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ABSTRACT. We collected some results about maps on the algebra of all bounded operators
that preserve the local spectrum and local spectral radius at nonzero vectors. Also, we de-
scribe maps that preserve operators of local spectral radius zero at points and discuss several
problems in this direction. Finally, we collect maps that preserve the local spectral subspace
of operators associated with any singleton.

MSC(2010): 47B49; 47A11; 47A15.
Keywords: Local spectrum, Local spectral radius, Local spectral subspace, Nonlinear pre-
servers, Matrices.

1. Introduction and Background

Linear preserver problems, in the most general setting, demands the characterization of
maps between algebras that leave a certain property, a particular relation, or even a subset
invariant. In all cases that have been studied by now, the maps are either supposed to be
linear, or proved to be so. This subject is very old and goes back well over a century to the
so-called first linear preserver problem, due to Frobenius [25], who characterized linear maps
that preserve the determinant of matrices. The aforesaid Frobenius’ work was generalized
by J. Dieudonné [21], who characterized linear maps preserving singular matrices. The goal
is to describe the general form of linear maps between two Banach algebras that preserve a
certain property, or a certain class of elements, or a certain relation. One of the most famous
problems in this direction is Kaplansky’s problem [32] asking whether every surjective unital
invertibility preserving linear map between two semisimple Banach algebras is a Jordan ho-
momorphism. His question was motivated by two classical results, the result of Marcus and
Moyls [34] on linear maps preserving eigenvalues of matrices and the Gleason-Kahane-Zelazko
theorem [26, 31] stating that that Every unital invertibility preserving linear functional on
a unital complex Banach algebra is necessarily multiplicative. This result was obtained in-
dependently by Gleason in [26] and Kahane-Zelazko in [31], and was refined by Zelazko in
[37]. In the non-commutative case, the best known results so far are due to Aupetit [2] and
Sourour [36]. They showed that the answer to the Kaplansky question is in the affirmative for
von Neumann algebras [2] and for bijective unital linear invertibility preserving maps acting
on the algebra of all bounded operators on a Banach space [36]. Linear and nonlinear pre-
server problems cleared the way for several authors to describe maps on matrices or operators
that preserve invertibility, spectrum, spectral radius and spectrally bounded; see for instance
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[28, 29, 35] and the references therein.

2. preservers of local spectra

Throughout this paper, X and Y denote infinite-dimensional complex Banach spaces, and
B(X,Y) denotes the space of all bounded linear maps from X into Y. As usual, when
X =Y, we simply write B(X) for B(X,X). Also, let M,(C) be the algebra of all n x n
complex matrices. The local resolvent set, pr(x), of an operator 7' € B(X) at some point
x € X is the set of all A € C for which there exists an open neighborhood U of A in C
and a X-valued analytic function f : U — X such that (ul — T)f(u) = x for all p € U.
The complement of local resolvent set is called the local spectrum of T at x, denoted by
or(z). The local resolvent set, pr(x), of an operator T' € B(X) at some point x € X is the
set of all A € C for which there exists an open neighborhood U of A in C and a X-valued
analytic function f : U — X such that (uI —T)f(n) = « for all p € U. The complement
of local resolvent set is called the local spectrum of T" at z, denoted by or(z). The local
spectral radius of T" at x is given by rr(z) := limsup,, HT”(HE)H%, and coincides with the
maximum modulus of o7 (z) provided that T" has the single-valued extension property. Recall
that an operator T € B(X) is said to have the single-valued extension property (henceforth
abbreviated to SVEP) if, for every open subset U of C, there exists no nonzero analytic
solution, f: U — X, of the equation

(Wl =T)f(p) =0, Ypel.

Every operator T' € B(X) for which the interior of its point spectrum, o, (T), is empty enjoys
this property. For every subset F' C C the local spectral subspace Xr(F') is defined by

Xr(F)={z € X :0p(x) C F}.

Clearly, if F; C Fy then Xp(F1) € Xp(F»). The remarkable books by Aiena [I] and by
Laursen and Neumann [33] provide an excellent exposition as well as a rich bibliography of
the local spectral theory.

In this paper, we survey some results about preservers of local spectra on the algebra of all
bounded operators.

