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1. Introduction

Throughout this paper A, B are positive invertible operators on a complex
Hilbert space (H,(-,-)). We use the following notations for operators and
v e [0,1]

AV,B :=(1-v)A+vB,

the weighted operator arithmetic mean, and
Aty B = AL (A‘l/ZBA_1/2>VA1/2,

the weighted operator geometric mean [11]. When v = % we write AVB and
At B for brevity, respectively.
Define the Heinz operator mean by

H,(A,B) = (AfB + Aty ,B).
The following interpolatory inequality is obvious
(1.1) A#B < H, (A, B) < AVB
for any v € [0, 1].
We recall that Specht’s ratio is defined by [10]

Li if h € (0,1) U (1,00),
(12) sm={ 0

lifh=1.
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It is well known that limj,_,; S(h) =1, S(h) = S (3) > 1 for h > 0, h # 1.
The function is decreasing on (0, 1) and increasing on (1, 00) .

The following result provides an upper and lower bound for the Heinz
mean in terms of the operator geometric mean AfB :
Theorem 1.1 (Dragomir, 2015 [6]). Assume that A, B are positive invertible
operators and the constants M > m > 0 are such that

(1.3) mA < B < MA.

Then we have

(1.4) wy, (m, M) AtB < H, (A, B) < Q, (m, M) AfB,
where

S (m!#=H) if M < 1,
(1.5) Q,(m,M):=1< max{S (m‘QV*l‘) , S (M'Q”’l')} ifm<1< M,

S (M= if 1 <m
and

S (M|”’%|) if M < 1,

(1.6) wy(m,M):=< 1ifm<1<M,

\ S (m|”_%’> if 1 <m,
where v € [0,1].

We consider the Kantorovich’s constant defined by

_ (h+1)°
(1.7) K (h) := T h > 0.
The function K is decreasing on (0, 1) and increasing on [1,00), K (h) > 1
for any h > 0 and K (h) = K (3) for any h > 0.
We have:

Theorem 1.2 (Dragomir, 2015 [7]). Assume that A, B are positive invertible
operators and the constants M > m > 0 are such that the condition (1.3) is
valid. Then for any v € [0,1] we have

(1.8) (A$B <)H, (A,B) <exp[©, (m,M) — 1] AtB
where
K (m!*=1) if M < 1,

(1.9) ©,(m, M) =< max{K (m|2”_1|) VK (Mp”_l')} ifm<1<M,

K (M2~ f1<m
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and

(1.10) (0 <)H, (A, B) — AfB <

D 2v—1 A
Ami-v xgln?,)](\/f] (.ZL' ) )

where the function D : (0,00) — [0,00) is defined by D (z) = (x — 1) Inzx.

The following bounds for the Heinz mean H, (A, B) in terms of AV B are
also valid:

Theorem 1.3 (Dragomir, 2015 [7]). With the assumptions of Theorem 2.2
we have

(1.11) (0<)AVB—-H,(A,B) <v(l—=v)Y (m,M) A,
where
(m—1)Inm if M <1,

(1.12) Y(m, M) :=< max{(m —1)Inm,(M —1)InM} ifm <1< M,

(M —1)InM if1 <m
and
(1.13)  AVBexp[—4v (1 —v)(F (m,M) —1)] < H, (A, B) (< AVB)

where
K (m) if M < 1,

(1.14) F(m,M):=< max{K (m),K (M)} ifm<1<M,

K (M) if1<m.

For other recent results on operator geometric mean inequalities, see [2]-

[13], [15] and [17]-[15].

Motivated by the above results, we establish in this paper some multi-
plicative inequalities providing bounds for H, (A, B) in terms of A$B and
AV B under various assumptions for positive invertible operators A, B.

2. Bounds for H, (4, B) in Terms of AfB

For v € (0,1)\{3} we consider the following function d,, : (0, 00) — [1,00)
defined by

Pvid + :El—y
NE:

The properties of this function are collected in the following lemma.

(2.1) d, (z) =

Lemma 2.1. For any v € (0,1) \ {3} we have that limy_o4d, (z) =
lim, 00 dy, (x) = o0, the function is decreasing on (0,1), increasing on

(1,00), dy (1) =1 and d, () = dy (z) for any = € (0,00).

xT
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Proof. We have

v 1-v 1
dl/ (I‘) = % = 5 (x”*% + :L‘%il/>
for any z € (0,00) and any v € (0,1) \ {3} .

