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SOME NEW REFINEMENTS OF HERMITE-HADAMARD INEQUALITY
VIA A SEQUENCE OF MAPPINGS

NOZAR SAFAEI

ABSTRACT. In this paper we introduce a new sequence of mappings in connection to Hermite-
Hadamard type inequality. Some bounds and refinements of Hermite-Hadamard inequality
for convex functions via this sequence are given.
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1. Introduction

Let I C R be an interval, f : I — R be a convex function and a,b € I,a < b. We consider
the well-known Hermite-Hadamard inequality

(1.1) f <a‘2H’) < bia/abf(x)dxg W

Both inequalities hold in the reversed direction if f is concave. We note that Hermite-
Hadamard inequality may be regarded as a refinement of the concept of convexity and it
follows easily from Jensen’s inequality. Several refinements and generalizations of the in-
equality (1.1) have been found in [1-15] and references therein. In order to provide various
refinements of this result, S.S. Dragomir introduced two mappings H, F' : [0, 1] — R, in [5] and
[6] respectively as follows and established several results in connection to Hermite-Hadamard

inequality;
1 b a+b
H(t)::b_a/f<tx+(1t) . )dm,

b rb
F(t)::(b_la)z/a /a [tz + (1 —t)y)dzdy.

Since then numerous articles have appeared in the literature reflecting further applications
and properties of these mappings (see [3-11]) and references therein. On the other hand the
sequence of mappings H, [0 1] — R associated to mapping H defined by;

Hy(t):= / / x1+ ] +(1—t)a—2|_b>da:1...dxn,

is introduced by S.S. Dragomlr in [9]. We recall some of the main properties of H,:

Date: Received: February 1, 2023, Accepted: June 20, 2023.
119



120 N. SAFAEI

Theorem 1.1. Let f: I — R be a convex function and a,b € I with a < b. Then, we have
(1) Hy, is convex on [0, 1].
(73) One has the following bounds;

] a+b
(1.2) telf(lfu Hy(t) = Hn(0) = f(——)
and
(13) tzt(l)lj] H,(t) = H,(1).

(791) Hy, increases monotonically on [0, 1].
(iv) For everyn > 1 and t € [0,1] one has

(1.4) FOEDY < < Ho(t) < Ho(t) < .. < Hi(8) = H(2).
(v) If a,b € I° with a < b then, for everyn >1 and t € [0,1] we have
(1.5 0< 1,1 - f(P2Y) < 0o

2W3/n
where M = supycio ) |f4 ()| and f(x) is the right derivative of f at x. In particular

a+b
7 )

In this paper we introduce a new sequence of mappings associated to the mapping F' and
establish new inequalities in connection to Hermite-Hadamard inequality.

(1.6) lim H,(t) = f(

n—oo

2. Main Results

Motivated by [9] we define the sequence of mappings F, : [0,1] — R, associated to mapping
F' as follows,

1
b_an+1

/ / x1 + ...+ Ty +(1- t)$n+1)d$1---dxn+1v

where, f: I — R is a real valued function, I C R is an interval and a,b € I with a < b. Note
that for every n > 1,

F,(t): =

b
(2.1) Fa(1) = Ha(1), F(0) = 52 [ fla)da

In this section we study the properties of this sequence and introduce some results in connec-
tion to Hermite-Hadamard inequality. We start with the the following theorem.

Theorem 2.1. Let f: I — R be a convex function and a,b € I with a <b. Then;

(1) The mapping F,, is convex on [0,1], for every n > 1.
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(i4) For everyn >1 and t € [0,1] one has

a 1 —a
(2:2) 17 ;b)s[:EAWﬁszw 2@_Zf‘f

(1i1) If Jp(t) := w then, for everyn > 1, J, is convez on [0, 1].

