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EXISTENCE OF THREE CLASSICAL SOLUTIONS FOR IMPULSIVE
FRACTIONAL BOUNDARY VALUE PROBLEMS WITH p-LAPLACIAN

MOHAMMAD ABOLGHASEMI* AND SHAHIN MORADI

ABSTRACT. In this paper, we study the existence of at least three distinct solutions for a
class of impulsive fractional boundary value problems with p-Laplacian with Dirichlet bound-
ary conditions. Our approach is based on recent variational methods for smooth functionals
defined on reflexive Banach spaces. One example is presented to demonstrate the application
of our main results.
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1. Introduction and Background

In this paper, we consider the following nonlinear impulsive fractional boundary value
problem with Dirichlet boundary condition
(B{)
DgT(I)PSCDngu( ) + ()P 2u(t) = Af(t,u(t) + pg(t,u(t), t#t;, te(0,T),
A(DZL (D u))(t5) = T(ult;))
u(0) = u(T) =0
where « € (%, 1, p> 1, ®,(s) = |s[P72s (s # 0), D represents the right Riemann-Liouville

fractional derivative of order av and “Dy, represents the left Caputo fractional derivative of
order «,

(D72, (* D)) (1) = D7 y(*Df) (1) — D7y (“Df) (1),
Dg}l‘b (¢ D0+u)(t+) = hm D% 1(1) (CD0+U)( )

t—)t

D71, ("D u)(t;) = lim DY, (“Dgu)(t),

J

t—t.

J
A>0,u>0, f,g:[0,T] xR — R are L'-Carathéodory functions, 0 = tg < t; < --- < t, <
tre1 =T and I; : R = R, j =1,...,m are Lipschitz continuous functions with the Lipschitz

constants L; > O ie
[j(z2) — Ij(21)] < Ljlwg — 2]
for every 1,22 € R and 7;(0) = 0.
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Fractional differential equations appear naturally in a number of fields such as physics,
polymer rheology, regular variation in thermodynamics, biophysics, blood flow phenomena,
aerodynamics, electro-dynamics of complex medium, viscoelasticity, Bode analysis of feedback
amplifiers, capacitor theory, electrical circuits, electro-analytical chemistry, biology, control
theory, fitting of experimental data, etc. [24, 27, 2&8]. Recently, fractional differential equations
have been of great interest due to the intensive development of the theory of fractional calculus
itself and its applications. For some recent works on fractional differential equations, see
[2, 6, 8, 14] and the references therein.

Nonlinear boundary value problems involving p-Laplacian operator A, occur in a variety of
physical phenomena, such as: non-Newtonian fluids, reaction-diffusion problems, petroleum
extraction, flow through porous media, etc. Thus, the study of such problems and their far
reaching generalizations have attracted several mathematicians in recent years, we refer the
reader to [10, 12, 15, 26, 29] and the references therein.

The theory of impulsive differential equations is emerging as an important area of inves-
tigation since it is a lot richer than the corresponding theory of non-impulsive differential
equations. Many evolutionary processes in nature are characterized by the fact that at cer-
tain moments in time an abrupt change of state is experienced. That is the reason for the
rapid development of the theory of impulsive differential equations, for instance, see the two
books [7].

For an introduction of the basic theory of impulsive differential equation, we refer the reader
to [25]. Among previous research, little is concerned with differential equations with fractional
order with impulses [23]. Ahmad and Sivasundaram [4, 5] gave some existence results for two
point boundary value problems involving nonlinear impulsive hybrid differential equations of
fractional order 1 < a < 2. Ahmad and Nieto in [3] established sufficient conditions for the
existence of solutions of the anti periodic boundary value problem for impulsive differential
equations with the Caputo derivative of order ¢ € (1,2].

The study of impulsive fractional boundary value problem has already been extended to
the case involving the p-Laplacian. For details, see [I, 17, 18, 30, 32] and the references
therein. For example Wang et al. in [30] based on a variant fountain theorem, the existence
of infinitely many nontrivial high or small energy solutions for the problem (P/{c g ). Zhao and
Tang in [32] by employing critical point theory and variational methods studied the existence
and multiplicity of solutions for the problem (P/( ff ). In [17] using variational methods several
sufficient conditions for the existence of at least one classical solution to impulsive fractional
differential equations with a p-Laplacian and Dirichlet boundary conditions were presented.
In we study the existence of multiple non-trivial classical solution to the problem In [1],
applying Ricceri’s variational principle, we ensured the existence of infinitely many solutions
for the problem (P{/ﬁ7 ).