The first lemma summarizes some basic properties of the local spectrum.

Lemma 2.1. [1], [33] Let X be a Banach space and T € B(X). For every z,y € X and a
scalar o € C the following statements hold.

(i) If T has SVEP, then op(z) # 0 provided that x # 0.
(ii) or(azx) = or(z) if a« # 0, and oqr(x) = aor(z).
(i) If Tx = Az for some A € C, then op(x) C {\}. Further, if x # 0 and T has SVEP,
then op(z) = {\}.
(v) If S € B(X) commutes with T, then op(Sx) C or(x).
(iv) opn(z) = {or(z)}"™ for allx € X and n € N.

Let A= B(X) (resp. A= M,(C)) and z € X (resp. z € C") be a fixed nonzero vector. A
map ¢ : A — A is said to preserve
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(1) the local spectrum at z if

USD(T)(.Q?) = UT(Z') (T € B(X)
(2) the local spectral radius at x if

To(r)(T) = r7(T) (T € B(X).

The study of linear and nonlinear local spectra preserver problems attracted the attention of
a number of authors. The problem of characterizing additive maps on B(X) preserving local
spectrum was initiated by Bourhim and Ransford in [15]. They showed that the only additive
map ¢ from B(X) into itself for which

ooy (@) =or(x), (T €B(X), ze€X),
is the identity.
Theorem 2.2. [15] Let ¢ : B(X) — B(X) be an additive map such that

U@(T)(x):UT(x% (TEB(X), :L’EX).
Then o(T) =T for all T € B(X).

Note that in the above theorem, unlike many results in this general area, the map ¢ do
not require to be surjective, or even linear, just additivity suffices.

Gonzalez and Mbekhta [27] characterized linear maps on M, (C) that preserving the local
spectrum at only a fixed nonzero vector o € C". They proved that a linear map ¢ preserves
the local spectrum at zg if and only if there exists an invertible matrix A in M, (C) such that
Azxg =9 and o(T) = ATA™! for all T € M,,(C).

Theorem 2.3. [27] Let ¢ : M,,(C) — M, (C) be a linear map and xo € C" be a fized nonzero
vector. Then ¢ preserves the local spectrum at xg if and only if there exists an invertible
A € M, (C) such that Az = xg and p(T) = ATA™ for every T € M,(C).

In the case when the vector xq is not fixed, Costara is given the following theorem.

Theorem 2.4. [18] Let ¢ : My, (C) — M, (C) be a linear map. Then the following statement
are equivalent;
(i) For each T € M, (C) there exists a nonzero vector xp € C" such that

our) (@) = or(zr).
(ii) For each T € M, (C) there exists a nonzero vector xp € C" such that
T o(T) (xp) Nop(xr) # 2.
(iii) There exists an invertible matriz A € M, (C) such that either
o(T)=ATA™', (T € M,(C)),

or
p(T) = AT'A™', (T € M,(C)),
where T* is the transpose of T

Bourhim and Miller [14] described linear maps on M, (C) preserving the local spectral
radius at a fixed nonzero vector in C".
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Theorem 2.5. [11] Let zo be a nonzero fized vector of C™. A linear map ¢ from M, (C) into
itself preserves the local spectral radius at xg € C", i.e.,

r1(70) = T'o(T) (z0), (I'€ Myn(C)),

if and only if there exist a scalar o of modulus 1 and an invertible matrizc A € M, (C) such
that Az = xo and ¢(T) = aATA™! for all T € M,(C).

The corresponding result for the case when xg is not fixed is given by Costara in the next
theorem.

Theorem 2.6. [18] Let ¢ be a linear map from M, (C) into itself. Then for each T € M, (C)
there exists a nonzero vector xp € C" such that vy (vr) = rr(x7) if and only if there ewist
an invertible matrix A € M,(C) and an unimodular « such that either

o(T) = aATA™, (T € M,(C)),

or
o(T) = AT AL, (T € M,(C)),
where T is the transpose of T.

Bracic and Muller [16] extended the both Theorem 2.3 and Theorem 2.5 to infinite di-
mensional Banach space by characterizing surjective continuous linear maps ¢ on B(X) that
preserve the local spectrum and the local spectral radius at a fixed nonzero vector in X.

