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A NEW APPROACH TO THE CHROMATIC POLYNOMIAL
STRUCTURE ON FINSLER MANIFOLDS
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ABSTRACT. In this paper, the chromatic polynomial structure on Riemannian manifolds
and the almost golden structure on the tangent bundle of a Finsler manifold have been stud-
ied. A class of g-natural metrics on the tangent bundle of a Finsler manifold have been
considered and some conditions under which the golden structure is compatible with the
above-mentioned metric are proposed. The Levi-Civita connection associated with the men-
tioned metric is calculated and the results of it are presented. Finally, the integrability of
the golden structure and its compatibility with the covariant derivative is studied.
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1. Introduction and preliminary concepts

The golden structure has been used in many different areas, in architecture, music, and
arts. Research on the properties of the golden structure on manifolds is an interesting topic
in mathematics. Hretcanu and Crasmareno in [3] investigated the geometry of the golden
structure on manifolds and in [7] presented some applications of the golden ratio in differential
geometry. The integrability of this structure has been investigated in [5]. Later, authors
in [1] discussed the compatible Riemannian metrics and adapted covariant derivatives to a
golden structure. The past thirty years have seen increasingly rapid advances in the field of
polynomial structures on the tangent bundle of a Riemannian manifold [9]. In [12], Ozkan
studied the complete and horizontal lifts of golden structures in the tangent bundle.

Analogously to the geometry of the polynomial structures of a Riemannian manifold, the
geometry of the polynomial structures of a Finsler manifold has not been studied. Only
a few authors have studied these structures on the Finsler manifolds. Bing Ye Wu with
consideration of the Sasaki metric studied the complex structures in the tangent bundle of a
Finsler manifold.

Recently, some researchers have focused on Finsler manifolds and obtained many geometri-
cal results in such spaces. For example, in [1] M. T. K. Abbassi and G. Calvaruso investigated
geometric properties of “g-natural” metrics on the tangent bundle 7M. Peyghan and Tayebi
in [13] showed the almost complex structure is not compatible with the Miron metric, but
they provided another definition of the complex structure that is compatible with the Miron
metric.
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*Corresponding author.
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Our study will firstly focus on the metric § on TM?. We consider the (M, F) as a finsler
metric with the Chern connection and obtain the Levi-Civita connection of the metric g that
is defined in section 2. We proved that the map F has constant relatively isotropic Landsberg
L= —fC if and only if the vertical distribution VT'M?O is totally geodesic in TTMO°. We next
prove that F' is a weakly Berward metric if dio(X") = 0.

In recent years, several authors have studied the polynomial structures such as golden
structure, metallic structure, product, and complex structures of manifolds [3]. In 2008,
Mirecea Grasmareanu and Cristina Elena examined the golden structure on differentiable
manifolds (see [3]). Kazan et al later proved that the metallic structure J on the tangent
bundle T'M with Levi-Civita connection V and Riemannian curvature tensor R is integrable
if and only if Riemannian manifold M is flat, i.e. R = 0.

In section 3, we give the almost golden structure gZ; on the slice tangent bundle TTMO.
We show that (ﬁ is a golden structure on TTMO if and only if the metric F' is of constant
flag curvature [10]. Later, we examine the almost golden structure compatibility with the
Levi-Civita connection on TM°. We show that with metric § the almost golden structure
¢ is compatible with covariant derivative V if and only if M is a flat Riemannian manifold.
Throughout the paper, all manifolds, connections,... are assumed to be differentiable of class
C*°. All data generated or analyzed during this study are included in this published article.
In this section, we give a brief presentation of some definitions and propositions that use in
the rest of this paper. For general background in the subject, the reader can consult [2].
Suppose that M is an n—dimensional C'* manifold and let T; M be the tangent space of M
at x. The tangent bundle T'M is the union of all tangent space to M at all points =z € M,
that is

TM := UxeMTxM: {(x,y)|lzre M, ye T, M}.

Let TM° = TM\0, the natural bundle projection 7 : TM — M is given by 7(x,y) = .
A Finsler manifold is a manifold M and a function F' : TM — [0, 00) such that,

i. the function F is smooth on TM° (on the entire tangent bundle TM?),
ii. the function F' is positive 1—homogeneous F'(z, \y) = AF(x,y) for all A > 0,
iii. the Hessian matrix (g;;) = [5Fb(, y)] iy 18 positive- definite at every point of T'M 0,

Let x € M and F, := F|p,p. To measure the non-Euclidean feature of F, one can define
Cy:T,M xT,M xT,M — R by

1d

1 0
Cy(uvvvw) = 5% [gy+tw(uvv):|

=0 4 0rdsot
where u,v,w € T, M. By definition, C, is a symmetric trilinear form on 7M. The family
C :={C, }yern is called the Cartan torsion. It is well known that C = 0 if and only if F' is
Riemannian.