Corresponding to the functions f and g, we introduce the functions F': [0,7] x R — R and
G :]0,T] x R — R, respectively, as follow

13
Pt ) = / F(t.2)dz for all (£,€) € [0,7] x R
0
and

G(t, &) = /(fg(t, z)dz for all (t,£) € [0,T] x R.
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We present two consequences of Theorems 3.1 and 3.2, respectively, in the case p = 2. For

our convenience, set
T

G% = [ maxG(t,&)dt foralld >0
o [€<8

and

o =T inf G(t,z) forallo>0.
[0,T]%[0,0]

If g is sign-changing, then clearly G > 0 and G, < 0. Put
1
_ To—3
A —
IMNa)(2a—1)2
Theorem 1.1. Assume that there exist positive constants 6 and & with 6 < ko such that

! T
sup F(t,&)dt )
/0 1€1<61 1— LTk?2 . F(t,O')dt.

<z = ;
03 k? (14 LTk?) o?
maxeo.7] F'(¢, )

|z ?

(A1)

(A2) limsup,_, .

Then, for every
1+ LTk , 1—LTk?
il i it
N e - 2 o 2k2
/ F(t,o)dt / sup F'(t,&)dt
0 0

61<0
1+ LTR)e? = 1=LTR 2

T T
/ F(t,o)dt / sup F'(t,&)dt
0 0 ¢l<6

and for every continuous function g : [0,T] x R — R, satisfying the condition

92

where

. max;c(o,7) G(t, 7)
lim sup 5
T—+00 ‘33|

< +00,

and for every

(1 — LTk?)6? — 2)\K> / sup F(t,&)d

# € |0,min < min 1<6 )
2k2GY
1+ LTE? T
SR e —)\/ F(t,o)dt
0

2 Y
Go ’

1
{ 2];22T SUPte[O,T] G(t, .7;) } }) ’
max ¢ 0, ————— lim sup

1— LT oo 7|2
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the problem
D27 (°Dgru(t)) + fu(t)]? =
(1.1) A(DYFH(Dgyu))(ty) = I
u(0)=u(T)=0

A(()) u(t)) +pg(tult), t#t;, te(0,7),

. . 2
possesses at least three solutions in E§°.

Theorem 1.2. Assume that there exist positive constants 01, 0o and o with 01 < ko and
max{ 1+LTk? ka} < 0y such that

1= LTk
(B1) f(t,x) >0 for each (t,z) € [0,T] x [—63,05];
(B2)
T T T
/0 F(t,0,)dt 2/0 F(t, 62)dt R /O F(t,0)dt
fax 02 ’ 02 SR (11 LTR) o2

Then, for every

k2 1— LTk? 1— LTkK?
3(1+ LTk )0_2 L 62 L 62
AE 4 min 2k> 2k?
T ) T ) T
/ F(t,o)dt / sup F(t,&)dt 2/ sup F(t,&)dt
0 0 €< 0 [€<02
where
3(1+ LTK?) 1—LTkK* , 1— LTkK* ,
2 ‘ R e
< min

T T VAT
/ F(t,o)dt / sup F(t,&)dt 2/ sup F(t,&)dt
0 0 [£]<6: 0 [£]<62

and for every non-negative continuous function g : [0,T] x R — R for each

T
(1— LTE*)6? — 2)\kz2/ sup F(t,€)dt
0 [¢]<0

1 <
we (0 %2 mm{ o )

T
(1 — LTk?)63 — 4AE2/ sup F(t,&)dt
0

|£]<02 ’
2G> ’

the problem (1.1) possesses at least three non-negative solutions uy, ug and us such that
uz(t) < By, Vt € [O,T] (Z = 1,2,3).