(tv) For every n > 1 the following inequalities hold,

(2.3) Fu(t) < Fo(0) = 7—

b
/ f(z)dx, for all t € [0,1].
(v) For everyn > 1 and t € [0, 1] we have
24 Ha(t) < Fa(t).

vi) For every n > 1, J,(t) decreases monotonically on [0, 1] and increases monotonically on
Y Y 3 Y

Proof. (i) Using the definition of F}, and the convexity of f, the proof is obvious.

(73) By simple computation and using Jensen’s integral type inequality we have

f(a—;b)

1 b b xl + ...+ z,
=/ <(_n+1/ / f— (1—t)»’vn+1)d$1.--dwn+1>
T1t ot Tn
S (b—a)ntt / / xl Ty (1- t)$n+1)di€1---d$n+1

- Fn(t).

(2.5)

Since F), is convex, by integrating in (2.5) and using Hermite-Hadamard inequality we obtain
the required result in (2.2).
(747) Using the convexity of F,, the result is obvious.

(iv) By convexity of f for every t € [0,1] we have

1 n n
2P@m++$+4L%ﬂwﬂ+ﬂu_QM++m_H%H)
n n
Loz + ..+,
> f<2(7xl o a +33n+1))-
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Hence by integrating on [a, b]"*! we get

Talt) = %(Fna) +Fy(1- 1)

- _an+1 [/ / :EH_ +iﬂn+(1_t)$n+l)

+f((1 _ t)@ + tmn+1)>dac1...dxn+1]

> (b—i)”“ [/ab.../abf<;(w+xn+l)} =Fn(é)

= ()
For second inequality in (iv) we note that,
FEEE (1 )
< (P (L= D f (@)
< tf(ﬂﬁl) + n + f(an) (1= ) f(nsr),
by discrete Jense’s inequality. So integrating on [a, b]"*! implies that
Fu(t) < (_1an+1

/b /b (1) + ...+ f(SUn) +(1— t)f($n+1)))dx1~'dmn+1
- bia/a f(:n)da:—i—(l—t)b_la/abf(x)dx
=3 ! - /abf(z:)dx = F,(0).

(v) For every n > 1 and ¢ € [0, 1) applying Jensen’s integral type inequality on [a, b] give us
1

b
1+ ... + T
= /a f(tT +(1- t)$n+1)d9€n+1

= [t [ (5 v

:f<t7m1+'r'l'+$" +(1—t)a;b>.

Taking integral on [a, b]"™

give us the inequality in (2.4).
(vi) By statement (iv) for every t € [0,1], J,(t) > J, (%) so, by convexity of J,, for every

123>t>%wehave

Jn(s) = Ju(t) > In(t) — Jn(%)
s—1 - t—

— 20
2
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hence J,,(s) > J,(t). The fact that J, decreases monotonically on [0, 1] is similar. O

Now, we give the following result on monotonicity of the sequence F;,, which completes the
above theorem.

Theorem 2.2. Let f : I — R be a convexr function and a,b € I, a < b. Then for every

t € [0,1] one has

26) (30

IN

W< Fpi(t) < Fu(t) < ... < Fy(t) = F(1).

Proof. 1If t = 1 then by (2.1) the inequality (2.6) is trivially holds. Suppose that ¢ € [0,1).

Then, for every xi, ..., Zp+2 € [a,b] we define the real numbers yi, ..., Y41 as follows

1+ ...+x
U1 :tTn‘ + (]. — t).fl?n+2,
To+ X1+ ... +Tp1
Y2 =t . + (1 - t)$n+2a
n
x +21+ o+ Ty
Yoy =t T 22l (1= ) e

n

Note that

Y1+ ... + Yn+1 1+ ...+ Tpta
=1 1-—1¢ .

Hence, by using Jensen’s type inequality we get

1+ ... +Tpt Y1+ .o + Ynt1
f( n+1 +( )xn+2) f( n+1 )
< F) ot fyns)
- n+1
1 1+ ... +x,
= f(t - + (1= t)@pg2) + ...