For y € T, My, define I, : T,M — R by L,(u) = Y., 9" (y)Cy(u, d;, 0;), where {8;} is
a basis for T,M at x € M. The family I := {I,},cr, is called the mean Cartan torsion.
Thus, I, (u) := L;(y)u®, where I; :== ¢g/*Cp.

[FQ(y+Tu+sv+tw) ,
r=s=t=0

Define the Landsberg curvature Ly, : T, M X T, M xT, M — R by Ly, (u, v, w) := L;j, (y)uiviwk
where L;ji := Cyjpsy°. F is called a Landsberg metric if L = 0. A Finsler metric ' on a man-
ifold M is called of relatively isotropic Landsberg curvature if L + ¢F'C = 0, where ¢ = ¢(z)
is a scalar function on M.
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The horizontal covariant derivatives of the mean Cartan torsion I along geodesics give rise
to the mean Landsberg curvature J, : T,M — R which are defined by J,(u) := J;(y)u’,
where J; := I;,y°. The family J := {J,}yern, is called the mean Landsberg curvature. A
Finsler metric F' on a manifold M is called of relatively isotropic mean Landsberg curvature
if J+ ¢FTI =0, where ¢ = ¢(x) is a scalar function on M.

Given a Finsler manifold (M, F'), then a global vector field G is induced by F' on T My,

which in a standard coordinate (z°,y) for T My is given by G = 3 88951' —2G(x, y)aiyi, where

1
G' = Zg’l{[FQ]mkyzyk — [FQ]xl}, yel, M.

The G is called the spray associated with (M, F'). In local coordinates, a curve c(t) is a
geodesic if and only if its coordinates (c'(t)) satisfy ¢ + 2G*(¢) = 0.

For y € T, My, define the Berwald curvature B, : T, M x T, M x T, M — T, M and the
mean Berwald curvature E, : T,M x T, M — R by By(u,v,w) := Bljkl(y)u%kwl%u and
E,(u,v) := Ej(y)u/v*, where

B PG N
Jkl - — ay]aykay[? jk = 2 Jjkm>

u = u' 8(21“33’ v =1 £i | and w = w' 8(21' |o. Finsler metrics satisfying B = 0 or E = 0 are

called Berwald metrics and weakly Berwald metrics, respectively.

Then, for a non-zero vector y € T, My, the Riemann curvature is a family of linear trans-
formation Ry : T, M — T,M with homogeneity Ry, = )\QRy, YA > 0 which is defined by

R, (u) := RZ(y)uk%, where
. i 207 92 i 5
(1.1) Rz(y):28G 0°G i 4o -G IG" 0G

dxk O ﬁyky Oyidyk Oyl Oyk

The family R := {Ry }ye7nm, is called the Riemann curvature. Let us put

(1.2) Ri - 1{8% _ 6R?} = 1 O°R; _ _O°R| )
' M3l oyt ayk S IR 3 gyiayl dyioyk S

Then

(1.3) RZ = Rj’ kl@/jyl, Rikzl = R; kzl/j, R; Kt Rj' i =0,

(1.4) R+ RY + Ry = 0.

Lemma 1.1. The Riemann curvature R, is well-defined linear transformation satisfying fol-
lowing

Ry(y) =0, gy (Ry(u),v) = gy (u. Ry (v)).

Let m be natural projection map of TM to M. We obtain the tangent mapping of the
projection 7 follows:

e T(TM) — TM
Let us put
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The set VT'M is an n—dimensional sub-bundle of T(TM?) that is called the vertical tangent
bundle of TM?. A non-linear connection on T'M is an extension distribution HT M for VT M
on T(TM). In the other words:

(1.5) T(TM) = VTM & HT M,

where HT M is called horizontal vector bundle that is an n—dimensional sub-bundle of

T(TMP?). Tt is known that {az“ 3y } is a basis for T(TM). Let us introduce a basis for

T(TMP) that is proportional to the above decomposition. If 7 is the natural projection map
from T,,rpr) to TM, in this case;

(ON_ 0 (0N .
T \ozi ) T o ™ \oy) T

According to the definition of vertical vector bundle, the set of vectors { 8‘; } is the basis for

VT M, based on the above decomposition for T'(T'M). The basis { 821'} can be expanded to
basis {SZ, 3 } for T(T'M). Since {a } is a member of T(T'M). The set 8m2 = AZ(w,y)Sj +
N (z, y)w, where the above Ag and Nij are differential functions such that, they are defined
locally on TM. So {Ai (x,y)Sj} is the locally basis for HT'M. Then we have Ag (xz,y)S; =
axz N] (‘T y) ay]

We put Ai (x,y)S; = . Therefore the set { = 82]} is a basis for T,,(T'M) proportional
to the above decomp081t10n. Then Ni] are called the coefficients for a non-linear connection.