Motivated by the above facts, in the present paper, using three kinds of three critical
points theorems obtained in [9, 11] which we recall in the next section (Theorems 2.1 and
2.2), we establish the existence of at least three solutions for the problem (P){Z) in which two
parameters are involved. Precise estimates of these two parameters A and p will be given,
see Theorems 3.1- 3.2. We present Example 3.5 in which the hypotheses of Theorem 3.1 is
fulfilled. Theorems 3.6 and 3.7 are two consequence of Theorems 3.1 and 3.2, respectively.
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This work is organized as follows: in section 2 we present some preliminary results and in
the section 3 we state and prove the main result.

2. Preliminaries

Let X be a real Banach space, let ®, ¥ : X — R be two functions of class C! on X, and
let X be a positive real parameter. In order to study the problem (P{ﬁ ), our main tools are
critical points theorems for functional of type I, = ® — AV which insure the existence at least
three critical points for every A belonging to well-defined open intervals.

Theorem 2.1. [11, Theorem 2.6] Let X be a reflexive real Banach space, ® : X — R be
a coercive continuously Gateaux differentiable and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuous inverse on X*, ¥ : X — R be a
continuously Gateaux differentiable functional whose Gateaux derivative is compact such that
®(0) = ¥(0) =0.
Assume that there exist r > 0 and v € X, with r < ®(v) such that

(al) SUP& (u)<r \Ij(u) < \I/(@)

r o (v)’

o () r
(D) ez ¥(1)
Then, for each A\ € A, the functional ® — AV has at least three distinct critical points in X.

(ag) for each \ € A, = the functional ® — AV is coercive.

Theorem 2.2. [9, Corollary 3.1] Let X be a reflexive real Banach space, ® : X — R be a
convezx, coercive and continuously Gateaur differentiable functional whose derivative admits
a continuous inverse on X*, W : X — R be a continuously Gateaux differentiable functional
whose derivative is compact, such that

1. infx ®=®(0)=¥(0)=0;

2. for each A > 0 and for every ui,us € X which are local minima for the functional

O — AU and such that ¥(u1) > 0 and U(uz) > 0, one has
inf W(su; + (1 — s)uz) > 0.
s€[0,1]

Assume that there are two positive constants ri,m2 and v € X, with 2r1 < ®(0) < %, such
that

SUPyed—1(]—o0,r1[) \I’(U) g \I/(@) .
(by) SUPycd—1(]—o0,ra) U (u) 1\11(6)
2 2 30(v)

Then, for each

AE

§ () min n %2
2V(7)’ SUPyca—1(|—com ) Y(U) | SUPueo—1(j—comp) (1) | |
the functional ® — AV has at least three distinct critical points which lie in ®~1(] — co,m3[).

Theorems 2.1 and 2.2 have been successfully used to ensure the existence of at least three
solutions for perturbed boundary value problems in the papers [10, 13, 16, 19, 20, 21]. In this
section, we will introduce several basic definitions, notations, lemmas, and propositions used
all over this paper.
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Let ACla,b] be the space of absolutely continuous functions on [a, b].

Definition 2.3. [22] Let f be a function defined on [a,b] and 0 < a < 1. The left and right
Riemann-Liouville fractional integrals of order « for the function f are defined by

D) = g | =97 s, tefad],
ab
D10 = /t (s — )°Lf(s)ds, € [a,b]

provided the right-hand sides are pointwise defined on [a, b] where I'(«) is the standard gamma
function given by

+oo
MNa) = / 22tz
0

Definition 2.4. [22] Let f be a function defined on [a,b] and 0 < a < 1. The left and right
Riemann-Liouville fractional integrals of order « for the function f are defined by

DI = GO0 = sy [ =9 H(ds, teladl,
b
Dng(t):_%pg:l (t):_r(ll_a)jt/t (s— 1) f(s)ds, t¢ [ab.

Definition 2.5. [22] Let f be a function defined on [a,b] and 0 < a < 1. The left and right
Riemann-Liouville fractional integrals of order « for the function f are defined by

DY) = D0 = ey | (=)t o

b
r(11_a)/t (s =1)"f'(s)ds, t€ [a,b].

In particular, when o = 1, we have “D}, f(t) = f'(t) and “D}_ f(t) = —f'(t).

Dy f(0) = =Dy (1) = -

Proposition 2.6. [33]

1 1

(1) FueLP(0,TLR), v e LI([0,T,R) andp>1,q>1, —+-<1+0orp#1,q#1,
b q

1

1
— 4+ - =140, then we have
D q

b b
/[Dt_eu(t)]v(t)dt—/ [v(t) Dy lu(t)dt, 6 > 0.

