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Abstract. In this article, we propose a modified implicit iterative algorithm for approxima-
tion of common fixed points of finite families of two uniformly L-Lipschitzian total asymptot-
ically pseudocontractive mappings in Banach spaces. Our new iterative algorithm contains
some well known iterative algorithm which has been used by several authors for approxi-
mating fixed points of different classes of mappings. We prove some convergence theorems
of our new iterative method and validate our main result with an example. Our result is an
improvement and generalization of the results of many well-known authors in the existing
literature.
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1. Introduction

Let X be a real Banach space with dual E∗ and C a nonempty closed convex subset of X.
We denote by J the normalized duality mapping from X into 2X

∗ defined by
J(x) = {f∗ ∈ X∗ : ⟨x, f∗⟩ = ∥x∥2 = ∥f∗∥2}, ∀x ∈ X,(1.1)

where ⟨., .⟩ denotes the generalized duality pairing. Let j denotes the single-valued-normalized
duality mapping, ℜ+ the set of positive real numbers, N the set of natural numbers and F (T )
denotes the set of fixed points of mapping T : X → X, i.e., F (T ) = {x ∈ X : Tx = x}.

Definition 1.1. A mapping T : C → C is said to be:
1. uniformly Lipschitzian, if there exists a constant L ≥ 0 such that for any x, y ∈ C,

∥Tnx− Tny∥ ≤ L∥x− y∥, ∀n ≥ 1;(1.2)
2. pseudocontractive, if for any x, y ∈ C, there exists j(x− y) ∈ J(x− y) such that

⟨Tx− Ty, j(x− y)⟩ ≤ ∥x− y∥2;(1.3)
3. strictly pseudocontractive, if there exists a constant λ ∈ (0, 1) and for any given
x, y ∈ C, there exists j(x− y) ∈ J(x− y) such that

⟨Tx− Ty, j(x− y)⟩ ≤ ∥x− y∥2 − λ∥(I − T )x− (I − T )y∥2;(1.4)
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4. asymptotically pseudocontractive, if there exists a sequence {hn} ⊂ [1,∞) with hn → 1
as n→ ∞ such that

⟨Tnx− Tny, j(x− y)⟩ ≤ hn∥x− y∥2, ∀n ≥ 1, and x, y ∈ C.(1.5)

The class of asymptotically pseudocontractive mappings was introduced by Schu [15]
(see also [16]). In [19], Rhoades gave an example to show that the class of asymp-
totically pseudocontractive mappings contains properly the class of asymptotically
nonexpansive mappings, see [19] for more details.

5. asymptotically strictly pseudocontractive, if there exists a constant λ ∈ (0, 1) and a
sequence hn ⊂ [1,∞) with hn → 1 as n → ∞ for any given x, y ∈ C, there exists
j(x− y) ∈ J(x− y) such that

(1.6)
⟨Tnx− Tny, j(x− y)⟩ ≤ hn∥x− y∥2

−λ∥(I − Tn)x− (I − Tn)y∥2, ∀n ≥ 1;

6. asymptotically pseudocontractive in the intermediate sense, if there exists a sequence
hn ⊂ [1,∞) with hn → 1 as n→ ∞ and j(x− y) ∈ J(x− y) such that

lim sup
n→∞

sup
(x,y)∈C

(⟨Tnx− Tny, j(x− y)⟩ − hn∥x− y∥2) ≤ 0.(1.7)

Set

τn = max

{
0, sup

x,y∈C
(⟨Tnx− Tny, j(x− y)⟩ − hn∥x− y∥2)

}
.

It follows that τn ≥ 0, τn → 0 as n→ ∞. Hence, (1.7) yields the following inequality:

⟨Tnx− Tny, j(x− y)⟩ ≤ hn∥x− y∥2 + τn, ∀ n ≥ 1, x, y ∈ C.(1.8)

This class of mappings was introduced by Qin et al. [12].
7. Total asymptotically pseudocontractive, if there exists sequences {µn} ⊂ [0,∞) and
ξn ⊂ [0,∞) with µn → 0 and ξn → 0 as n→ ∞ such that

⟨Tnx− Tny, j(x− y)⟩ ≤ ∥x− y∥2 + µnϕ(∥x− y∥) + ξn,(1.9)

∀n ≥ 1 and x, y ∈ C, where ϕ : [0,∞) → [0,∞) is a continuous and strictly increasing
function with ϕ(0) = 0. This class of mapping was introduced by Qin et al. [13].