: 0 8x h _ ozh J o%zh
These coefficients on T'M N/ 5= 97N — sV

2. Some results on g-natural metrics

Let (M, F) be a Finsler manifold. For the horizontal-vertical decomposition of the Sasaki
metric § on the slit tangent bundle, TM? is defined by

(2.1) Gij(,y) = gij(x, y)da' @ da’ + gij(z,y)8y" ® oy’

It easily shows that § is a Riemannian metric on TM°. A general metrics that can be defined
on TM" is a family of Riemannian metrics that we show it §. The Sasaki metric is particular
case of this metric. It is defined by

(2.2)  §(x,y) = crgiyds’ @ da? + (caF?gij + c3F?yiy;)0y" ® 6y’ + cagijda’ @ 83/

for all (z,y) € TM?, with real functions c1, ca, c3, ¢4 : [0, 00] — [0, 00] such that ¢1, 2,3 > 0.
The Sasaki metric is obtained for ¢y = ¢o = 1 and ¢35 = ¢4 = 0. Therefore § is a Riemannian
metric on TM°. The Levi-Civita connection V on TM? with respect to g is given by the
Koszul formula

2 (V5. 2) = X3(V.2)+¥5(2.%) - 25(%.7)

©a([d].2)-a(5.2] ) o ([2.4].9).

and the Lie bracket of a tangent bundle with the Chern connection by the following:
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Proposition 2.1. Let (M, F') be a Finsler manifold with the vertical basis a%i ly € VyTM and

the horizontal basi = € H,TM with the Chern connection. Then the Lie bracket of the
tangent bundle T'M of M satisfies:

TS 81 _pk 8
i [ 507 = — R 508

ii. |:8y‘ , ayj} 0,

ii. [ iwaw} (Tt —i—Lk)

where Rkl-j define a skew-symmetric Finsler tensor field of type (1.2) and (Ffj + ij) are
the local coefficients of the Berward connection. Some other Finsler tensor fields defined by
Rk will be useful in study of Finsler manifolds of constant flag curvature:

(2.3) Rpij = gniRY;, Ruj = Ruijy’s RY = g"" Ry;.
Consequently, we have
(2.4) y"Ryij =0, y"Ry; =0, Ry = Rjs,
and
k
(2.5) g = L] OB ORI
Y3 oyt Oy

Also the Cartan tensor field is given by its local components:

Ck _ 1 khaglj Oy — 1 Jgik

(26) 2 8 ho Yijk — 5 Oyj .

It is easy to see that Cjj;, is symmetric with respect 4, j, k. Furthermore, we deduce that
(M, F) becomes a Riemannian manifold, that is g;; depend on (z*) alone if and only if we
have ij = 0 for all 4,5,k € {1,...,n}. By the homogeneity condition for F', we obtain

lefJ =0

Lemma 2.2. Let (M, F) be a Finsler manifold, then the Levi-Civita connection V on the
Riemannian manifold (7'M, §) is locally expressed as follows:

L 2 2 o
oyl _ 2k k k
en VY o= g (cl +2L) ) (c >a -
P 2 ) 0
Sz I k k k
(2.8) v@zi - 3 (2 Ty Rl’b] + L ) ok (20 +y le +4L; ) Oyk’
L -2 2 k) 0
oyl _ k k k | pk k
(2.9) Vﬁ Y (2 -y Rlzg + L ) Sk g (3Fij — 203 +y Ry — Lij) ECE
(210) VT = 1(3F’“ + 20k + Lk)i - 1(40-’“- +y'RE + 2Lk) 0
a7 3 dzk 3\7TY g oy’
where
1 Ogki . O9n;  0gij
2.11 k= Zgkh : L
(2.11) = Y { 527 | oz 5ajh}
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o
The vertical distribution VT MO is totally geodesic (resp. minimal) in TTMO if HV %Y =0

Ayt

9
(resp. g¥ Hvagj = 0), where H denotes the horizontal projection. Similarly, if we denote by V
8y"
the vertical projection, then we say that the horizontal dlstrlbutlon HTMO is totally geodesic
(resp. minimal) in TTMO if YV w0 =0 (resp. giVYVes W = 0. So by a simple calculation, we

5z1 le

can get the following:

Proposition 2.3. Let (M, F) be a Finsler manifold, then the following hold:

i. the function F' has constant relatively isotropic Landsberg L = —fC if and only if
the vertical distribution VT MO is totally geodesic in TT MO.
ii. the function F' has constant relatively isotropic mean Landsberg J = —fI if and only

if the vertical distribution VT'MO is minimal in 7T MO.
iii. the function F' is flat metric if and only if it has constant relatively isotropic Landsberg
curvature L = —2C.

a

Proof. Part [i]: Assume that H@g = 0. By (2.7) we have C’ikj + 2ij = 0. This means that
ay?
F' is a constant relatively isotropic iandsberg metric.

o .

Part [ii]: Let ¢"HV%’ = 0. Then we have g”(C’ikj + QLZ) = 0and so I; +2J; = 0
8yi

which means that F' is a constant relatively isotropic mean Landsberg metric.