(2) If0<a<1,ue AC[a,b], and v € LP[a,b] (1 < p < ), then

b b
/ u(t)(“D2 f(1)dt = D~ tu(t)o(t) 125 + | Dgu(t)o(t)dt.
Let C§°([0,T],RY) be the set of all functions u € C*°([0, T], RY) with u(a) = u(b) = 0 and
the norm

= t)l.
w0 ma lu(t)]
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Denote the norm of the space LP([0,T],RY) for 1 < p < oo by

il = ([ tsypas)”.

The following lemma yields the boundedness of the Riemann-Liouville fractional integral
operators from the space LP([a,b],R") to the space LP([a,b],R™) where 1 < p < oo.

Definition 2.7. Let 0 < a <1, 1 < p < co. The fractional derivative space E;" is defined
by the closure C§°([0,T],R), that is
Ey* = C3([0,T],R)

with respect to the weighted norm
1

(2.1) ul| o = (/OT\CD3+u(t)!pdt+/(]T\u(t)!pdt)”

for every u € Eg".

Remark 2.8. It is obvious that the fractional derivative space Ej"" is the space of func-

tions u € L?([0,T],R) having an a-order Riemann-Loiuville fractional derivative ¢Dfu €

L3([0,T],R) and u(0) = u(T) = 0. From [22, Propostion 3.1], we know for 0 < a < 1, the
a,p - 3

space E;*" is a reflexive and separable Banach space.

Lemma 2.9. [33] Let 0 < a <1 and 1 < p < co. For any u € Ey", we have
TOL
2.2 < ——||°Dfyult .
(2 o < gy DB
i 1 1 1
In addition, for — < a <1 and — 4+ — =1, we have
p P q
(2.3) [ulloo < E[I*Dgru(t)l| e
1
T3
where k = :

T-
q

[(a)(aqg—q+1)

Remark 2.10. According to Lemma 2.9, it is easy to see that the norm of Ej”” defined in
(2.1) is equivalent to the following norm:

1

wp = ( /0 ! |CD8‘+u(t)\pdt>5.

1
Lemma 2.11. Let — < o < 1. If the sequence {uy} converges weakly to u in Ey”*, i.e.,

(2.4) [l

up — u, then uy, — u in C[0,T], i.e., [[u — uglloo —> 0 as k — oo.
Lemma 2.12. A function
tj+1
u € {u e ACI[0,T] : (/t |(“Dgu(t)|P + |u(t)p)dt) <oo, j=1,2,... ,m}
J
is called a classical solution of BVP (Pklﬁ) if
(1) w satisfies (P){Z)
(2) The limits D%:lép(cDS‘+u)(t;r), D%:1¢p(CDg+u)(t;) exist.
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Definition 2.13. We mean by a (weak) solution of the BVP (P/“\f ), any function u € Eg™”

such that
T

T
| Dg a2 DReu() D viede + [ Ju)Putt)otyi
; 0
. T
+;Ij(u(tj) / J et = p /0 g(t,u(t)o(t)dt = 0

for every v € Eg
Lemma 2.14. [32] Ifu € E§"" is a weak solution of BVP (P/\f;j), then w is a classical solution
of BVP ()

We assume throughout and without further mention, that 1 > LTkP where L = E;nzl L
We need the following proposition for existence our main results.

Proposition 2.15. Let S : E* — (E*)* be the operator defined by

T
S(u)(v) = /0 D2, u(t) [P~2(°DE, u(t)) (<DE: v(t) )dt
T m
+ [ OP e+ 3 L))
0 =

for every u,v € E*. Then, S admits a continuous inverse on (E*)*.