(tanrl +z1+ ...+ Tp i
n
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n+2

Taking integral on [a, b] implies that

1 1
1 [

+ o2,
/ / u + (1 = t)znt2)der...dzn o

xn+1+x1+ +$n 1
+- _an+2

b—a
+(1 = t)Tny2)day.. dxn+2] T+l [(n + 1)m

b b
/ / f(th‘””+(1—t)xn+2)dx1...d:cnda:n+2

= F,(t).

Foya(t) <

This complets the proof. O

Remark 2.3. From (1), (2.3), (2.6) for every n > 1 and ¢ € [0, 1] we have

a+b
FO30) S o S P9 < Falt) < < BA(D)
(2.7)
/ o fla) + f(b)
- b —a 2
Now, it is natural to ask what happens with the difference ;- f f(x)dx — F,(t) for all

t € [0,1). The following theorem give us an upper bound for this dlfference for t € [0,1).

Theorem 2.4. Let f : I — R be a convex function and a,b € I°, a < b. Then for every

€ [0,1) we have the following inequality

o<yt [ rwar - )

< WAL () ]

Proof. By convexity of f we have

1/2

f(t

> tf (Tny1)

+(1— t)a:n—&-l) — f(znt1)
(fvl +...+xy,

1+ ... +xn
n

- mn—‘rl)-
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Integrating on [a, b]"*! and using Hélder’s inequality deduce that

_b—a/f Jdo = Fut)

r1+ ...+,
< f+ 1) (Tnp1 — Yy d
(b — a)ntl n

1/2
(b—i)"‘*‘l [/ / (f-/|-(33n+1))2d331...dxn+1}
1/2
X |:/b /b <$n+1 — W)Qdflfl.--d$n+1:|
t b . 1/2
T (b—a)yt2e [ / (f+<:c>)2d:v]

b b 9 1/2
X |:/ / («Tn—f—l —w> dml...d$n+1:| .

5 2
Let g(x) i= (znq — Bbetin)” = #(Z?ﬂ(l‘nﬂ - fﬂi)) then,

IN

z) = % Z(:cnﬂ —z)(~1,...,—1,1).

Hence,

n

Z(:EZ - anrl)

i=1

2
n2

IVg(@)ll = (n+1)"/?

(2.9)

n

(n+ 1 1/2 (n+1)!/2
Z‘xz—aﬁnﬂ‘ < —————(b—a).
By combining (2.8) and (2.9) we obtain

b
0< 5= [ flahde = Futt)

< WAV () }/

and proof is completed. O

The following corollaries are immediate consequence of Theorem 2.4.

Corollary 2.5. Under the assumptions of theorem 2./ if M := sup,c(q) | f1 ()], then for all
t €10,1) and n > 1 we have the inequality

b n 1/4 —a
o<t Flayda — F(t) < Y2 Mo
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In particular we obtain

b
lim F,(t) = bl/ f(z)dx, for all t € [0,1).

Corollary 2.6. Under the assumptions of theorem 2.4 one has the following inequality

b
0< 1 / f(@)dz — Ju()

S ]

The following result also holds;

1/2

Theorem 2.7. Let f : I — R be a convex function and a,b € I° with a < b. Suppose that

there exits a constant K > 0 such that

|fi(a) = fi(y)| < K|z —yl, for all 2,y € [a,b].

Then we have the inequality

2t(1 — t)(n + 1)V/2K
n

tF, (1) + (1 —t)Fh(0) — Fo(t) < (b—a),

forallt €10,1] and n > 1.