Part [iii]: Let HTMO be totally geodesic. Then we get 160k + 8Lk' + 3leh] =0. It
is clear that R = 0 if and only if L = —2C. O

Corollary 2.4. Let (M, F') be a Finsler manifold. If divo(X") = 0. Then F is a weakly Berward
metric.

Proof. Let div(X?) = 0. So we have Ffj — 2I; — J; = 0. Contracting it with ¢ imply that
2 T
NV = 0. It follows that FE;; := 1Ny 0, which means that F' is a weakly Berward

2 0yt oy’
metric. O

Lemma 2.5. Let (M, F) be a compact Finsler manifold. Then the following relations are
equivalent.
i. The vertical distribution VT MO is totally geodesic in TT MO,
ii. The vertical distribution VT'M?Y is minimal in 77T MO.
iii. R =0.
In any case, the function F' reduces to Riemannian metric.

Proof. According to Part [iii] of Proposition 2.3, R = 0 if and only if L = —2C. By the same
argument in ([11]), we have the proof. O
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3. The Chromatic polynomial structure on Finsler manifold

This is a reminder of the chromatic polynomial structure notions we will use in the follow-
ing. More details can be found in [3, 6, 8, 15]. The Golden mean canon is found in the linear
proportions of masterpieces of architecture, human, animal, and plant bodies. The Golden
mean canon arose from the division of a unit segment line AB into two parts x and 1z, such
that 1=- = l On the other hand, one can say that Golden mean canon follows from a square

equation 2 — pr — ¢ = 0, where p = 1, ¢ = 1, which solution is ¢ = %@

As it is known, it is very easy to find the members of “the metallic means family” (Spinadel,
1999) as solutions of the above equation, for fix two various values of the positive integers
p and ¢. In fact, if p = ¢ = 1, we have the Golden mean canon. Analogously, for p = 2
and ¢ = 1, we obtain the Silver mean; for p = 3 and ¢ = 1, we get the Bronze mean. For
p =4,q =1 we have the next metallic mean, etc. It should be mentioned that many authors
wrote about the close relation of some the metallic means family to classical Fibonacci num-
bers, fractal geometry, dynamical systems, quasicrystals, etc.

Let P[z] be the algebra of all polynomials, and P,(z) be a polynomial of degree n, in
P[z]. We define Ap, called the induced algebra with respect to P,(z), to be the set of all
polynomials of degree less than n together with the addition and scalar product induced by
P[z]. The multiplication in Ap is defined in such away. Therefore Ap is isomorphic to the
quotient algebra P[x]/ < P,(z) >

Definition 3.1. Let M be a C* Riemannian space. A C° tensor field W of type (1.1) on M
is said to define a chromatic polynomial structure of degree d on M if d is the smallest integer
for which the power 1, W, ..., W? are dependent, and W has constant rank on M.

If dimM = 2n, an almost complex structure on M is a chromatic polynomial structure of
degree 2. If dimM = 2n — 1, an almost contact structure on M is a chromatic polynomial
structure of degree 3. Quartic structures are chromatic polynomial structures of degree 4.

Ezample 3.2. A vector (X1, ..., XP) from Ty, 20 EP is tangent to SP=L(r) if and only if we
have

p
(3.1) > a'Xt=o0.
=1

Consider a vector (X,Y, Z) in R? that tangent to S2. We define a tensor field W of type (1.1)
1
by W(X,Y,Z) = (¢X,(1 —¢)Y,(2 — ¢)Z), where ¢ = 3 The tensor field W satisfying

20
2 -W—-— .
(3.2) w2 W 13 =0

Thus, W is a chromatic polynomial structure of degree 2 on the sphere S?.

Definition 3.3. Suppose (M,g) be a Riemannian space and W is a chromatic polynomial
structure of degree d on M. We say that the metric g is W-compatible if the equality

(3.3) 9(W(X),Y) = g(X,W(Y))
is satisfied for every tangent vector fields X, Y € x(M).
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Definition 3.4. A Riemannian space (M, g) endowed with a chromatic polynomial structure W
of degree d so that the Riemannian metric g is W-compatible is named a chromatic polynomial
Riemannian space of degree d and (g, W) is named a chromatic polynomial Riemannian
structure of degree d on M.

Proposition 3.5. If (M, g1, W;) and (N, g2, W2) are two chromatic polynomial Riemannian
spaces, then the product manifold M x N admits a chromatic polynomial Riemannian struc-
ture.

Proof. We define the Riemannian metric g and (1,1) tensor field W on M x N by

(3.4) 9((X1, Y1), (X2,Y2)) = 91(X1, X2)g2(Y1,Y2)
(3.5) W:T(M x N) — T(M x N)
W(X,Y) = Wi (X)W (Y).
The metric g is W-compatible. ([l

Definition 3.6. Let (g, W) and (g, W) are tow systems of chromatic Polynomial Riemannian
structure of degree d on Riemannian orbifold (M,g). We say that (g, W) and (g, W’) are
equivalent or( (g, W) ~p (g, W)) if and only if there exists a diffeomorphism @ : TM — TM
such that:

1) Forallm € M Q, : T,yM — T,,, M is a vector space isomorphism.