Proof. 1t is obvious that
T T m
S(u)(u) = /O D u()Pdt + /0 ut) Pt + ;Ijm(tmum

>(1 = LTE)[ullg

This follows that S is coercive. Owing to our assumptions on the data, one has

T T
<S(U)—5(v),u—v>=/o © 8‘+(U(t)—v(t))\pdt+/0 |(u(t) = v(2))|Pdt

+ZI ulty) — v(t;)) (ulty) — v(t)))

> (1 — LTKP)||u — UHQP >0

for every u,v € E®, which means that S is strictly monotone. Moreover, since E® is reflexive,
for u, — u strongly in E* as n — 400, one has S(u,) — S(u) weakly in (E“)* as n — oo.
Hence, S is demicontinuous, so by [31, Theorem 26.A(d)], the inverse operator S~1 of S exists
and it is continuous. Indeed, let e, be a sequence of (E*)* such that e,, — e strongly in (E®)*
as n — oo. Let u, and u in E* such that S~!(e,) = u,, and S~!(e) = u. Taking into account
that S is coercive, one has that the sequence u, is bounded in the reflexive space E¢. For a
suitable subsequence, we have u,, — 4 weakly in E¢ as n — oo, which concludes

(S(un) — S(u),u, —a) = (ep — e, uy,, — ) = 0.

Note that if w, — @ weakly in E* as n — +oo and S(u,) — S(u@) strongly in (E®)* as
n — 400, one has u, — 4 strongly in E* as n — 400, and since S is continuous, we have
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up, — @ weakly in E* as n — 400 and S(u,) — S(4) = S(u) strongly in (E%)* as n — +o0.
Hence, taking into account that S is an injection, we have u = 4. (|
3. Main result

Fixing positive constants # and o, put

1 — LTk?
(L+LTK)o" g o°

T T
/ F(t,o)dt / sup F(t,&)dt
0 0

1€1<6

and taking
1+ LTkP 1— LTkP
T P il
pkP
T
/ sup F(t,&)dt
0

1€1<6

917
NeA = p

/0 ! F(t,o)dt

)

set d) 4 given by

T T
(1= L)k [ sup Pt g)ar LELTR | P
0 0

. 1€]<0 P
d),g 1= min pYETel , a.
and
(3.1) ) ing o !
. := min ,
™ ™ max < 0 7])ka lim su PeefoT) Gt @)
"1 LTKP poios 2P

where we read €¢/0 = 400, so that, for instance, g,\,g = 400 when

sup G(t,z
lim sup S P10 (t,z) <
T—+00 P

and G, = GY = 0. We formulate our main result as follows.

Theorem 3.1. Assume that there exist positive constants 0 and § with 0 < ko such that

T T
sup F'(t,&)dt
/o |€|<6, 1— LTkP 0 F(t,o)dt

o7 SWO+ LT or
maxye(o,7) F(t, )
[P -
Then, for every A\ € A and for every continuous function g : [0,T] x R — R, satisfying the
condition

(A1)

(AQ) lim SUPg— 400

max G(t,x
lim sup telo.7] t,2) < 400,
|z| =400 xP
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there exists 6y, > 0 given by (3.1) such that, for each p € [0,05,), the problem (P/(g)
possesses at least three solutions in ES“ P

Proof. Our aim is to apply Theorem 2.1 to the problem (P)f;f) Take X = E°". Let the
functionals ®, ¥ for every u € X, defined by

1 m “(tj)
(3.2) Ba) = lullz, — > / I;(s)ds
j=179
and

T T
‘I’(u):/o F(t,u(t))dt—i—i/o G(t,u(t))dt.

Let us prove that the functionals ® and W satisfy the required conditions in Theorem 2.1. It
is well known that W is a differentiable functional whose differential at the point v € X is

T
/ f(t,u(t))v(t)dt + )\/0 g(t,u(t))v(t)dt

for every v € X, as well as is sequentially weakly upper semicontinuous. Now from the facts
—L;[¢| < I;(§) < Ljl¢| for every £ € R, j =1,...,m, and taking (2.3) into account, for every
u € X, we have

1— LTk? 1 LTk?
——lulley < —llullty — ——llullg,, < 2(u)
p p
1 LTk? 1+ LTkP
(3-3) < pllulley + == llulle, < —— = llulla,,

by using the condition 1 > LTk, and the first inequality in (3.3), it follows limj,||— oo (u) =
400, namely ® is coercive. Moreover, ® is continuously differentiable whose differential at
the point u € X is

