mn Mathematical Analysis Vol. 2 (2021), No. 2, 27-30
https:// maco.lu.ac.ir

ED & Convex Optimization DOI: 10.22034/maco.2.2.3

Research Paper

A NOTE ON ¢-APPROXIMATE BIFLATNESS OF A SEMIGROUP
ALGEBRA

AMIR SAHAMI AND BEHROOZ OLFATIAN GILLAN*

ABSTRACT. In this note, we show that [3, Theorem 2.3] is not true. We show that £'(Numax)
is an unital Banach algebra which is ¢-pseudo amenable but it is not ¢-approximate biflat
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1. Introduction and Background

The definition of amenability for Banach algebras was given by Johnson. A Banach algebra
A is amenable, if every derivation D : A — X* has a form D(a) = a - 9 — x¢ - a, where X
is any Banach A-bimodule and z( belongs to X*. Also Johnson showed that the amenability
of a Banach algebra is equivalent with the existence of an element M € (A ®, A)** such that
a-M = M-aand 7% (M)a = a, for all a € A. Here A®,, A is denoted for the projective tensor
product of A with A. Also 74 : A®, A — A is defined by m4(a ® b) = ab for all a,b € A.

Helemskii gave a related homological notion to amenability called biflatness. He studied
the geometry and the structure of Banach algebras via homological theory. One of the most
important notion in homology of Banach algebras is biflatness. Indeed a Banach algebra
A is biflat, if there exists a bounded A-bimodule morphism p : A — (A ®, A)** such that
¥ op(a) = a for all a € A. It is known that a Banach algebra A is amenable if and only
if A is biflat and posses a bounded approximate identity. For the history of amenability and
related homological notions see [9].

Recently approximate notions of amenability like pseudo-amenability and approximate
biflatness have been introduced and studied among Banach algebras, see [3], [1], [7], [10] and
[11]. Also, some approximate notions of amenability with respect to a homomorphism were
given. In fact, for a bounded linear map ¢ : A — A which preserves the product of A or
¢ € Hom(A), A is ¢-approximate biflat if there exists a net (6,) of A-bimodule morphisms
from A into (A ®, A)** such that m4 0 6, 0 ¢(a) — ¢(a) for all a € A. Also A is called
¢-pseudo amenable if there exists a net (mq) in A ®, A such that my¢(a) — ¢(a)me — 0
and 74 (ma)¢(a) — ¢(a) for all @ € A. In the case that ¢ is the identity map, A is called
pseudo-amenable. For further information see [3].
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In this short note, we show that [%, Theorem 2.3] is not true. We show that £*(Nyay) is
an unital Banach algebra which is ¢-pseudo amenable but it is not ¢-approximate biflat for
some ¢ € Hom (' (Npax)).

Let A be a Banach algebra. The projective tensor product A ®, A is a Banach A-bimodule
by the following actions

a-(b®c)=ab®ec, (b®c)-a=b® ca, (a,b,c € A).
Let X and Y be Banach A-bimodules. Then the map T : X — Y is called A-bimodule
morphism if

T(a-x)=a- T(x), T(x-a)=T(z)-a, (ae A,z e X).

2. Main Results

In this section, we give a counter example among the semigroup algebras which shows that
[8, Theorem 2.3] is not always true.

Example 2.1. Suppose that S = Npax. That is the semigroup N which is equipped to the
operation max. Clearly, the related semigroup algebra ¢!(S) is a unital Banach algebra with
unit d;. Here we put ¢ = idp(g) € Hom(¢'(S)). We show that £!(S) is an unital ¢-pseudo
amenable Banach algebra which is not ¢-approximate biflat.