2)Vm e M, W,, =W/ 0 Q.

et 0
0 et
multiplication is given by (z1,y1,t1) (22, Y2, t2) = (z1+etlwa, yo+e tlys, 1 +12) together with
the left invariant Riemannian metric

Example 3.7. Let the Lie group M = R? xR where ¢t € R acts on R? as [ ] . Therefore

(3.6) ds® = e 2dx? + e*dy?® + dt?

0 0
whenever X1 = et%, Xo = —G_t@, X3 = a then (Xl, Xl) = 6_%, (XQ,XQ) = 62t, (Xg, Xg)
1.

A C® tensor field W such W(X;) = 3X;, W(X3) = —2X2, W(X3) = —X3 of type (1,1) on M
define a polynomial Riemannian structure of degree 3 satisfying in W3 — 7W — 61 = 0. Now
consider another polynomial Riemannian structure of degree 3, W'(X;) = —3X;, W/ (X;) =
—4X5, W (X3) = — X3 that is zero of ¢ 4 8¢ + 19¢ + 121 = 0.
Tow above polynomial Riemannian structures are equivalent. Because if the diffeomorphism
Q:TM — TM is given by

—1

0
0

oSN O
—_— o O

(or Qm(X1) = = X1, Qm(X2) =2Xs, Qn(X3) = X3) for all m € M, then W/, = W,,, 0 Q..

3.1. Some results of chromatic polynomial (metallic and golden) structures on
Riemannian spaces. In 2009 Hretcanu and Crasmareano introduce the golden structure
on Riemannian manifolds [7]. Let p and ¢ be non zero integer and that (the discriminate)
R = p? — 4q is also not zero. The numbers o and 3 be the zeros of the companion sequences
as follows: A,(p,q) = (a™ — B")/(a — B), and By (p,q) = o™ + G".

Therefore Ag = 0,41 = 1,By = 2 and By = p; and the sequences, follow the recurrence



A NEW APPROACH TO THE CHROMATIC POLYNOMIAL STRUCTURE ON FINSLER MANIFOLDS 9

relations given above. These sequences are both called Lucas sequences and the number in
them are the generalized Lucas numbers.

Remark 3.8. If p=1and ¢ = —1 or in other words a and b be the golden ratio, then A, (p, q)
and By, (p, q) are the Fibonacci and Lucas sequences respectively, where the Fibonacci sequence
is 011235... and the Lucas sequence is 21347... .

These sequences have many useful properties such as As, = A, B, and if p is an odd prime,
then p divides A,_(r/p) is (R/p) is the Legendre symbol.

Remark 3.9. If p = 1 and ¢ = —1 then an (1,1) tensor field W that, is the zero of the
polynomial structure 2> — pz + ¢ be a golden structure. Therefore, a golden structure is a
polynomial structure of degree 2.

Definition 3.10. A chromatic polynomial structure on a Riemannian manifold M is called a
metallic structure if it is determined by an (1,1) tensor field P which satisfies the equation

(3.7) W2 = pW + I

where p, ¢ are positive integers and I is the identity operator on the Lie algebra X (M) of the
vector fields on M.

Ezample 3.11. A vector (X1!,..., XP) from Ty, 20 EP is tangent to SP=1(r) if and only if we
have

p
(3.8) Y a'xi=0.
=1

The tangent space at the point m = (mq, ma, m3) € S? is given by

-m m
T,,5% = {( 21}——3w,v,w)|v,w€R}
mp my
—m m -m
where S? is the unit sphere. Now suppose X = ( 2y — iw,v,w) and Y = ( 2y —
my my my

m
B! ,v',w') be two independent vectors in 7},,S?>. We can define a polynomial structure of
m1

degree 2 on S% by a (1,1) tensor field W(X) = AX and W(Y) = (2 — A\)Y where \ is an
arbitrary scaler. Its polynomial is W2 — 2W — (A2 — 2)\)I = 0.

A (1,1) tensor field P that given by W(X) = —X — Y and W(Y) = X — Y satisfies in
W2 + 2W + 21 = 0. It is another example of polynomial structure on the sphere S2.

Consider two Riemannian spaces M and N. Suppose (g1, W) is a golden Riemannian
structure on M. If f : M — N is a diffeomorphism, then N admits a golden Riemannian
structure induces by f. For its to hold, we define a Riemannian metric go and the golden
structure Wy on N by

(3.9) 92(X,Y) = g1 (f' X, f71Y)
(3.10) Wy : TN — TN
Y — (W)

the Riemannian metric go is Wo-compatible.
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Definition 3.12. let (g, W) and (g, W’) are two systems of golden Riemannian structure on
Riemannian space (M,g). We say that (g, W) and (g, W’) are equivalent or( (g, W) ~¢
(g, W")) if and only if there exists a diffeomorphism @ : TM — T'M such that:

1) For all m € M, the Qy, : T,,M — T,,M is a vector space isomorphism.