Theorem 2.7. [10] Let xg € X be a fized nonzero vector and let ¢ : B(X) — B(X) be a
surjective continuous linear mapping. Then o, (w0) = or(wo) for all T € B(X) if and only
if there exists an invertible operator A € B(X) such that Az = xg and p(T) = ATA™L for
all T € B(X).

Theorem 2.8. [16] Let o € X be a fized nonzero vector. Let ¢ : B(X) — B(X) be a
surjective continuous linear mapping. Then v,y (o) = rr(w0) for all T € B(X) if and only
if there exist an invertible operator A € B(X) and ¢ € C of modulus 1 such that Azy = xg
and o(T) = cATA™! for all T € B(X).

Bracic and Muller [16] also asked whether their results remain true without continuity
assumption on .

problem.[16] Is it possible to omit the assumption of continuity of ¢ in Theorem 2.7 and
Theorem 2.87

Costara [20] gave an affirmative answer to this problem, in the case when ¢ preserves the
local spectral radius at a fixed nonzero vector. He showed that a linear mapping on B(X) that
decreases the local spectral radius at a fixed nonzero vector in X is automatically continuous.

Bendaoud [6] characterized surjective maps ¢ on M,,(C) which satisfy
T o(T)+0(S) (x0) C or4s(zg) for a fixed nonzero vector zy in C™ and all matrices 7' and S.
He arrived at the same conclusion by supposing that o745(70) € 0y 1) 1p(s)(T0) for a fixed
nonzero vector xg in C" and all matrices T and S, without the surjectivity assumption on ¢.

Theorem 2.9. [6] Let zo be a fized nonzero vector in C". A map ¢ from M, (C) into itself
satisfies
07+5(20) C Tu(1)10(5)(0), (1,5 € Myp(C)),
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if and only if there exists an invertible matriz A € Mp(C) such that Azg = zo and o(T) =
AT A=Y for all T € M,(C).

The following result shows that the same conclusion holds when the reverse set inclusion

in

or+5(20) C Tpo(r)+p(s)(T0), (T, € My(C)),
occurs but at the price of the additional assumption that ¢ is surjective.
Theorem 2.10. [6] Let xg be a fized nonzero vector in C". A surjective map ¢ from M, (C)
into itself satisfies

T o(T)+4(5)(T0) € o7 45(70), (T, 8 € M,(C))
if and only if there exists an invertible matriz A € M,(C) such that Azy = xog and o(T) =
ATA=Y for all T € M,(C).

However, Bendaoud characterized continuous maps from M, (C) onto itself that preserve
the local spectral radius of the sum of matrices.

Theorem 2.11. [(] Let xg be a fized nonzero vector in C". A continuous map ¢ from M, (C)
onto itself satisfies

To(T)+¢(5) (T0) = T715(70), (T,S € M,(C))

if and only if there exist a scalar ¢ of modulus one and an invertible matriz A € My, (C) such
that Axg = xo and o(T) = cATA™! for all T € M, (C), or ATy = x¢ and o(T) = cATA™!
for all T € M,(C). Here T (resp. T) denotes the matriz (resp. the vector) obtained from T
(resp. x) by entrywise complex conjugation.

Bendaoud et al. [7] in the following theorem characterized nonlinear maps on M, (C) that
preserve the local spectrum of the product of matrices at a fixed nonzero vector.

Theorem 2.12. [7] Let xo be a fized nonzero vector in C™. A map ¢ from M, (C) into itself
satisfies

Op(T)p(S) (1‘0) = O‘T,5‘($0), (T, S e Mn((C)) (2.1)

if and only if there exist a scalar € = +1 and an invertible matriz A € M, (C) such that
Az = z0, and o(T) = eATA™! for all T € M,(C).

The following theorem shows that unlike the finite dimensional case when ¢ satisfies (2.1)
at a fixed nonzero vector xg, the only map ¢ on B(X) which satisfies the equality (2.1) at all
vectors z € X is the identity or the negative of the identity.

Theorem 2.13. [7] A map ¢ from B(X) into itself satisfies
U<p(T)<p(S)(x) = O-TS(:L'% (TWS’ € B(X),ZL‘ € X)
if and only if there exists a scalar € = 1 such that o(T) = €T for all T € B(X).