Remark 1.2. If ϕ(t) = t2, then (1.9) reduces to the class of total asymptotically pseudocon-
tractive mappings in the intermediate sense as follows:

⟨Tnx− Tny, j(x− y)⟩ ≤ (1 + µn)∥x− y∥2 + ξn(1.10)

for all n ≥ 1, x, y ∈ C. Put

τn = max

{
0, sup

x,y∈C
(⟨Tnx− Tny, j(x− y)⟩ − (1 + µn)∥x− y∥2)

}
.

Then, the class of total asymptotically pseudocontractive mappings in the intermediate sense
is a proper subclass of the class of total asymptotically pseudocontractive mappings.
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Remark 1.3. If τn = 0,∀n ≥ 1, then the class of asymptotically pseudocontractive mappings
in the intermediate sense reduces to the class of asymptotically pseudocontractive mappings.
Again, if hn = 1, ∀n ≥ 1, then the class of asymptotically pseudocontractive mappings reduces
to the class of pseudocontractive mappings.

From the implications in Remarks 1.2 and 1.3, it is clear that the class of total asymp-
totically pseudocontractive mappings properly contains all other classes of pseudocontractive
mappings mentioned above.

Many iterative methods for approximating fixed points of total asymptotically pseudocon-
tractive mappings have been studied by some authors. In 2011, Qin et. al. [5] proved a weak
convergence theorem for a total asymptotically pseudocontractive mappings by the modified
Ishikawa iterative process which was introduced by Schu [1]. In 2012, Ding and Quan [4]
introduced a modified Mann iterative algorithm for a total asymptotically pseudocontractive
mapping. Very recently, Chima and Osilike [3] studied the split common fixed point problem
(SCFP) for a class of total asymptotically pseudocontractive mappings.

In recent years, the implicit iteration scheme for approximating fixed point of nonlinear
mappings has been introduced and studied by various authors (see, e.g., [1, 5, 6, 7, 8, 9, 17,
22]). In 2001, Xu and Ori [22] introduced the following implicit iteration process for a finite
family of nonexpansive self-mappings in Hilbert spaces:

xn = αnxn−1 + (1− αn)Tnxn, n ≥ 1,(1.11)

where {αn} is a sequence in [0,1] and Tn = TnmodN . They proved that the sequence (1.11)
converges weakly to a common fixed point of Tn, n = 1, 2, 3, ..., N . Later, Osilike and Akuchu
[10], and Chen et al. [11] extended the iteration process (1.11) to a finite family of asymptot-
ically pseudo-contractive mapping and a finite family of continuous pseudo-contractive self-
mapping, respectively. Zhou and Chang [23] studied the convergence of a modified implicit
iteration process to the common fixed point of a finite family of asymptotically nonexpansive
mappings.

In 2003, Sun [17] modified the implicit iteration process of Xu and Ori [22] and applied the
modified averaging iteration process for the approximation of fixed points of asymptotically
quasi-nonexpansive mappings. Sun introduced the following implicit iteration process for
common fixed points of a finite family of asymptotically quasi-nonexpansive mappings {Ti}Ni=1
in Banach spaces: {

x0 ∈ C,

xn = (1− αn)xn−1 + αnT
k(n)
i(n) xn,

∀n ≥ 1,(1.12)

where {αn} is a sequence in [0,1], n = (k− 1)N + i, i = n(i) ∈ I = {1, 2, ..., N}, k = k(n) ≥ 1
is some positive integers and k(n) → ∞ as n→ ∞.

Recently, Thakur et al. [18] considered the following implicit iterative process for approxi-
mating the common fixed point of a finite family {Ti}Ni=1 of asymptotically pseudocontractive
mappings and established convergence results in Banach spaces:

(1.13)
xn = (1− αn)xn−1 + αnT

k(n)
i(n) yn,

yn = (1− βn − γn − δn)xn + βnxn−1 + γnT
k(n)
i(n) xn + δnT

k(n)
i(n) xn−1
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∀n ≥ 1, where {αn}, {βn}, {γn} and {δn} are real sequences in [0,1] satisfying βn+γn+δn ≤ 1,
n = (k − 1)N + i, i = n(i) ∈ I = {1, 2, ..., N}, k = k(n) ≥ 1 is some positive integers and
k(n) → ∞ as n→ ∞.

Motivated and inspired by the above facts, the purpose of this paper is to modify (1.13) for
finite families of two uniformly L-Lipschitzian total asymptotically pseudocontractive map-
pings. By using a different approach, we prove that our new iterative algorithm (1.14) con-
verges strongly to the common fixed points of finite families of two uniformly L-Lipschitzian
total asymptotically pseudocontractive mappings in Banach spaces. We also give examples of
mappings and prototype of the sequences which satisfies all the conditions in our main result.
The result of this paper improves the corresponding result in [5, 11, 10, 18] and several others
in the literature.
(1.14)

xn = (1− αn)xn−1 + αnT
k(n)
i(n) yn,

yn = (1− βn − γn − δn)xn + βnxn−1 + γnS
k(n)
i(n) xn + δnT

k(n)
i(n) xn−1

∀n ≥ 1, where {αn}, {βn}, {γn} and {δn} are real sequences in [0,1] satisfying βn+γn+δn ≤ 1,
n = (k − 1)N + i, i = n(i) ∈ I = {1, 2, ..., N}, k = k(n) ≥ 1 is some positive integers and
k(n) → ∞ as n→ ∞.