Proof. By convexity of f for every z1,...,2p4+1 € [a,b] and t € [0, 1] we have

(2.10) PO (1) - (D
2.10
S (1o (Pt B Ty
n n
and
>t (wn1) (wna1 — ),

If we multiply the inequalities (2.10) and (2.11) by ¢t and 1 — ¢, respectively and added the

obtained results we obtain

(I (1 1) ()
- f(tw + (1= t)ang1) <1 —t)
[f;(xl*'%) 7 (:cn+1)] (Lﬂ*xn i)
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Integrating on [a, b]"*! and using (9) implies that

tF, (1) + (1 — £)F(0) — Fp ()

<t(1 _t)(b—i)nﬂ/ab”'/ab [f;(m%) _f;(:cnﬂ)]

X (w — $n+1)dl‘1...d$n+1

n
{L-OK [ 7y bt )
< (ba)nﬂ/a /a (f — xn_H) dml...dazn_H
2t(1 —t)K 1)1/2
< ( JK(n+1) (b—a).
n
This completes the proof. 0

Finally an upper bound for the difference F, (t) — H,(t),n > 1, t € [0, 1], is as follows.

Theorem 2.8. Let f: I — R be a conver function and a,b € I° with a < b. Then, for all

t € 0,1] and n > 1 we have the inequality

0 § Fn(t) - Hn(t)

< (1—t)2(b—a) [(b_i)nﬂ /ab,,_/ab (f;(txl—k.ﬁ.—i-xn

) 1/2
+(1 — t)anrl)) d$1...d$n+1:| .

Proof. By convexity of f for every x1,...,xn41 € [a,b] and t € [0, 1] we have

b
T TRy (et

n + (1 _t)l'n—f—l)
a+b

> (1= Oy (P (= e ) (7 — )
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n+1

Integrating on [a, ] and using Holder’s inequality implies that

0< Fy(t) —

1-1¢ 1‘1-1- .tz
—a"+1/ / f+ . +(1_t)$n+1)

a+b 1 —t
<l‘n+]_ )dl‘l d$n+l < — n+1 |:/ /

(f.,.( a:l—i—...—i—xn

1/2
a+ b.o
[/ / Tpg1 — ) dzy.. dwn+1:|
(1—=1t)(b—a) x1 T14 . T
9 _ a n+1 f+ n

1/2
+(1 - t):cn+1)) dxl...d$n+1:| )

1/2
+(1-— t)l'n+1)> dxy.. d$n+1]

This completes the proof. O

Corollary 2.9. Under the assumptions as in theorem (2.8) if K 1= supyc(o 4 |f4 ()| one has

(1-t)K

0.< Folt) — Halt) <

(b_a)a

for every n > 1, t € [0,1].
In particular we have

1-tK
2

0< F(t)— H(t) < (b — a).

The following example gives a refinement and upper bound related to inequality (1.1).

Example 2.10. Consider the convex function f: I — R, f(x) := e*, for n = 1 and for every

€ [0,1], we have

1 b b
Fi(t) = (b_a)z/ / Y ddy,

where a,b € I, with a < b. If t =0 or t = 1, we see that

1 bg; eb_ea
Fl(O)—Fl() r dr = b—a'

Thus inequalities in (2.7) are valid. It is easy to see that for every t € (0,1) we have

1

Bl =G =ara o

(etb - eta) (e(l—t)b - e(l—t)a)'
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a b b
;b = (b—la)Q/ / (tx + (1 — t)y)dzdy,

by jensen’s type integral inequality we get

f(a;rb) // (tz + (1~ t)y)dady)

gm / / f(tz + (1 — tyy)dzdy

=F(t).
Also from the inequalities (2.3), (1.1) we note that
1

Fla) + 1(b)
_b_a/f o

therefore the inequality (2.7) holds. Now, simple computation gives an upper bound for the

From equality

Fy(

difference ;- fab f(z)dx — F1(t) for all t € [0,1]. Using Theorem 2.4 implies that

1 b
0< —— Tdx — F1(t
_b—aae o 1(#)

1/2

< tV/2(2)Y4 [/b e%dx]
_ t(2)1/4(€2b _ 62a)1/2.

Conclusion

In this paper, we have given a sequence of mappings associated to the mapping F. This
sequence gives us some new refinements and bounds related to well known Hermite-Hadamard

inequality.
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