T
& (u) (v) = /0 © DG ()P 2D, u(t))(CDE v(t))dt
T m
T / ()P 2uto(t)dt + 3 Llut)u(t)
0 =

for every v € X. Furthermore, Proposition 2.15 gives that ® admits a continuous inverse
on X*. Moreover, ® is sequentially weakly lower semicontinuous. Therefore, we observe that
the regularity assumptions on ® and ¥, as requested in Theorem 2.1, are verified. Define w
by setting

0, ift=0,
w(t) =< o, ifte(0,T),
0, ift=0.
Clearly, w € X, from (3.2) and (3.3), we have
1— LTkP 1+ LTKP
P < (I)(w) < ;UP.
p p
Choose §
1— LTFkP
r=——460°

pkP
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From the condition § < ko, we achieve r < ®(w). From the definition of ®, the estimate
®(u) < r implies that

(3.4) O (00,7 ={u e X;®(u) <r} C{uec X;ul <6}.
and it concludes that
T u
sup )= sup / [F(tu() + LG ue)]
u€d—1(—o0,r]| u€P—1(—c0,r] JO A

T g
< sup F(t,&)dt + —=G".
0 |¢|<6 A

On the other hand, we have

T T
qf(w)_/o [Pt w(t) + 6t wi) dtz/o Fit,0)dt + 46,

Therefore, we have

T
U(u) supueq>1(_oo7,,)/0 F(t,u(t))dt

SUPyed—1(—o0,r]

r r
T
/ sup F'(t,&)dt
0 |£<0
@9 <
o pp
pkP
and
T 7 T 7
/ Pt o)t + a, / Fit,o)dt + L,
’ (I)(w) <I)(w) - 1+ LTEKP oP
p

Since p < d) 4, one has

T
(1 — LTkP)oP — )\pkp/ sup F(t,&)dt
0

< l€1<6
[ pTeL ,

this means

4 7

/ sup F(t,€)dt + £GY
0 [gl<o A 1
- LT’ | <N
pkP

Furthermore,

1+ LTkP r

ER L )\/ F(t,0)dt

o< p 0

Gy ’
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this means

T 7
/ F(t,o)dt + ~G,
0 A

1
1+ LTk N
I
P
Then,
T
7] T
/0 |?\l<p9 F(t,£)dt + XGG ) /O F(t,o)dt + %Ga
(3.7) - LTW SN 1x LTk )
pk? P 7

Hence, from (3.5)-(3.7), the condition (a;1) of Theorem 2.1 is fulfilled. To this end, since
p < 0y4, we can fix [ > 0 such that

maxe(o,7] G(t, )

lim sup <,
t—+o00 ’$|p
1— LTkP . : 1
and pl < — T Therefore, there exists a function h € L*[0,T] such that
p

Gt,z) < llP + h(t)
for every (t,z) € [0,T] x R. Fix

1— LTk pl
\TkPp N\

from (A) there is a function h. € L0, T] such that

F(t,x) < €|x|P + he(t) for all (t,z) € [0,T] x R.

OD<e<

Taking (2.3) into account, it follows that, for each u € X,

_ D T
B(u) ~ AU(u) > 1””mem—x/ F(t,u(t) + Glt, u(t))) di
p 0

1 — LTkP T
> Sl — e [ aPto)dt - Alh
p 0
T
~ il [yt s
0
1— LTk?
> Sl ATl

= Alhellr = T |Jul5y — pllhll1
1— LTkP

= (P e - ke )l = Al el

and thus

lim (®(u) — A¥(u)) = +o0.

[[uf| =00
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Therefore, (a;) and (az) of Theorem 2.1 are fulfilled. By using relations (3.5) and (3.7) one
also has

O (w) r

\Il(w) ’ SUP& (u)<r \I/(’U,)

Finally, Theorem 2.1 assures the existence of three critical points for the functional ® — AW
(with ¥ = w), which are solutions of the problem (P/{ ﬁ ) and we have the conclusion. O

A€

Now, we present a variant of Theorem 3.1 in which no asymptotic condition on the nonlinear
term is requested.
For our goal, let us fix positive constants 61, #2 and o, such that