By taking the derivative we have

for any x € (0,00) and any v € (0,1)\ {3} .

If v > 1 then 22"~!—1 is negative for z € (0, 1) and positive for z € (1, 00)
giving that d,, (x) is negative for = € (0, 1) and positive for z € (1,00).

If v < & then 22/~1—1 is positive for z € (0, 1) and negative for = € (1, 00)
giving that d., (x) is negative for x € (0,1) and positive for z € (1,00) .

These imply that d,, is decreasing on (0, 1) and increasing on (1,00) . The
rest is obvious. |

Theorem 2.2. Let A, B be positive invertible operators and the constants
M > m > 0 such that

(2.2) mA < B < MA.
If for v € (0,1)\ {3} we define

m’tm "V e V<],

2vm
(23) Ay (m, M) = { max {mEmst MUEMEEL g <1 < 0,
M if 1 <m
and
(2.4) A (myM) =<9 1ifm<1<M,

7’””;\/’%1_” if 1 <m,
then we have the double inequality
(2.5) A (m, M) AtB < H, (A,B) <A, (m,M) AtB,

forve (0,1)\ {3}
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Proof. By the properties of function d, we have
d, (M) if M <1,
¥ 4 Il—l/

2Vx

1ifm <1< M,

IN

d, (m) if 1 <m,
d, (m) if M <1,

<< max{d, (m),d, (M)} if m <1< M,

d, (M) if 1 <m

for any € [m, M] and any v € (0,1)\ {3}.
This is equivalent to

¥ 4 xl—l/
(2.6) /\V(m,M)\/ngSAy(m,M)\/:E
for any = € [m, M] and any v € (0,1) \ {5}.

Using the continuous functional calculus, we have for any operator X with
ml < X < MI that

XV 4 Xl—zx

(2.7) Ay (m, M) X2 < < Ay (m, M) X'/?

for any v € (0,1)\ {5}.
Now, if we multiply both sides of (2.2) by A~1/2 we have mI < A~"Y/2BA~1/2 <
MT and by writing the inequality (2.7) for X = A~Y/2BA~1Y/2 we get
(2.8)
(A—1/2BA—1/2)V + (A—1/2BA—1/2)1—V
2

1/2
< A, (m, M) (A‘l/QBA_l/Q) /

1/2
Ay (m, M) (A‘l/QBA_l/Q) /2

for any v € (0,1)\ {5}.
Finally, if we multiply both sides of (2.8) by A'/2, then we get the desired
result (2.5). O

Corollary 2.3. Let A, B be two positive operators. For positive real numbers
m, m', M, M’', put h := 2 p’ = % and let v € (0,1)\ {3} . If either of
the following conditions

() Ifo<mlI <A<m'I<MI<B<MI,

(i) If 0 <mI < B<m'I<MI<A<MI,
hold, then

(h/>l/ + (h/)l—u hY + hlfu

(2.9) S MBS (A,B) < N s
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Proof. If the condition (i) is valid, then we have
M’ M
I<hI=—I<A?BA™YV2< —T=hI,
m m
which implies, by (2.5) that

dy, (') AtB < H, (A, B) < d, (h) AiB
9

and the inequality (2.9) is proved.
If the condition (ii) is valid, then we have

0< %I <A YV2BATY? < 1 I,

hl

which, by (2.5) gives

1 1
dy (h’) AtB < H,(A,B) <d, (h) AfB.
Since
d (L) =a, (W) andd, (1) = dy (1)
v h/ 14 v h 14 9
then the inequality (2.9) is also valid. O

3. Bounds for H, (A, B) in Terms of AVB
We introduce the function ¢, : (0,00) — [1,00) defined by

(3.1) o (z) = —2 11

v+ pl-v’
where v € (0,1)\ {1}.
The properties of this function are as follows:

Lemma 3.1. For any v € (0,1) \ {3} we have that limy_04 ¢, (z) =
lim, 00 ¢y () = 00, the function is decreasing on (0,1), increasing on
(1,00), &, (1) =1 and ¢, (1) = ¢, (z) for any x € (0,00).