Remark 1.4. Clearly, our new iterative scheme (1.14), contains some well known iterative
schemes in the literature. This is illustrated as follows:

(a) (1.14) reduces to (1.13) when Si = Ti.
(b) (1.14) reduces to (1.12) when βn = γn = δn = 0.
(c) (1.14) reduces to (1.11) when βn = γn = δn = 0, Tn = T .
(d) When βn = 1, γn = δn = 0, Tn = T , N = 1 then (1.14) reduces to:{

x0 ∈ C,
xn = (1− αn)xn−1 + αnTxn−1,

∀n ≥ 1,(1.15)

where {αn} is a sequence in [0,1]. The iterative process (1.15) is the well known Mann
iterative process.

(e) If we take βn = 1, γn = δn = 0 in (1.14) then we obtain{
x0 ∈ C,

xn = (1− αn)xn−1 + αnT
k(n)
i(n) xn−1,

∀n ≥ 1,(1.16)

where {αn} is a sequence in [0,1], n = (k − 1)N + i, i = n(i) ∈ I = {1, 2, ..., N},
k = k(n) ≥ 1 is some positive integers and k(n) → ∞ as n→ ∞.

The above modified averaging iteration process (1.16) was considered in 2014 by
Saluja [14] for the approximation of common fixed point of a finite family of strictly
asymptotically pseudocontractive mappings in the intermediate sense in Hilbert spaces.

Now, we show that (1.14) can be employed to approximate the fixed points of total asymp-
totically pseudocontractive mappings which is assumed to be continuous. Let Ti be a Li

t–
Lipschitz total asymptotically pseudocontractive mapping with sequences λin ∈ [0,∞) and
νin ∈ [0,∞) with νin → 0 and λin → 0 as n→ ∞ for each 1 ≤ i ≤ N . Let Si be a Li

s–Lipschitz
total asymptotically pseudocontractive mapping with sequences ηin ∈ [0,∞) and lin ∈ [0,∞)
with ηin → 0 and lin → 0 as n→ ∞ for each 1 ≤ i ≤ N .
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Define a mapping Wn : C → C by

Wn(x) = (1− αn)xn−1 + αnT
k(n)
i(n) [(1− βn − γn − δn)x+ βnxn−1

+γnS
k(n)
i(n) x+ δnT

k(n)
i(n) xn−1], ∀n ≥ 1.(1.17)

From (1.17), we have

∥Wn(x)−Wn(y)∥ = αn∥T k(n)
i(n) [(1− βn − γn − δn)x+ βnxn−1 + γnS

k(n)
i(n) x

+δnT
k(n)
i(n) xn−1]− T

k(n)
i(n) [(1− βn − γn − δn)y

+βnxn−1 + γnS
k(n)
i(n) y + δnT

k(n)
i(n) xn−1]∥

≤ αnL[(1− βn − γn − δn)∥x− y∥

+γn∥Sk(n)
i(n) x− S

k(n)
i(n) y∥]

≤ αnL[(1− βn − γn − δn)∥x− y∥+ γnL∥x− y∥]
= αnL[(1− βn + γn(L− 1)− δn)]∥x− y∥,(1.18)

for all x, y ∈ C, where L = max{L1
t , ..., L

N
t , L

1
s, ..., L

N
s }.

If αnL[(1 − βn + γn(L − 1) − δn)] < 1 for all n ≥ 1, then from (1.18), it follows that Wn

is a contraction mapping. By Banach contraction principle, we see that there exists a unique
point xn ∈ C such that

xn =W (xn) = (1− αn)xn−1 + αnT
k(n)
i(n) [(1− βn − γn − δn)x+ βnxn−1(1.19)

+γnS
k(n)
i(n) x+ δnT

k(n)
i(n) xn−1], ∀n ≥ 1.

That is, the implicit iteration process (1.14) is well defined. Hence, the iterative sequence
(1.14) can be employed for the approximation of common fixed points for a finite family of
uniformly L–Lipschitzian total asymptotically pseudo-contractive mappings.

2. Preliminaries

The following definition, lemmas and proposition will be useful in proving our main results.