3(L+LTK) 1- kLTkp o 1- kLTkp P
2 . 4 74
T < min E , E
/ F(t,o)dt sup F(t,§)dt 2/ sup F(t,&)dt
0 0 [§1<0q 0 [§]<02
and take
3(1+ LTEKP 1—LTKP 1— LTkKP
SA+LTH) , ST R g ST g
X 2p - PpkP pkP
= 7 , min 7 , 7
/ F(t,o)dt / sup F(t,&)dt 2/ sup F(t,&)dt
0 0 [§<0q 0 [§]<02
and
T
(1 — LTkP)0} — )\pk:p/ sup F(t,&)dt
3 8 (5/ e 1 . 0 |€‘§91
(3.8) Ao min o ,
T
(1 — LTkP)05 — 2)\pk:p/ sup F(t,&)dt
0 [€|<02

Theorem 3.2. Assume that there exist positive constants 61, 03 and o with 01 < ko and

[1+ LTKP
max {U, 1_[/]_']{;pk0'} < 02 such that

(B1) f(t,z) >0 for each (t,x) € [0,T] x [—02,02];
(B2)

T T T
. /0 F(t,0,)dt 2 /O F(t,05)dt o /O F(t,o)dt
o o8 w(1+LTk?)  oP

Then, for every A € A’ and for every non-negative continuous function g : [0,T] x R — R,
there exists 8} , > 0 given by (3.8) such that, for each i € [0,8) ), the problem (P/(i) possesses
at least three non-negative solutions uy, ug and us such that

uz(t) < By, Vt € [O,T] (Z = 1,2,3).
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Proof. We consider the auxiliary problem

(Pl A
D27®,(“Dgsu(t)) + [u(t)P2u(t) = Af(t,u(t)) + pg(t,u(t), t#t;, te(0,T),
A(DO‘ L, (CD ) (ty) = Ij(u(ty))

u(0) =u(T) =0

where f : [0,7] x R — R is an L'-Carathéodory function defined by

R (t70)7 lfg < _92a
f(t7§) - (t7£)a if — 92 < 6 < 923
(t,92), if £ > 63.

If a solution of the problem (P/( fj ) satisfies the condition —fy < u(t) < 5 for every t € [0,T],
then, clearly it turns to be also a solution of (P){’Z ). Therefore, for our goal, it is enough to
show that our conclusion holds for (Pf /). Fix A\, g and p as in the conclusion and take ®
and ¥ as in the proof of Theorem 3.1. We observe that the regularity the assumptions of

Theorem 2.2 on ® and ¥ are fulfilled. Then, our aim is to verify (b;) and (b2). To this end,
choose w as given in (3), as well as

1— LTkP 1— LTkP
rn=————~0 andro=——06°.
pk‘P pk‘p
k 2(1+ LTkP
In view of the conditions 87 < % and { (1—+LTkzp)kg < B3, we have 2r; < ®(w) < %2

Since p < 0}, , and G, = 0, one has

T
L
SUP o1 (—oery) U (1) _supueq>1(_oo7r1)/0 [F(t,u(t)) + XG(t,u(t)) dt

™ 1
T

Kt o
F(t,z)dt Gt
0 Ig\lggl (t,2) +)\

= - LTF ,
pkr 1

4 7
2/(; F(t,o‘)dt‘FxGo-
3 1+ LTKP

T P
p

>

<

<

U (w

2
<=
30w

~—
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and

T
7]
QSup’uECI)*l(—OO,Tz) \I}(u) SupuE@*l(—oo,rz) /O |:F(t7 U(t)) + XG(t7 U(t))] dt

=2
T2 T2
T M
max F(t,z)dt + ~G%
<90 l7I<b> A 1
= L— LT/, D)
pk? 7

4 7
2/0 F(t,o‘)dt—i—xGU

<3 1fLTkP
= ap
P
2w
3 0(w)

Finally, we verify that ® — AW satisfies the second assumption of Theorem 2.2. Let u; and uo
be two local minima for ® —AW. Then u; and us are critical points for ® — AV, and so, they are
solutions for the problem (P{g ). Since f and g are non-negative then the solutions ensured
are non-negative. Indeed, let u, be a non-trivial solution of the problem (P;;f ), then w, is

non-negative. Arguing by a contradiction, assume that the set A = {t €]0,T]; u.(t) < 0}.
Put 9(¢) = min{u,(t),0} for t € [0,T]. Clearly, v € Eg” and one has