In the case of two Banach spaces X,Y are different, Bourhim and Mashreghi [12] char-
acterized surjective maps on B(X) that preserve the local spectrum of product operators at
fixed nonzero vector.
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Theorem 2.14. [12] Let z9g € X and yo € Y be two nonzero vectors. A map ¢ from B(X)
onto B(Y') satisfies

To(T)e(s)(Yo) = ors(zo), (T, S € B(X)),
if and only if there ezists a bijective bounded linear operator A € B(X,Y') such that Axo = yo
and either o(T) = ATA™Y for all T € B(X) or o(T) = —ATA™! for all T € B(X).

Bendaoud [5] in the following theorem characterized nonlinear maps on M, (C) that preserve
the local spectrum of triple product matrices at a fixed nonzero vector.

Theorem 2.15. [5] Let xg be a fized nonzero vector in C™. A map ¢ from M, (C) into itself
satisfies

O o(T)o(S)p(T)(T0) = oTsT(Z0), (T, S € M,(C))
if and only if there are a third root of unity € and an invertible matriz A € M, (C) such that
Axg = z0, and o(T) = eATA™! for all T € M,(C).

Bourhim and Mashreghi [13] characterized surjective maps on the algebra of all bounded
linear operators on a complex Banach space that preserve the local spectrum of triple product
operators at fixed nonzero vector.

Theorem 2.16. [13] Let zg € X and yo € Y be two nonzero vectors. A map ¢ from B(X)
onto B(Y') satisfies

T o(T)e(8)o(T) (¥0) = 057 (Z0), (T, S € B(X)),
if and only if there exists a bijective bounded linear mapping A from X into Y such that

Azg = yo and either o(T) = ATA™! for all T € B(X) or o(T) = —ATA™! for all T € B(X).

Bourhim and Mabrouk [9] described the form of all maps preserving the local spectrum of
Jordan product of operators on a complex Banach space.

Theorem 2.17. [9] Let xop € X \ {0} and yo € Y \ {0}. A map ¢ from B(X) onto B(Y)
satisfies

O o(T)p(8)+0(S)p(T) (Y0) = o1s4sT(T0)  (T,S € B(X))
if and only if there exists a bijective mapping A € B(X,Y) such that Axg = yo and either
©(T) = ATA™! for all T € B(X) or o(T) = —ATA™! for all T € B(X).

Note that if X and Y are isomorphic Banach spaces, then the statements of the above
result can be reduced to the case when X =Y and zp = yp. Bourhim and Mabrouk [10)]
showed that Theorem 2.17 remains valid without the surjectivity condition on ¢ but when
X=Y=C"

Theorem 2.18. [10] Let xo be a nonzero fixed vector of C". A linear map ¢ from M, (C)
into itself satisfies

T o (T)p(S)+0(S)p() (T0) = orsysT(w0) (T, S € My(C))

if and only if there exists an invertible matriz A € My (C) such that Azg = z¢ and o(T) =
+AT A~ for all T € M, (C).
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3. maps preserving operators of local spectral radius zero

In [17], C. Costara described surjective linear maps on B(X) which preserve operators of
local spectral radius zero at points of X. He showed that if ¢ : B(X) — B(X) is a linear and
surjective map such that for every z € X and T' € B(X)

rT(x) =0& To(T) (CE) =0,
then there exists a nonzero scalar ¢ € C such that ¢(T') = ¢T for all T' € B(X).

Theorem 3.1. [17] Let ¢ : B(X) — B(X) be linear and surjective map such that for every
reX and T € B(X),

Tor)(7) =0 & rr(z) =0,
then there exists a nonzero complex number ¢ € C such that o(T) = T for all T € B(X).
In the case of two different Banach spaces X and Y, it was proved by Bourhim and
Ransford at [15, Theorem 1.5] that if B is a bounded linear operator from Y into X and
¢ : B(X) — B(Y) is linear and surjective such that o,1)(y) = or(By) for all T' € B(X)
and for all y € Y, then B is invertible and ¢(T) = B~ITB for all T € B(X). The following

theorem is the corresponding result in the case of maps preserving operators of local spectral
radius zero.