To see this, it is known that ¢!(S) is approximately amenable [6, Example 4.6]. Since
?1(S) is unital, so by [7, Proposition 3.2], £1(S) is pseudo-amenable. Thus ¢*(S) is ¢-pseudo
amenable. Now we conversely suppose that ¢1(S) is ¢ = idy1(s)-approximate biflat. Thus
there exists a net of ¢1(.S)-bimodule morphisms 6, : £1(S) — 61(5’) ®p £1(S) such that ()

0o 0 idp1(gy(a) = a for all a € £1(S). Set mq = 04(01) € (£1(S) ®, £1(S5))**. Clearly
a- Mg =a-0o =0,(ad1) = 0,4(61a) = 0,(01) -a=mqy-a

@)

and
sy (Ma)a = Tl g 0 0a(01)a = dra = a,

for all a € £*(S). Now by [5, Lemma 1.7] it is known that there exists a bounded linear map
Y LH(S) @, £1(S)™ = (£1(S) @, £1(5)™
such that
() Y(a@b)=a®b
(i) @ - p(m) = P(a- ) P(m-a) =p(m)-a
(iil) 758 g) (¥(m)) = mp1(5)=+ (m),
for all a,b € ¢1(S) and m € EI(S) ®p £1(S). Define M, w(we1 (ma) ® 1) — mq. Then we
have
Tpi(s)(Ma) = 751 6y (P (51 5y (Ma) ® 01) = ma) = gy (Y (T (g) (M) @ 61)) — 7' g) (M)
= WZF(S)** (TFZT(S)(mQ) & 51) — W;{k(s)(ma)
=0.

Thus M, is a net in ker™ 1 (5). On the other hand, since £'(S) has a unit, 7 g) is surjective.
By applying [1, A.3.48], we have

*

kermp sy = (kermp(g))™ = ker T (s)-
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We know that ker 71 (g) is a closed ideal of 0H(S) @, £1(S)°P, where ¢(S)° is denoted for the
reverse semigroup algebra. Suppose that v = ), a; ® b; € ker w1 gy, where a; and b; belong
to £1(S). Now
v- My = Zai ® b; - (d’(”ﬁ(s)(ma) ® d1) — Mma)

:Zai(@bi-(w(ﬂ'ﬁ(s) ma ®51 Z(h@b Mg

:Zaz®bz(w(ﬂ-z{k(s) ma ®51 Zaz M - b

> ai @b ((mpi 5y (Ma) ® 01)) — Ma - > aib;

= @i @b - (P(mfi g (ma) ® 61)) = 0.
Let g € ker W;f‘(s). Then we can find a net (gg) in ker Tpi(s) such that gg wr, g. Applying
above considerations,

gMy = (w* —lim gg) My = w* — limggw(ﬂﬁ‘(s) (Mma) @ d1)
= (w* = lim gg)ih(mp| gy (Ma) @ 61).

We know that WZ{‘(S)(ma) = Wzl*(s)(ma)él — d1. So
Qp(ﬂﬁ(S)(ma) @ 61) = 77b(51 & (51) = (51 (%9 51.

Thus

limsup [|gMq — g|| = lim Sup g (i (5 (M) ® 61) — 4|
g

< hmsupugunww (o) @ 81) — 61 @ 81| =0,

here the supremum takes place over
ball(ker mpi| gy) = {z € ker myi o) [|[]| < 1}.

It gives that the mapping of right multiplication by M,, say Rjs, converges to zdkem o
with respect to the norm topology on ball(ker 772‘1*( )) Hence for some «, Ry, is invertible.
So using surjectivity of Rjs, we can find that I' € ker ﬂel(s) such that I'M, = M. Thus for

all f € ker 7TZ1(S), we have

(JT = f)Mo = fT My — fMq =0.
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Since Ry, is injective, we have fI' — f = 0. Therefore I' is a right unit for ker 7TZ1*( s)° Define
M =6 ®6 — T € (£1(S) @, £1(5)°P)**. So
a-M—-—M-a=a- 0100 —-1)—(61®d—T)-a
=a®d—a-I'-6Ra+T-a
=a®0 —(a®@6) - ®a+ (61 ®a)l
(a®d1 — 01 ®a)(6y @61 —T)
=0.

Also
Tt sy (M) = 7 6y (61 ® 61) = 1.

It follows that M is a virtual diagonal for ¢1(S). So ¢!(S) is amenable. Now applying [2,
Theorem 2] the set of idempotents of S, namely E(S) must be finite. But £(S) = N which is
impossible. So ¢!(S) is not idy (g)-approximate biflat.
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