2) Vm € M, we have W,, = W/ 0 Q.

Proposition 3.13. Let W be a golden structure on a Riemannian space (M, g). If @ = AI and
W =WoQ=—(1+\)I, then (¢, W) ~g (g, W), (where X is a scaler).

Proposition 3.14. Suppose (g, W) is a golden Riemannian structure on Riemannian manifold
space M and the diffeomorphism @Q : TM — T M satisfies in the following condition:

1) (Wm © Qm) - (Wm © Qm)il =1

2) g(wm(X)7 Qm(Y)) = g(Qm(X)vwm(Y))a for (X,Y) € X(M)

then (g, W) ~g (9, Wo Q).

Proof. Suppose that W,, and Qm are the matrlx associate the linear transformation W,

and Q,, for all m € M. If WQO — (W QO) = I, then W,,Q,W,, = W,, + IQ L
Therefore (W QO) = W,Qm + I. Since g X, W0 (Y)) = g(Wp(X),Qn(Y)) and
I(W,Qm(X),Y) = g(Qm(X), W,,,(Y)). Therefore, g is (W o @)-compatible. O

Definition 3.15. The Fibonacci sequence’s initial terms are Fy = 0 and F} = 1, with F,, =
F,_1+ F,_2 for n > 2. The polynomial G,(z) = z" — F,z — F,,—1 (F, is the Fibonacci
sequence) is called a generalized golden polynomial of degree n.

Proposition 3.16. The generalized golden polynomial G,,(z) is decomposed as follows:

n—2
Gn(z) = Ga(x)()_Fa™7?)
=0

where Ga(z) is the golden polynomial.

Proof. The main basic idea of the proof is to take mathematical induction and the above
definition. 0

Definition 3.17. [11] A P-structure on a differentiable Riemannian manifold space M of di-
mension 7 is a tensor field P of type (1.1) satisfying P> —P =0 on M.

Proposition 3.18. If there exists a P-structure of rank (n — 1), then there exists a polynomial
Riemannian orbifold structure of degree < 3 on M.

Proof. 1t is sufficient to show that, if there exists a P-structure of rank (n — 1), then there
exists a Riemannian metric g such that ¢(PX,Y) = g(X,PY).

Suppose there exists a P-structure of rank (n — 1). We define, the operators L and T respec-
tively by

(3.11) L = —P?

(3.12) T =P 1.

Thus L +T = —I. We denote two types of distributions corresponding to L. and T by Dy,
and Dt corresponding to L and T respectively.

Consider the mutually orthogonal unit vectors in Dy, and Dy. Let eé(, for X,Y,Z, ... =
1,2,3,...r be the mutually orthogonal unit vectors in Dy, and e’ for z,y,z,... = r+ 1,r +
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2,...,n be the mutually orthogonal unit vectors in Dr. Let the local co-ordinates of P and T
respectively be P; and Tj. Since PT = 0 or in local co-ordinates

(3.13) PiT) =0

multiplying by e§ we find

(3.14) PiT)ck = 0 = Pi(Tek) = 0 = Piel = 0.
Thus we have

(3.15) Pic = 0.

We denote by {nX,n¥} the matrix inverse to {e%,e’}, then ;X and n¥ are both components
of linearly independent covariant vectors. Similarly, as TIP = 0, we have

(3.16) Pinf = 0.
Define a tensor field of type (0,2) by
(3.17) hji = mi + nin

where the repeated index X or x do not represent the summation.
Then hj; is well defined and it is a Riemannian metric on M such that

(3.18) an = hjel and nj = hjiel.
Now define g by
1
(3.19) gji = §[hji + P} P} hys + i)
Then ¢ is Riemannian metric on M such that (3.3) is valid. O

Corollary 3.19. If in a Riemannian space M of dimension n, there exists an almost Lorentzian
paracontact structure (P,u,w) then there exist a Riemannian metric g such that g is P-
compatible.

Proof. Use [14] and the previous Proposition. O

Corollary 3.20. If the Riemannian space M admits an almost product structure P, then there
exists a Riemannian metric g such that, (g, P) is a polynomial Riemannian structure of degree
< 2.

Remark 3.21. The polynomial relation ~p is an equivalence relation.

Definition 3.22. [16] An f-structure on a differentiable manifold M of dimension n is a tensor
field f of type (1.1) satisfying f3 + f = 0 on M.

Proposition 3.23. Suppose (M, g) be a connected Riemannian manifold space and the (1.1)
tensor field P is a f-structure on M such that g is P-compatible. If the diffeomorphism
Q :TM — TM satisfies in the following conditions:

1) (Po Q) be an almost complex structure on M.