Theorem 3.2. [17] Let X and Y be complex Banach spaces and ¢ : B(X) — B(Y) linear
and bijective for which there exists B € B(Y,X) such that for everyy € Y

rr(By) = 0 < ryy(y) = 0.

Then B is invertible and there exists a nonzero complexr number ¢ such that o(T) = ¢cB~'TB
forall T € B(X).

This result has been extended by Bourhim and Mashreghi in [11] where it is shown that if
¢ is a surjective (not necessarily linear) map on B(X) that satisfies

r7-5(%) = 0 & 1o )—p(s)(®) =0
for every x € X and T' € B(X), then there are a nonzero scalar ¢ € C and an operator
A € B(X) such that o(T) =cT'+ A for all T € B(X).
Theorem 3.3. [11] Let ¢ be a surjective map on B(X) which satisfies
rr—s5(z) =0 & rymr)—ps)(T) =0, (re X, T € B(X)),

then there are a nonzero scalar ¢ € C and an operator A € B(X) such that o(T) = cT' + A
forallT € B(X).

Elhodaibi and Jaatit [24] established a similar result to the one given by [11, Theorem 4.1].
The only difference is that the map ¢ is not assumed surjective.

Theorem 3.4. [21] Let ¢ : B(X) — B(X) be a map. Then the following assertions are
equivalent.

(i) 7o(1)—p(s)(x) = 0 if and only if r7_s(x) =0 for allz € X and T € B(X).

(ii) There exists a nonzero scalar p € C such that o(T) = pT + ¢(0) for all T € B(X).
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Bourhim and Costara [3] considered the more general problem of describing linear maps ¢
on M, (C) preserving operators of local spectral radius zero at a nonzero fixed vector zy € C".
Their aim was to characterize linear maps ¢ on M,,(C) such that

TT(QT(]) =0& T@(T)(:L'O) =0, (T € Mn((c))

Since this problem is trivial for the case when n = 1, they supposed that n > 2. For the
special case when n = 2, they obtained the following result.

Theorem 3.5. [3] Let xq be a nonzero fized vector of C2. A linear map ¢ on Ms(C) into
itself satisfies

TT(xQ) =0& To(T) (.ZC()) =0, (T S MQ(C)),
if and only if there exists a monzero scalar «, an invertible matriz U € My(C) for which
Uxg = x9, and a matriz Q € My (C) satisfying Qro = x¢ and tr(Q) # —1 such that p(T) =
a(UTU +tr(T)Q) for all T € My(C).

In [11], Bourhim and Miller showed that a linear map ¢ on M, (C) preserves the local
spectral radius at a nonzero vector zy € C" if and only if ¢ is an automorphism (up to a
multiple factor of modulus one) and xg is an eigenvector of the intertwining matrix; see also
[19] for nonlinear local spectral radius preservers. For the special case when n = 2, the above
theorem shows that there are nontrivial linear maps on Ms(C) that do not preserve the local
spectral radius at xzg, even after a re-scaling that preserves matrices of local spectral radius
zero at xg. However, Bourhim and Costara [3] in the next theorem showed that if n is an
integer greater than 2 and ¢ is a linear map on M, (C) satisfying

T‘T(x()) =0«& T@(T)(xo) =0, (T S Mn((C)),
then ¢ is, up to a nonzero multiple factor, a local spectral radius preserver at xy.

Theorem 3.6. [8] Let n > 3 be a natural number and fix a nonzero vector xg € C". A linear
map ¢ : My (C) — My, (C) satisfies

r1(70) = 0 < 11y (70) = 0, (T € M,(C)),

if and only if there exists a nonzero scalar a and an invertible matrix U € M,(C) such that
Uzxg =z and o(T) = aUTU ! for all T € M,(C).

Bourhim and Costara in [8] maked some remarks and comments on linear and nonlinear
preservers of local spectral radius and discussed some further challenging problems, which are
suggested by the main results of paper [3].

In the sequel, let g € X and yg € Y be two nonzero vectors.

problem 1. [3] Which maps ¢ from B(X) onto B(Y') satisfy
r1(20) = 0 < 11y (Y0) = 0, (T'e B(X))?