Proof. Taking the derivative of ¢,, we have

(z+1) (2" +217) — (z + 1) (2¥ +2'7)
(z¥ + z1-v)?

= (w+1) (2 + (1))
(z¥ + z1-v)?

L Ve R T e N € I ) K

(z¥ + z1-v)?
(A =-v)a vt vt = (1 —v)z
(z¥ + z1-v)?
(1-v)(@@ —z")+v (a7 -2}

(xv + xl—”)2

!/

), () =
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for any z € (0,00) and v € (0,1)\ {5}.
Consider the function ¢, : (0,00) — R defined by

b (2)=1-v) (2" —27")+v (27" =2

1 1
=(1-v) (J:” - +v (ml_” - a:l_”>
<$2u . 1) (lz(l—u) o 1)
+ v i, .
xv xtTVv

v) (va’ ' + vz ”_1)+y((1—y)x_”+(1—y)x”_2)
) ( Vfl_i_l,fufl_'_xfu_i_wqu)

We also have

b, (x) =

(1-
= (-
for any z € (0,00) and v € (0,1)\ {5} .

Since £, (z) > 0 for any z € (0,00) and v € (0,1) \ {3} it follows that
the equation ¢, () = 0 has a unique solution on (0,00), namely z = 1 and
0, (z) <0for z € (0,1) and ¢, () > 0 for z € (1,00).

These show that the function ¢, is decreasing on (0, 1) and increasing on
(1,00).

The rest of properties are obvious. O

‘We have:

Theorem 3.2. Let A, B be positive invertible operators and the constants
M > m > 0 such that the condition (2.2) holds. If for v € (0,1)\ {5} we
define

MYSEMITY e N < 1,

M+1
(3.2) @, (m,M):={ 1ifm<1<M,
miAmt if 1 < m,
and
mim Y G M < 1,
(33) @y (m M) = min {2kt MEA T i <1 < 0,
MV_;'_leV

S 1 <m,
then we have the double inequality
(3.4) ¢y (m,M)AVB < H, (A,B) < ®,(m,M) AVB,
forve (0,1)\ {3}
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Proof. From Lemma 3.1 we have

liftm <1< M,

1 .
i < m,

r+1
— xu_‘_xlfz/
mtl _if M o<1,

ml/+m1—u

IN

m+1 M+1 :
max{mu_’_mlfuu Mu_;'_leu} If m S 1 S M?

T if 1 <m,
which implies that

v 1—-v
%lfM<1,

x+1 . v —v v —v .
X mln{m"“m1 MY+ M }1fm§1§M,

9 mt+l 0 M+I
MUSMY if 1 < m
< b +2:1:1_”
MYEMY if M < 1,
gxglx lifm <1< M,
77””;:?11_” it 1 <m,
namely
6y (m, M) x—21—1 < :U"—i—;l_” < (I),,(m,M)x_;l

for any z € (0,00) and v € (0,1) \ {5}
Using the continuous functional calculus, we have for any operator X with
ml < X < MI that

X+1  XV+4 X7 X+1
i < i Sq)u(m’M)i

(35 dulm M)t < .

for any v € (0,1)\ {5}.
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Now, if we multiply both sides of (2.2) by A~1/2 we have mI < A~/2BA~1/2 <
MT and by writing the inequality (3.5) for X = A~/2BA~Y2 we get
(3.6)
A-1/2BA-1/2 47 _ (A71/2BA71/2)V + (A71/23A71/2)1—l/
2 - 2
A71/2BA71/2 iy
2

¢y (m, M

é ¢l/ (m’ M)

for any v € (0,1)\ {3}.
Finally, if we multiply both sides of (3.6) with A2, then we get the
desired result (3.4). O

Finally, we have:

Corollary 3.3. Let A, B be two positive operators. For positive real numbers
m, m', M, M', put h := %, n o= % and let v € (0,1)\ {3} . If either of
the following conditions

() IfOo<mI<A<m'I<MI<B<MI,

(i) If0O<mI < B<m'I<MI<A<MI,
hold, then

hY +h1—u (h/)l/ + (h/)lfv

: < H, (A, B) < :
(3.7) hp AVB<H,(AB) o AVB
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