α.
Here the condition number of matrix ϕ−T

X is 15.199. Table 4 depicts the errors and κ∞(ϕ−T
X )

for different values of M. As we expected the greater values of M lead to the smaller errors.

Table 1. The errors for different values of α in Example 1.

α E∞ E2 RMSE
0.1 4.75198× 10−10 3.37112× 10−9 3.354389× 10−10

0.3 3.33917× 10−9 2.36611× 10−8 2.35437× 10−9

0.5 1.41023× 10−8 9.99002× 10−8 9.94044× 10−9

0.7 5.26611× 10−8 3.73007× 10−7 3.71156× 10−8

0.9 1.85930× 10−7 1.31697× 10−6 1.31043× 10−7

Table 2. The comparison of E∞, E2 and RMSE errors using presented
method with τ = 0.01, α = 0.45, M = 15, ε = 0.4, σ = 3 at t = 1 in
Example 1.

γ E∞ E2 RMSE
1.1 6.13963× 10−9 4.38157× 10−8 4.35983× 10−9

1.3 5.07513× 10−9 3.61010× 10−8 3.59218× 10−9

1.5 4.05968× 10−9 2.87585× 10−8 2.86158× 10−9

1.7 3.15647× 10−9 2.22254× 10−8 2.21151× 10−9

1.9 2.39382× 10−9 1.67260× 10−8 1.66430× 10−9

Table 3. The comparison of C − Orders and E∞ errors using presented
method with α = 0.35, γ = 1.6, M = 11, ε = 0.1, σ = 3 at t = 1 in Example
1.

τ E∞ C − order
0.04 2.45902× 10−7 −
0.02 2.07575× 10−8 3.57
0.01 1.71719× 10−9 3.60
0.005 1.40380× 10−10 3.61
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Table 4. The comparison of E∞, E2 and RMSE errors and condition number
of matrix ϕ−T

X using presented method with α = 0.5, γ = 1.7, ε = 0.9, σ = 3,
τ = 0.02 at t = 1 in Example 1.

M E∞ E2 RMSE κ∞(ϕ−T
X )

6 2.77098× 10−3 1.62115× 10−2 1.61310× 10−3 11.102
8 8.61846× 10−5 4.55483× 10−4 4.53223× 10−5 14.993
10 1.57389× 10−6 8.55279× 10−6 8.51034× 10−7 18.884
12 6.40795× 10−8 3.60980× 10−7 3.59188× 10−8 22.775

4.2. Illustration 2. Consider
cDα

t u(x, t) =

[
∂

∂x

(1
x

)
+

∂γ

∂|x|γ

]
u(x, t) + s(x, t, u), 0 < x ≤ 1,

where

s(x, t, u) = rt4x2
(
1− t4x2

k

)
+

24

Γ(5− α)
x2t4−α − t4

+ cγt
4
[ 2 x2−γ

Γ(3− γ)
+

(1− x)−γ

Γ(1− γ)
− 2 (1− x)1−γ

Γ(2− γ)
+

2 (1− x)2−γ

Γ(3− γ)

]
,

and
u(x, 0) = 0, 0 ≤ x ≤ 1,

u(0, t) = 0, t ≥ 0,

u(1, t) = t4, t ≥ 0.

The exact solution of this problem is u(x, t) = t4x2.
We solved the problem for r = 0.2 and k = 1. In Table 5, the E∞ errors and C −Orders for
α = 0.3, γ = 1.8, M = 12, ε = 0.1, σ = 3, and t = 1 are listed. In this case, κ∞(ϕ−T

X ) =
16.619, and as the table demonstrates, C −Orders are approximately 4− α. In Table 6, we
show the errors and κ∞(ϕ−T

X ) for different values of M .

Table 5. The comparison of E∞ errors and C − orders for different values of
τ using presented method in Example 2.

τ E∞ C −Order
0.1 9.22702× 10−6 −
0.05 7.36608× 10−7 3.65
0.025 5.83948× 10−8 3.66
0.0125 4.60154× 10−9 3.67
0.0625 3.60865× 10−10 3.67
0.003125 2.83421× 10−11 3.67
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Table 6. The comparison of the errors and κ∞(ϕ−T
X ) for various values of M

using presented method with α = 0.4, γ = 1.5, ε = 0.9, σ = 3, τ = 0.0125 at
t = 1 in Example 2.

M E∞ E2 RMSE κ∞(ϕ−T
X )

6 1.35139× 10−3 7.73837× 10−3 7.69996× 10−4 11.1024
9 2.89211× 10−6 1.53131× 10−5 1.52371× 10−6 16.9385
12 1.68157× 10−8 9.90741× 10−8 9.85824× 10−9 22.7746
15 1.38782× 10−8 9.80144× 10−8 9.75280× 10−9 28.6108

4.3. Illustration 3. Consider [26]
∂0.8u(x, t)

∂t0.8
=

[
− ∂

∂x
+ 25

∂1.9

∂|x|1.9

]
u(x, t) + f(x, t), 0 ≤ x ≤ 1,

with the source term

f(x, t) = 1.8Γ(1.8)tx2(1− x)2 +
25

(
25 + t1.8

)
2 cos

(1.9π
2

) [
g(x) + g(1− x)

]
+ 2

(
25 + t1.8

)
x(1− x)(1− 2x),

g(x) =
4!

Γ(3.1)
x2.1 − 2

3!

Γ(2.1)
x1.1 +

2

Γ(1.1)
x0.1,

and the conditions,
u(x, 0) = 25x2(1− x)2, 0 ≤ x ≤ 1,

u(0, t) = u(1, t) = 0, 0 ≤ t ≤ 1.

The exact solution is u(x, t) =
(
25 + t1.8

)
x2(1− x)2.

In [26], this problem has been investigated by a finite difference method with spatial step
h = 1

M and temporal step τ = 1
N , and some numerical approximations have been obtained

in the mesh points (xi, tj) = (ih, jτ), i = 1, · · · ,M , j = 1, · · · , N . We solved the problem
by the new method with ε = 0.3, σ = 3 and the same values of M and N . In Table 7, our
results at t = 1 are compared with those presented in [26]. Moreover, the condition number
of matrix ϕ−T

X is depicted in Table 7.

Table 7. The comparison between E∞ errors of presented method and the
method in [26], and values of κ∞(ϕ−T

X ) in Example 3.

Our method Method in [26]
N = M E∞ κ∞(ϕ−T

X ) E∞

10 4.0530× 10−8 14.202 4.8148× 10−2

20 3.2107× 10−9 28.832 1.0111× 10−2

40 4.3520× 10−10 58.093 2.0587× 10−3

80 8.4314× 10−11 116.61 7.3019× 10−4
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5. Conclusion
We developed the stable Gaussian RBF method to solve TSFFPE. In this regard, we applied

the Riesz fractional derivative of the eigenfunction Gaussian interpolants, and by a spatial
discretization we converted the problem to a system of fractional ODEs. To solve this system,
we presented a high order finite difference scheme. We included several numerical examples
to confirm the validity, convergence and stability of the method. Numerical experiments show
that the condition number of ϕ−T

X is small, while the accuracy of solutions are acceptable.
In fact, while using the capabilities of the RBFs method, we do not encounter the main
drawback of this method, which is the same ill-conditioning. Our method gives a closed form
approximate solution in each time step, and it can be extended for many types of time- and
space-fractional PDEs.
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