When X and Y are infinite-dimensional Banach spaces, Bourhim and Costara conjectured
that a linear map ¢ from B(X) onto B(Y') satisfies

rr(2o) = 0 ry(7)(Y0) = 0, (T € B(X))
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if and only if there are a nonzero scalar « € C and a bijective bounded linear mapping A
from X into Y such that Azg = yo and o(T) = aATA™! for all T € B(X). Note that the
injectivity of any linear map ¢ satisfying

rr(zo) =0 & To(T) (yo) =0, (T € B(X))

follows from [11, Theorem 3.1]. But, unlike for the infinite-dimensional case, the surjectivity
assumption of such a map ¢ is necessary.

As far as for the nonlinear local spectral radius preservers, we first state the following
problem.

problem 2. [8] Which maps ¢ from B(X) onto B(Y") satisfy
r7+5(%0) = 0 To1)+p(5) (o) = 0, (S,T e B(X))  (3.1)7

Obviously, (3.1) holds for any map ¢ from B(X) onto B(Y') satisfying
TT:‘:S(-%D) = To(T)+e(S) (l‘o), (Sv T e B(X)) (32)

In the finite-dimensional case, the description of such maps is known as shown by Costara
in [19]. He proved that a surjective map ¢ on M, (C) satisfies (3.2) with ¢(0) = 0 if and only
if ¢ is an automorphism multiplied by a scalar of modulus one and the intertwining matrix
sends xg to yg. However, when X and Y are infinite-dimensional spaces, the characterization
of maps satisfying (3.2) is unknown and remains an open problem as well.

In [12], Bourhim and Mashreghi showed that a map ¢ from B(X) onto B(Y") satisfies

o15(%0) = Op(r)p(s)(v0) (S, T € B(X)),

if and only if there exists a bijective bounded linear mapping A from X into Y such that
Az = yo and either p(T) = ATA ! for all T € B(X) or o(T) = —ATA™! for all T € B(X).
Naturally, this result suggests the problem of describing all maps ¢ from B(X) onto B(Y')
for which

r75(20) = To(1)p(s) (Y0), (S, T € B(X)).
Even more, one may ask the following more general question of describing all maps on B(X)

preserving the product of operators of local spectral radius zero at some fixed nonzero vector
of X.

problem 3. [8] Which maps ¢ from B(X) onto B(Y") satisfy
TTs(ﬂZo) =0& T'o(T)p(S) (y()) =0, (S,T S B(X))7
Similar questions can be asked when replacing the usual product by triple or Jordan prod-
uct.
problem 4. [3] Describe all maps ¢ from B(X) onto B(Y) satisfying either
rs75(T0) = 0 & Ty (5)0(T)p(s)(Y0) =0,  (S,T € B(X))

or
r75+75(20) = 0 € 7o) o(S)+0(S)p(T)(W0) =0, (S, T € B(X))
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4. local spectral subspace preserver

Motivated by the result from the theory of linear preservers proved by Jafarian and
Sourour [30], Dolinar et al. [22], characterised the form of maps preserving the lattice
of sum of operators, they showed that maps (not necessarily linear) ¢ : B(X) — B(X)
satisfy Lat(p(A) + ¢(B)) = Lat(A + B) for all A,B € B(X), if and only if there are
a non zero scalar a and a map ¢ : B(X) — F such that ¢(A) = ad + ¢(A)I for all
A € B(X), where I is the complex field C or the real field R and Lat(A) is denoted the
lattice of A, that is, the set of all invariant subspaces of A. They proved also, that a
not necessarily linear maps ¢ : B(X) — B(X) satisfies Lat(p(A)p(B)) = Lat(AB) (resp.
Lat(p(A)p(B)p(A)) = Lat(ABA), resp. Lat(¢(A)p(B) + ¢(B)p(A)) = Lat(AB + BA)) for
all A, B € B(X), if and only if there is a map ¢ : B(X) — F such that p(4) #0if A #0
and ¢(A) = ¢(A)A for all A € B(X). Recall that X7(Q2), the local spectral subspace of
T associated with a subset © of C, is an element of Lat(T'), so one can replace the lattice
preserving property by the local spectral subspace preserving property.