Definition 2.1 (see [2]). A family {Ti}Ni=1 : C → C with ℑ = ∩N
i=1F (Ti) ̸= ∅ is said to satisfy

condition (B) on C if there exists a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0,
f(r) > 0 for all r ∈ (0,∞) such that for all x ∈ C

max
1≤i≤N

{∥x− Tix∥} ≥ f(d(x,ℑ)).(2.1)

Lemma 2.2 (see [21]). Let J : X → 2X
∗ be the normalized duality mapping. Then for any

x, y ∈ X, one has
∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, j(x+ y)⟩, ∀j(x+ y) ∈ J(x+ y).(2.2)

Lemma 2.3 (see [20]). Let {ϑn}, {Λn} and {Ωn} be sequences of nonnegative real numbers
satisfying the following inequality:

ϑn ≤ (1 + Λn)ϑn +Ωn, n ≥ 1.(2.3)
If

∑∞
n=1 Λn < ∞ and

∑∞
n=1Ωn < ∞ then lim

n→∞
ϑn exists, additionally, if {ϑn} has a subse-

quence {ϑni} such that ϑni → 0, then lim
n→∞

ϑn = 0.



36 AUSTINE E. OFEM AND DONATUS I. IGBOKWE

3. main results

Lemma 3.1. Let C be a nonempty close convex subset of a real Banach space X, let N ≥ 1 be
a positive integer and I = {1, 2, 3, ..., N}. Let Ti : C → C be a finite family of uniformly Li

t–
Lipschitzian total asymptotically pseudocontractive mapping with sequences {νin} ⊂ [0,∞) and
{λin} ⊂ [0,∞) , where νin → 0 and λin → 0 as n → ∞ and Si : K → K be a finite uniformly
Li
s–Lipscitzian total asymptotically pseudocontractive mappings with sequences {ηin} ⊂ [0,∞)

and {lin} ⊂ [0,∞), where ηin → 0 and lin → 0 as n→ ∞, for each i ∈ I. Let µn = max{νn, ηn},
where νn = max{νin : i ∈ I} and ηn = max{ηin : i ∈ I}. Let ξn = max{λn, ln}, where λn =

max{λin : i ∈ I} and ln = max{lin : i ∈ I}. Assume that ℑ = (
∩N

i=1 F (Ti))
∩
(
∩N

i=1 F (Si)) ̸= ∅.
Let ϕ(℘) = max{ϕi(℘) : i ∈ I}, for each ℘ ≥ 0. Suppose that there exist M,M∗ > 0 such that
ϕ(k) ≤ M∗k2 for all k ≥ M . Let {αn}, {βn}, {γn} and {δn} be sequences in [0,1] such that
βn + γn + δn ≤ 1 for each n ≥ 1. Assume that the following conditions are satisfied:

(i)
∞∑
n=1

αn = ∞;

(ii)
∞∑
n=1

α2
n <∞;

(iii)
∞∑
n=1

αnµn <∞,
∞∑
n=1

αnξn <∞;

(iv)
∞∑
n=1

αnβn <∞,
∞∑
n=1

αnγn <∞,
∞∑
n=1

αnδn <∞;

(v) αnL[(1− βn + γn(L− 1)− δn)] < 1, ∀n ≥ 1, where L = max{L1
t , ..., L

N
t , L

1
s, ..., L

N
s }.

Then for arbitrary x0 ∈ C, let {xn} be a sequence generated in (1.14). Then, lim
n→∞

∥xn − p∥
exists for all p ∈ ℑ.

Proof. For any p ∈ ℑ, from (1.14) we have

∥yn − p∥ = ∥(1− βn − γn − δn)xn + βnxn−1 + γnS
k(n)
i(n) xn + δnT

k(n)
i(n) xn−1 − p∥

= ∥(1− βn − γn − δn)(xn − p) + βn(xn−1 − p)

+γn(S
k(n)
i(n) xn − p) + δn(T

k(n)
i(n) xn−1 − p)∥

≤ (1− βn − γn − δn)∥xn − p∥+ βn∥xn−1 − p∥

+γn∥Sk(n)
i(n) xn − p∥+ δn∥T k(n)

i(n) xn−1 − p∥
≤ ∥xn − p∥+ βn∥xn−1 − p∥

+γn∥Sk(n)
i(n) xn − p∥+ δn∥T k(n)

i(n) xn−1 − p∥.(3.1)