2) Q(Pm(X)a Qm(Y)) = g(Qm(X)a Pm(Y)) VX,Y € X(M),

then (g’P) ~P (ga]P) © Q)

Proof. If P is a tensor field of type (1,1) on M satisfying P? + P = 0, then the function from
M to the integers assigning to = the rank of P(x) is continuous. In particular, the rank of P
is automatically constant on the components of M. ([l
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Being given any polynomial with real coefficients P(z) = a,z™ + ... + a22? + a12 with
ay # 0, the set of f in Hom(TM,TM) satisfying P(f) = 0 behaves quite similarly.

3.2. The golden structure on Finsler manifold space. In [13] Peyghan and Tayebi
define the new almost complex structure and found that it is a complex structure if and only
if the Finsler metric F is of scalar flag curvature.

Following the research works of Tayebi et al., we are studying these structures on Finsler
manifolds. We also will obtain a condition of the integrability of the golden structure on the
Finsler manifold. Let us define the polynomial structures of degree r on a manifold M with
Finsler metric F'.

Definition 3.24. ([1]) Let M be a manifold with Finsler metric F' : TM — [0,00). The
polynomial structures of degree r are the tensor fields J of type (1.1), on tangent bundle T'M,
ie. J:T(TM° — T(TMP°) such that r is the smallest integer which J", J" ... J, Id
are linearly independent. Let (M, F') be a Finsler manifold endowed with the polynomial
structure J and g, bea fundamental tensor of type (0,2) . A Finsler metric F' is compatible

with J if it satisfies,
(3.20) g,(JX,Y) =g, (X,JY), VXY € T(TM").
Definition 3.25. Let (M, F') be a Finsler manifold and let (T'M, J) be a golden manifold, i.e.
J? = J + Id. We say that (F,J) is an almost golden Finsler structure on TM if,
(3.21) g,(JX,Y) =g, (X,JY), VX,Y € T(TM").
In this case, triple (M, J , I) is called an almost golden Finsler manifold.

It can be proved that the condition 3.21 is equivalent to the following condition:

g, (0X,JY) =g, (J2X,Y) =g,((J + )X,Y) =g,(JX,Y) +g,(X,Y).

Also, if triple (M, P,F) is a product Finsler manifold, i.e. P? = Id the condition 3.21 is

equivalent to:
(3.22) g,(PX,PY) =g, (X,PPY) =g, (X,P?Y) =g, (X,Y), VX,Y € T(TM").

Similar to what has been proved in the smooth manifolds(see [3]). It can be shown that the
golden structure and the product structure on tangent bundle 7MY, are related to each other
by the following Lemma:

Lemma 3.26. ([1]) Let (M, F) be a Finsler manifold.

i. A product structure P on TMPY induces a golden structure as follows:

(3.23) $p = %(I +V3P),

We have: J2 = J 4 I, which yields J = 25 = L(1 4 \/5I) = }(I +/5VT) = 1(I + V5P).

ii. A golden structure J on TM?Y induces a product structure as follows:

(3.24) pi= \}5(2j _ 1)

By direct calculations of the previous proof, also this equation can be proved.

As a direct consequence of the above lemma, the following proposition can be considered.
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Proposition 3.27. ([1]) Let (M, .J, F) be an almost golden Finsler manifold. Then

4
(3.25) Np (X,Y) = gNj(X, Y), VX,Y eT(TM").

As mentioned before, a polynomial structure J is integrable if the Nijenhuis tensor Nj
vanishes. In this section, this condition of integrability for almost golden Finsler manifold is
studied.

Suppose M is a manifold with a Finsler metric /. We define an almost golden structure
on the slit tangent bundle and find it is a golden structure if and only if the manifold M has
zero flag curvature.

Using the horizontal-vertical decomposition, we consider the linear map J : x(TM®) —
x(TM?) by setting :

(6N 1[6 O\ -8\ 1[0 5
(3:20) i (59«“’> T2 (W " ﬁﬁ?ﬂ) i <3yi> T2 <8yi " \/553:’)

for i = 1,...,n. It is easy to show that the golden structure J is compatible with the Sasaki
metric g.

Lemma 3.28. The structure J with the definition of:
0 4] 0 0 o 0

53;’) St + oy’ (Gyl) St + oy’

is a golden structure if and only if the following relation to be establish

A2—A+BC=1, A+D=1, D>~ D+ BC=1.

(3.27) J(

Now we prove that the almost golden structure J is compatible with the general metric g
if we have ¢y = ¢1/F? and c3 = 0. For this purpose, we modify J to a x(T'M?)-linear map

given in the basis (%, aiyi) as follows:

(3.29) B2 = (08 + Buy) <o + (0ot + Bayiaf)
' dxt ! sk ! T oyk?