To the nonlinear maps preserving the local spectral subspace, Elhodaibi and Jaatit [23]
showed that the only additive map which preserving the local spectral subspace associated
with any singletons is the identity.

Theorem 4.1. [23] Let ¢ : B(X) — B(X) be an additive map such that
Xor({A) = Xr({A}), (T e B(X), A€C).
Then o(T) =T for all T € B(X).

In [41], Benbouziane et al. characterized the form of surjective weakly continuous maps ¢
from B(X) into B(X) which satisfy

X@(T)*L,D(S)({)\}) = XT_S({)\}), Y T,S S B(X), (T, S e B(X), A E (C)

Theorem 4.2. [3] Let X be a complex Banach space. Suppose ¢ : B(X) — B(X) is a
surjective weakly continuous map which satisfies the following condition,

ch(T)—(p(S)({)‘}) = XT—S({)‘})v (T’ S € B(X)a A€ C)
Then there is a nonzero scalar ¢ € C such that o(T') = c¢T' + ¢(0) for all T € B(X).

As a continuation in this direction, Benbouziane et al. In [3], determined the forms of all
maps preserving the local spectral subspace of sum, product and triple product of operators
associated with non-fixed singletons.

Theorem 4.3. [3] A surjective map ¢ : B(X) — B(X) satisfies
Xy o9 () = Xras({A), (T, € B(X), A€CT)
if and only if o(T) =T for all T € B(X).
Furthermore, they investigated the product case as well as the triple product case.
Theorem 4.4. [3] A surjective map ¢ : B(X) — B(X) satisfies
Xomes)({A}) = Xrs({A}), (1,8 € B(X), A€ C),
if and only if o(T') = €T for all T € B(X), where e = £1.
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We end this paper with the following theorem in which Benbouziane et al. character-
ized maps on B(X) preserving the local spectral subspace of the triple product of operator
associated with a singleton.

Theorem 4.5. [3] A surjective map ¢ from B(X) into itself satisfies

Xomye(s)pr){A) = Xrsr({A}), (1,5 € B(X), A€ C)

if and only if there exists a scalar o € C such that o® =1 and o(T) = oT for all T € B(X).

(1]
2]

REFERENCES

P. Aiena, Fredholm and local spectral theory, with applications to multipliers. Kluwer, Dordrecht, 2004.
B. Aupetit, Spectrum-preserving linear mappings between Banach algebras or Jordan—Banach algebras.
J. London Math. Soc. 162: 917-924, 2000.

H. Benbouziane, M.E. Kettani and I. Herrou, Local spectral subspace preservers. Rend. Circ. Mat.
Palermo, 1I. Ser. 68: 293-303, 2019.

H. Benbouziane, M.E. Kettani and I. Herrou, Nonlinear maps preserving the local spectral subspace.
Linear Multilinear Algebra. 68: 29-38, 2019.

M. Bendaoud, Preserver of local spectrum of matrix Jordan triple products. linear Algebra Appl. 471:
604-614, 2015.

M. Bendaoud, Preservers of local spectrum of matrix sums. Linear Algebra Appl. 438: 2500-2507, 2013.
M. Bendaoud, M. Jabbar and M. Sarih, Preservers of local spectra of operator products. Linear and
Multilinear Algebra. 63(4): 806-819, 2015.

A. Bourhim and C. Costara, Linear maps preserving matrices of local spectral radius zero at a fixed
vector. Canad. J. Math. 71(4): 749-771, 2019.

A. Bourhim and M. Mabrouk, Jordan product and local spectrum preservers. Studia Math. 234: 97-120,
2016.

A. Bourhim and M. Mabrouk, Maps preserving the local spectrum of Jordan product of matrices. Linear
Algebra and its Applications, 484: 379-395, 2015.

A. Bourhim and J. Mashreghi, Local spectral radius preservers. Integral Equations Operator Theory, T6(1):
95-104, 2013.

A. Bourhim and J. Mashreghi, Maps preserving the local spectrum of product of operators. Glasgow Math.
J. B7: 709-718, 2015.

A. Bourhim and J. Mashreghi, Maps preserving the local spectrum of triple product of operators. Linear
Multilinear algebra, 63(4): 765-773, 2015.