Now, from (1.14) and Lemma 2.2, we obtain

∥xn − p∥2 = ∥(1− αn)xn−1 + αnT
k(n)
i(n) yn − p∥2

= ∥(1− αn)(xn−1 − p) + αn(T
k(n)
i(n) yn − p)∥2

≤ (1− αn)
2∥xn−1 − p∥2 + 2αn⟨T k(n)

i(n) yn − p, j(xn − p)⟩

= (1− αn)
2∥xn−1 − p∥2 + 2αn⟨T k(n)

i(n) yn − T
k(n)
i(n) xn + T

k(n)
i(n) xn − p, j(xn − p)⟩
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= (1− αn)
2∥xn−1 − p∥2 + 2αn⟨T k(n)

i(n) yn − T
k(n)
i(n) xn, j(xn − p)⟩

+2αn⟨T k(n)
i(n) xn − p, j(xn − p)⟩

≤ (1− αn)
2∥xn−1 − p∥2 + 2αn∥T k(n)

i(n) yn − T
k(n)
i(n) xn∥∥xn − p∥

+2αn⟨T k(n)
i(n) xn − p, j(xn − p)⟩

≤ (1− αn)
2∥xn−1 − p∥2 + 2αnL∥yn − xn∥∥xn − p∥

+2αn⟨T k(n)
i(n) xn − p, j(xn − p)⟩.(3.2)

Using (1.14), we have

∥yn − xn∥ = ∥[(1− βn − γn − δn)xn + βnxn−1 + γnS
k(n)
i(n) xn + δnT

k(n)
i(n) xn−1]− xn∥

= ∥βn(xn−1 − xn) + γn(S
k(n)
i(n) xn − xn) + δn(T

k(n)
i(n) xn−1 − xn)∥

= ∥βn(xn−1 − p+ p− xn) + γn(S
k(n)
i(n) xn − p+ p− xn)

+δn(T
k(n)
i(n) xn−1 − p+ p− xn)∥

≤ βn∥xn−1 − p∥+ βn∥xn − p∥+ γn∥Sk(n)
i(n) xn − p∥+ γn∥xn − p∥

+δn∥T k(n)
i(n) xn−1 − p∥+ δn∥xn − p∥

≤ βn∥xn−1 − p∥+ βn∥xn − p∥+ γnL∥xn − p∥+ γn∥xn − p∥
+δnL∥xn−1 − p∥+ δn∥xn − p∥

= (βn + δnL)∥xn−1 − p∥+ (βn + γnL+ γn + δn)∥xn − p∥
= (βn + δnL)∥xn−1 − p∥

+(βn + γn(L+ 1) + δn)∥xn − p∥.(3.3)

Putting (3.3) into (3.2), we have

∥xn − p∥2 ≤ (1− αn)
2∥xn−1 − p∥2 + 2αnL[(βn + δnL)∥xn−1 − p∥

+(βn + γn(L+ 1) + δn)∥xn − p∥]∥xn − p∥

+2αn⟨T k(n)
i(n) xn − p, j(xn − p)⟩

= (1− αn)
2∥xn−1 − p∥2 + 2αnL(βn + δnL)∥xn−1 − p∥∥xn − p∥

+2αnL(βn + γn(L+ 1) + δn)∥xn − p∥2

+2αn⟨T k(n)
i(n) xn − p, j(xn − p)⟩.(3.4)

From classical analysis, it is well known that

∥xn−1 − p∥∥xn − p∥ ≤ 1

2
(∥xn−1 − p∥2 + ∥xn − p∥2).(3.5)
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Using (3.4) and (3.5), we have

∥xn − p∥2 ≤ (1− αn)
2∥xn−1 − p∥2 + 2αnL(βn + δnL)

×1

2
(∥xn−1 − p∥2 + ∥xn − p∥2)

+2αnL(βn + γn(L+ 1) + δn)∥xn − p∥2

+2αn⟨T k(n)
i(n) xn − p, j(xn − p)⟩

= [(1− αn)
2 + αnL(βn + δnL)]∥xn−1 − p∥2

+[αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn)]∥xn − p∥2

+2αn⟨T k(n)
i(n) xn − p, j(xn − p)⟩.(3.6)

Since each Ti (i = 1, 2..., N) is a total asymptotically pseudocontractive mapping, from (3.6)
we have

∥xn − p∥2 ≤ [(1− αn)
2 + αnL(βn + δnL)]∥xn−1 − p∥2

+[αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn)]∥xn − p∥2

+2αn(∥xn − p∥2 + µnϕ(∥xn − p∥) + ξn)

= [(1− αn)
2 + αnL(βn + δnL)]∥xn−1 − p∥2

+[αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn) + 2αn]∥xn − p∥2

+2αnµnϕ(∥xn − p∥) + 2αnξn.(3.7)

Since ϕ is a strictly increasing function, it follows that ϕ(k) ≤ ϕ(M), if k ≤M ; ϕ(k) ≤M∗k2,
if k ≥M . In either case, we can obtain

(3.8) ϕ(k) ≤ ϕ(M) +M∗k2.