(3.29) BT) = (st + Bait) =+ (cuadk + Bai) o
. ayz 39; 3Yi 51’k % ? ayk’

where o, 8; for i = 1,...4 are functions on TM? to be determined. Then lemma 3.28 can be
lead to a1 = g, B1 = B4 and as = a3, B2 = B3 and also

(3.30) ar+l=al+a3 [ Bi=2a1B1+2a2p+ F2(B} + 53)
) a9 = 2019 Ba = 20182 + 20281 + F2(26152)

by solving of the system of Eqs (3.30), the following equations can be written as:
1

/B

5
aq ,04222'17751:52:0-

T2
Also the condition of §(¢(X),Y) = §(X, ¢(Y)), gives
(3.31) c1 = CQFQ, Boc1 = Pocs + F2(05203 + 5262).

By solving of the system of Eqgs. (3.31), the coefficients Cy and C3 can be written as seen

below:
(3.32) 2

C1

:ﬁ, C3:0.



14 AKBAR DEHGHAN NEZHAD AND SAREH BEIZAVI

Now, we can write the almost golden structure qﬁ and the general metric § as follows:

6 1,0 \f p 0
» 0 1 P, \f 1
34 o dge O Vg 0
and
(3.35) g(z,y) = clgijdxi ® dx’ + clgijéyi ® 0y’ + @gijda:i ® oy’

Hence, (TMY, g, (%) is an almost golden manifold.

Lemma 3. 29 The Nijenhuis tensor field of the almost golden structure qAS on tangent bundle
TM for 5= \y € V,TM and 5 : |y € HyT'M is given by the following:

5 6\ [16 2671 2 51 s[,6 &
(3:36) N (w 5J>[¢(5xi’¢5:cj] ¢ [51 5]}_‘?[‘?59&’&;3']
1 ) 0 1 ) 0 ) ) o) 1)
-3 (o5 Voa) 3 (5 + oag )| +4 o i) * [ )
1
4

] 2 ()| -

ot
<.
|—|\_/

YB[5 81, V5[0 41, 5(0 01 i[5 5] [5 5
4 |6zt Oy 4 | Oyl dad Ayt Oy S’ §xd dxt’ I
RS S NN A B B CE S HCRCN B R
27 | 0xt I 2 Oyi’ dxi 2 dxt’ Oyl 27 | 62t dad
_ L[ 63 VA0 0 WE[O0 ) Whif0 d) Vhifd 9
4 |6t Sad 4 |6zt Oyl 4 |0yl xd 2 " |0yl bad 2 7| 6xt Oyd
| 5 571 5[6 6 5 0
(4 + ) [51:“53:3] 4 [5&:“(51’3] 4R”8yk”
) 5 5 O
530 % (5 a) = 1%ae
o 6 5 0
. NA T, T = — ki
(3 38) (25 <8y27 (5:07) 1] 8yk7
g 0 5 0
(3 39) ¢ <8yz’ ayj> R ’Lj 8yk7
k
where Rfj :% %—1:2?6 881;{ } Thus, Rf = 0 if and only if Rfj:O. This is just the condition

for (M, F') to have zero flag curvature. Then we have the follow Theorem:

Proposition 3.30. The almost golden structure qB on manifold M with Finsler metric F :
TM — [0,00) is integrable if and only if (M, F') has zero flag curvature.
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Proof. Let ¢ be integrable, then N; = 0. From (3.36), (3.37), (3.38) and (3.39), we have

RE =0.
J

Conversely, if (M, F') has zero flag curvature, i.e. Rfj = 0, then from (3.36), (3.37), (3.38)
and (3.39) we get Nq; = 0. By this way, the proof can be completed. O

Remark 3.31. One says that a covariant derivative V on manifold M is adapted to polynomial
structure J if V.J = 0. We say (M, J, F) is an almost golden Finsler manifold if VF = 0 and
VJ = 0. In this section, it is proved that there is no an almost golden Finsler manifold with
the said metric g.

We shall give the following proposition.

Proposition 3.32. The golden structure (;3 is compatible with covariant derivative V if and
only if M is a flat Riemannian manifold.
Proof. Recall that if ¢ is a tensor field of type (1,1). Then ¢ is compatible with covariant

derivative V if @gﬁ = 0 means ng xY = V?(Y for every X,Y vector fields on M. By this
definition, two equations can be achieved from the following one:

N ¢
vy =V
oyt oyt
We have
1++/5 2-+5 1++5 2+6 V5
3 Cr + 3 LY = 2 Cr + 3 L%+?Rfj,
LAV o, 1+2V6 p _ 1=v5 0 14VE 0 VB,
e e
These follow that
5 4
E k ko k
By a simple calculation, using the equation:
i 36
oyt oyt

it is easy to check that,

2—v5 . 1-2V5 ., V5 _, 2++5 , 1425 ., 1_,
2v/5—1 5—2 2v/5—-1 5—1 2 5 1
Voolog (VB2 VS lpe  VBoL 24 VB Do
3 J 3 K 6 K 3 K 3 vo6 Y
We have following
1
(3.41) Rl =0, L= —5053..
Using (3.40) and (3.41), we have C = R = 0. Hence, the proof is completed. O
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