A. Bourhim and V.G. Miller, Linear maps on M,(C) preserving the local spectral radius. Studia Math.
188: 67-75, 2008.

A. Bourhim and T. Ransford, Additive maps preserving local spectrum. Integral Equations Operator
Theory 55: 377-385, 2006.

J. Bracic and V. Muller, Local Spectrum and local spectral radius of an operator at a fixed vector. studia
Math. 194(2): 155-162, 20009.

C. Costara, Linear maps preserving operators of local spectral radius zero. Integral Equations Operator
Theory, 73(1) (2012) 7-16.73(1): 7-16, 2012.

C. Costara, Local spectrum linear preservers at non-fixed vectors. Linear Algebra Appl. 475: 154-161,
2014.

C. Costara, Surjective maps on matrices preserving the local spectral radius distance. Linear Multilinear
Algebra, 62: 988-994, 2014.

C. Costara, Automatic continuity for surjective linear mappings decresing the local spectral radius at
some fixed vector. Arch. Math. 95: 567-573, 2010.

J. Dieudonné. Sur une généralisation du groupe orthogonal a quatre variables. Arch. Math. 1: 282-287,
1994.

M.D. Dolinar, S.P. Du, J.C. Hou and P. Legia, General preservers of invariant subspace lattices. Linear
Algebra Appl. 429: 100-109, 2008.

M. Elhodaibi, A. Jaatit, On additive maps preserving the local spectral subspace. Int. J. Math. Anal.
6(21): 1045-1051, 2012.



60

R. PARVINIANZADEH AND J. PAZHMAN

[24] M. Elhodaibi, A. Jaatit, On maps preserving operators of local spectral radius zero. Linear Algebra and

its Applications, 512: 191-202, 2017.

[25] G. Frobenius, Ueber die Darstellung der endlichen Gruppen durch lineare Substitutionen. Sitzungsber.

Deutsch. Akad. Wiss. Berlin. 994-1015, 1897.

[26] A.M. Gleason, A characterization of maximal ideals. J. Analyse Math. 19: 171-172, 1967.
[27] M. Gonzalez and M. Mbekhta, Linear maps on M, (C) preserving the local spectrum. Linear Algebra Appl.

427: 176-182, 2007.

[28] A.A. Jafarian, A survey of invertibility and Spectrum-preserving linear maps. Bulletin of the Iranian

Mathematical Society 35(2): 1-10, 2009.

[29] A.A. Jafarian and A.R. Sourour, Spectrum-preserving linear maps. J. Funct. Anal. 66: 255-261, 1986.
[30] A.A. Jafarian, A.R. Sourour, Linear maps that preserve the commutant, double commutant or the lattice

of invariant subspaces. Linear and Multilinear Algebra. 38:117-129, (1994).

[31] J.P. Kahane and W. Zelazko, A characterization of maximal ideals in commutative Banach algebras.

Studia Math. 29: 339-343, 1968.

[32] L. Kaplansky, Algebraic and Analytic Aspects of Operator Algebras. Amer. Math. Soc. Providence, 1970.
[33] K.B. Laursen and M.M. Neumann, An introduction to local spectral theory. Ozford University Press, New

York, 2000.

[34] M. Marcus and B. N. Moyls, Linear transformations on algebras of matrices. Canad. J. Math. 11: 61-66,

1959.

[35] M. Mathieu, A Collection of Problems on Spectrally Bounded Operators. Asian-European Journal of

Mathematics 2(3): 487-501, 2009.

[36] A.R. Sourour, Invertibility preserving linear maps on L(X). Trans. Amer. Math. Soc. 348: 13-30, 1996.
[37] W. Zelazko, A characterization of multiplicative linear functionals in complex Banach algebras. Studia

Math. 30: 83-85, 1968.

(Rohollah Parvinianzadeh) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF YASOUJ, YASOUJ, IRAN.
Email address: r.parvinian@yu.ac.ir

(Jumakhan Pazhman) DEPARTMENT OF MATHEMATICS, GHOR INSTITUTE OF HIGHER EDUCATION, AFGHANISTAN.

Email address: jumapazhman@gmail.com



	1. Introduction and Background
	2. preservers of local spectra 
	3. maps preserving operators of local spectral radius zero 
	4. local spectral subspace preserver 
	References