Using (3.7) and (3.8), we obtain

∥xn − p∥2 ≤ [(1− αn)
2 + αnL(βn + δnL)]∥xn−1 − p∥2

+[αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn) + 2αn]∥xn − p∥2

+2αnµnϕ(M) + 2αnM
∗µn∥xn − p∥2 + 2αnξn

= [(1− αn)
2 + αnL(βn + δnL)]∥xn−1 − p∥2

+[αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn)

+2αn + 2αnM
∗µn]∥xn − p∥2 + 2αnµnϕ(M) + 2αnξn

= ψn∥xn−1 − p∥2 + Ψn∥xn − p∥2 + 2αnµnϕ(M) + 2αnξn,(3.9)

where

ψn = (1− αn)
2 + αnL(βn + δnL),

Ψn = αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn)

+2αn + 2αnM
∗µn.
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By transposing and simplifying (3.9), we obtain

∥xn − p∥2 ≤ ψn

1− Ψn
∥xn−1 − p∥2 + 2αnµnϕ(M)

1− Ψn
+

2αnξn
1− Ψn

=

(
1 +

ψn + Ψn − 1

1− Ψn

)
∥xn−1 − p∥2 + 2αnµnϕ(M)

1− Ψn

+
2αnξn
1− Ψn

.(3.10)

Observe that
ψn + Ψn − 1 = α2

n + 2αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn)

+2αnM
∗µn.

Now, set
ϖn = ψn + Ψn − 1.(3.11)

Since lim
n→∞

αn = 0, then from conditions (iii) and (iv), we obtain

Ψn = αnL(βn + δnL) + 2αnL(βn + γn(L+ 1) + δn)

+2αn + 2αnM
∗µn → 0 as n→ ∞,

therefore, there exists a positive integer n0 such that
1

2
< 1− Ψn ≤ 1, ∀ n ≥ n0.

Thus, from (3.10) we have

∥xn − p∥2 ≤ (1 + 2ϖn) ∥xn−1 − p∥2 + 4αnµnϕ(M) + 4αnξn

= (1 + ζn) ∥xn−1 − p∥2 + σn, , ∀ n ≥ n0,(3.12)
where

ζn = 2ϖn,

σn = 4αnµnϕ(M) + 4αnξn.

From conditions (ii)–(iv), it is easy to see that
∞∑
n=1

ζn < ∞ and
∞∑
n=1

σn < ∞. Clearly, from

(3.12), we see that all the conditions of Lemma 2.3 are satisfied. Thus, lim
n→∞

∥xn − p∥ exists
for all p ∈ ℑ. □

Theorem 3.2. Let C be a nonempty closed convex subset of a real Banach space X. Let
N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : C → C be a finite family
of uniformly Li

t–Lipschitzian total asymptotically pseudocontractive mapping with sequences
{νin} ⊂ [0,∞) and {λin} ⊂ [0,∞), where νin → 0 and λin → 0 as n → ∞ and Si : C → C
be a finite uniformly Li

s–Lipscitzian total asymptotically pseudocontractive mappings with
sequences {ηin} ⊂ [0,∞) and {lin} ⊂ [0,∞), where ηin → 0 and lin → 0 as n → ∞, for each
i ∈ I. Let µn = max{νn, ηn}, where νn = max{νin : i ∈ I} and ηn = max{ηin : i ∈ I}.
Let ξn = max{λn, ln}, where λn = max{λin : i ∈ I} and ln = max{lin : i ∈ I}. Assume
that ℑ = (

∩N
i=1 F (Ti))

∩
(
∩N

i=1 F (Si)) ̸= ∅. Let ϕ(℘) = max{ϕi(℘) : i ∈ I}, for each ℘ ≥ 0.
Suppose that there exist M,M∗ > 0 such that ϕ(k) ≤ M∗k2 for all k ≥ M . Let {αn}, {βn},
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{γn} and {δn} be sequences in [0,1] such that βn + γn + δn ≤ 1 for each n ≥ 1. Let {xn} be a
sequence generated in (1.14). Assume that the following conditions are satisfied:

(i)
∞∑
n=1

αn = ∞;

(ii)
∞∑
n=1

α2
n <∞;

(iii)
∞∑
n=1

αnµn <∞,
∞∑
n=1

αnξn <∞;

(iv)
∞∑
n=1

αnβn <∞,
∞∑
n=1

αnγn <∞,
∞∑
n=1

αnδn <∞;

(v) αnL[(1− βn + γn(L− 1)− δn)] < 1, ∀n ≥ 1, L = max{L1
t , ..., L

N
t , L

1
s, ..., L

N
s }.

Hence the sequence {xn} converges strongly to a common fixed point in ℑ if and only if

lim inf
n→∞

d(xn,ℑ) = 0,(3.13)

where d(x,ℑ) denotes the distance of x to set ℑ, i.e., d(x,ℑ) = infy∈ℑ d(x, y).

Proof. The necessity of condition (3.13) is obvious.
Next, we prove the sufficiency of Theorem 3.2. For any given p ∈ F , from (3.12) in Lemma

3.1 we have that

[d(xn,ℑ)]2 ≤ (1 + ζn)[d(xn−1,ℑ)]2 + σn, ∀n ≥ n0.(3.14)

Clearly, from conditions (ii), (iii) and (iv), it is easy to see that
∞∑
n=1

ζn <∞ and
∞∑
n=1

σn <∞.

It follows from (3.14) and Lemma 2.3 that lim
n→∞

[d(xn,ℑ)]2 exists, further, lim
n→∞

d(xn,ℑ) exists.
By condition (3.13), we get

lim
n→∞

d(xn,ℑ) = 0.(3.15)

Next we prove that the sequence {xn} is a Cauchy sequence in C. Clearly, since
∑∞

n=1 σn <∞,
then 1 + t ≤ et for all t > 0 and from (3.12) we therefore have

∥xn − p∥2 ≤ eζn∥xn−1 − p∥2 + σn, ≥ n0.(3.16)

Hence, for any positive integers n,m ≥ n0, from (3.16) we have

∥xn+m − p∥2 ≤ eζn+m∥xn+m−1 − p∥2 + σn+m

≤ eζn+m [eζn+m−1∥xn+m−2 − p∥2 + σn+m−1] + σn+m

≤ eζn+m+ζn+m−1∥xn+m−2 − p∥2 + σn+m−1] + σn+m

≤ · · ·

≤ e
∑n+m

i=n+1 ζi∥xn − p∥2 + e
∑n+m

i=n+2 ζi

n+m∑
i=n+1

σi

≤ ϑ∥xn − p∥2 + ϑ
∞∑

i=n+1

σi,(3.17)

where ϑ = e
∑∞

n=1 ζn <∞.
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Since lim
n→∞

d(xn,ℑ) = 0 and lim
n→∞

σn < ∞, for any given ϵ > 0, there exists a positive
integer n1 ≥ n0 such that

[d(xn,ℑ)]2 <
ϵ2

8(ϑ+ 1)
,

∞∑
i=n+1

σi <
ϵ2

4ϑ
, ∀n ≥ n1.(3.18)

Therefore there exists p1 ∈ ℑ such that

∥xn − p1∥2 <
ϵ2

8(ϑ+ 1)
, ∀n ≥ n1.(3.19)

Consequently, for any n ≥ n1 and for all m ≥ 1 we have
∥xn+m − xn∥2 ≤ 2(∥xn+m − p1∥2 + ∥xn − p1∥2)

≤ 2(1 + ϑ)∥xn − p1∥2 + 2ϑ
∞∑

i=n+1

σi

< 2 · ϵ2

4(ϑ+ 1)
(1 + ϑ) + 2ϑ · ϵ

2

4ϑ

= ϵ2,

i.e.,
∥xn+m − xn∥ < ϵ.

This implies that {xn} is a Cauchy sequence in C. By the completeness of C, we can assume
that xn → x∗ ∈ C.

Now, we have to prove that p∗ ∈ ℑ. By contradiction, we assume that p∗ is not in ℑ =

(
∩N

i=1 F (Ti))
∩
(
∩N

i=1 F (Si)) ̸= ∅. Since ℑ is a closed subset of E, we have that d(p∗,ℑ) > 0.
Thus, for all p∗ ∈ ℑ, we have

∥p∗ − p∥ ≤ ∥p∗ − xn∥+ ∥xn − p∥,(3.20)
which implies that

d(p∗,ℑ) ≤ ∥xn − p∗∥+ d(xn,ℑ),(3.21)
so that, we obtain d(p∗,ℑ) = 0 as n → ∞, which contradicts d(p∗,ℑ) > 0. Hence, p∗ ∈ ℑ.
This completes the proof. □

We obtain the following results immediately from Theorem 3.2

Corollary 3.3. Let C be a nonempty closed convex subset of a real Banach space X. Let
N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : C → C be a finite family
of uniformly Li

t–Lipschitzian total asymptotically pseudocontractive mapping with sequences
{νin} ⊂ [0,∞) and {λin} ⊂ [0,∞) , where νin → 0 and λin → 0 as n → ∞, for each i ∈ I.
Let µn = max{νin : i ∈ I} and ξn = max{λin : i ∈ I}. Assume that ℑ =

∩N
i=1 F (Ti) ̸= ∅. Let

ϕ(℘) = max{ϕi(℘) : i ∈ I}, for each ℘ ≥ 0. Suppose that there exist M,M∗ > 0 such that
ϕ(k) ≤ M∗k2 for all k ≥ M . Let {αn}, {βn}, {γn} and {δn} be sequences in [0,1] such that
βn + γn + δn ≤ 1 for each n ≥ 1. Let {xn} be a sequence generated in (1.13). Assume that
the following conditions are satisfied:

(i)
∞∑
n=1

αn = ∞;
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(ii)
∞∑
n=1

α2
n <∞;

(iii)
∞∑
n=1

αnµn <∞,
∞∑
n=1

αnξn <∞;

(iv)
∞∑
n=1

αnβn <∞,
∞∑
n=1

αnγn <∞,
∞∑
n=1

αnδn <∞;

(v) αnL[(1− βn + γn(L− 1)− δn)] < 1, ∀n ≥ 1, L = max{L1
t , ..., L

N
t , L

1
s, ..., L

N
s }.

Then the sequence {xn} converges strongly to a common fixed point in ℑ if and only if
lim inf
n→∞

d(xn,ℑ) = 0,(3.22)

where d(x,ℑ) denotes the distance of x to set ℑ, i.e., d(x,ℑ) = infy∈ℑ d(x, y).

Proof. Set Si = Ti in Theorem 3.2, then we obtain the required result. □
Corollary 3.4. Let C be a nonempty closed convex subset of a real Banach space X. Let
N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : C → C be a finite family
of uniformly Li

t–Lipschitzian total asymptotically pseudocontractive mapping with sequences
{νin} ⊂ [0,∞) and {λin} ⊂ [0,∞) , where νin → 0 and λin → 0 as n → ∞, for each i ∈ I.
Let µn = max{νin : i ∈ I} and ξn = max{λin : i ∈ I}. Assume that ℑ =

∩N
i=1 F (Ti) ̸= ∅.

Let ϕ(℘) = max{ϕi(℘) : i ∈ I}, for each ℘ ≥ 0. Suppose that there exist M,M∗ > 0 such
that ϕ(k) ≤ M∗k2 for all k ≥ M . Let {αn} be a sequence in [0,1]. Let {xn} be a sequence
generated in (1.12). Assume that the following conditions are satisfied:

(i)
∞∑
n=1

αn = ∞;

(ii)
∞∑
n=1

α2
n <∞;

(iii)
∞∑
n=1

αnµn <∞,
∞∑
n=1

αnξn <∞;

(v) αnL < 1, ∀n ≥ 1, L = max{L1
t , ..., L

N
t , L

1
s, ..., L

N
s }.

Then the sequence {xn} converges strongly to a common fixed point in ℑ if and only if
lim inf
n→∞

d(xn,ℑ) = 0,(3.23)

where d(x,ℑ) denotes the distance of x to set ℑ, i.e., d(x,ℑ) = infy∈ℑ d(x, y).

Proof. Put βn = γn = δn = 0 in Corollary 3.3, then we obtain the required result. □
These are just but a few of the numerous results that can be obtained from Theorem 3.2

Example 3.5. Let X be the real line with the usual metric |.| and let C = (−1, 1). Now
for N = 1, let Tx = sinx and Sx = sin(−x) for all x ∈ C. Let ϕ be a strictly increasing
continuous function such that ϕ : [0,∞) → [0,∞) with ϕ(0) = 0. Let {µn}n≥1 and {ξn}n≥1

in R+ be two sequences defined by µn = ξn = 1
n+1 , for all n ≥ 1, then µn → 0 and ξn → 0

as n → ∞. Clearly, the mappings T and S are total asymptotically nonexpansive mappings
with F (T ) = F (S) = {0}. This implies that the mappings T and S are total asymptotically
pseudocontractive mappings. Obviously, ℑ = F (T )

∩
F (S) = {0} ̸= ∅. Put

αn =
1

n
, βn = γn =

1

2n+ 1
and δn =

1

n+ 1

for all n ≥ 1.
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From Example 3.5, we see that all the conditions in Theorem 3.2 are satisfied. Hence, our
result is applicable.

4. Conclusion

In this paper, we have seen that the classes of nonexpansive mappings and classes pseu-
docontractive mappings are proper subclasses of the class of total asymptotically pseudocon-
tractive mappings. Also, we have demonstrated that our new iterative algorithm properly
contains several well known iterative schemes which have been considered by Osilike and
Akuchu [10], Qin et al. [12], Thakur [18], Saluja [14], Chen [11], Xu and Ori [21] and several
others in the existing literature. Hence, our results generalize, improve and extend the cor-
responding results of Osilike and Akuchu [10], Qin et al. [12], Thakur [18], Saluja [14], Chen
[11], Xu and Ori [21] and several others in the existing literature.
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