T T
| DB (O 2D ) (DG o)t + [ (O P t)o(e)de
0 0
m T T
30 Gun)o(t) = A [ fu)ad—p [ ot =o
j=1
and by choosing v = u, and since f and ¢ are non-negative, we have
T T m
0< 201l < [ DR P + [ + 30 L)t
j=1

=\ / £t us () (t)dt + p / glt, u(t))us ()dt < 0.
B (A) B (A)

Hence, since LTkP < 1,

gy < 0

[
which contradicts with this fact that u, is a non-trivial solution. Hence, u, is positive. Then,
we observe uj(t) > 0 and wusa(t) > 0 for every ¢ € [0,7]. Thus, it follows that su; + (1 —
s)ug > 0 for all s € [0,1], and that (Af + pg)(k,su; + (1 — s)uz) > 0, and consequently,
U(sug + (1 — s)ug) > 0, for every s € [0, 1]. From Theorem 2.2, for every

O(w) . 1 r2/2

——= min , ,

U(w) sup U (u) sup U (u)
ued—1(—o0,r1) ued—1(—o0,r2)

A€

N W
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the functional ® — AU has at least three distinct critical points, which are solutions of the

problem (P){Z) and the conclusion is achieved.

O

Remark 3.3. If in Theorems 3.1 and 3.2, either f(¢,0) # 0 for some ¢ € [0,7] or ¢g(¢,0) # 0
for some ¢ € [0, 7], or both hold true, then the ensured solutions are obviously non-trivial.

Remark 3.4. If we consider the case in which the function f has separated variables of the

problem (PAf L

(P
D27 (D ult)) + [u(t)[P~2ult) = Mfi(t) f2(u(t) + pg(t, u(t), t#1;,
A(D2 @, (“Dgyw))(t5) = L (ulty))
u(0) =u(T) =0

where f; € C([1,T]) and f, € C(R) are two non-negative functions, putting F(
for all ¢ € R, in Theorem 3.1 the assumptions (A1) and (Ag) can be written as

F(0) 1—-LTk? F(o)
o7 kP (1+ LTkP) oP ’
(Ay)  limsup, ., . % <0.

(As)

respectively, as well as

1+ LTkP - 1— LTkP
pkP

/f Ddt F(o /f

or

and

p

€ (0,7),

/f2

(1 — LTkP)OP — \pkPF(6) /O t f(t)dt Ly LTRE A\F (o) /0 t f(t)dt

d),g 1= min

kPG ’ G,

In this case, in Theorem 3.2 the assumption (Bz) assumes the form

(Bs)

- {F(el) 2#(92)}< a~p F(o)

6y 6 3TPpat oP
as well as

3(1 + LTkP) 1— LTk? 1— LTk
SLE V) ST A 2T g

2p min pk? pk?
g a)/o f(t)dt F(el)/o f(t)at 215(92)/0 f(t)dt
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t
(1 — LTKP)OY — ApkPF(61) | f(t)dt

S 0
g D min o ,

(1 — LTEP)OS — 2)\pkP F'(05) /0 t f(t)dt
2G?2 }

We now present the following example to illustrate Theorem 3.1.

Example 3.5. We consider the following problem
D2 ®3(“Diyu(t)) + |ult)|u(t) = Af(u(®) + pg(u(t), t# 3, te(0,1),

(3.10) AD @3(°Diu))(3) = Ii(u(3))
u(0) =u(l) =0
r3(2
where o = %, L(¢) = ;6) (Z)2 sin(¢) for every ¢ € R and
76, ift < 1,
f)y=<x 7, ift=1,
I, ift>1.
By the expression of f, we have
t7, if t <1,
F(t)y=< 7t—6, if t =1,

1+ 7In(t), ift> 1.

1
Direct calculations give k = . Taking 6 = 10 and o = 1, we clearly see that all

5\(3)2
I'(5)(7)3
assumptions of Theorem 3.1 are satisfied. Then, for every

1 3x 104 xI3(2
Ae( X 107 X ()

2’ 32
and for every non-negative continuous function g : R — R, there exists § A,g > 0 such that, for

each p € [0,0) 4), the problem (3.10) possesses at least three solutions uy, uz and us.

We present a special case of Theorem 3.1 as follows.

Theorem 3.6. Let f : R — R be a continuous function. Put F(x) := / f(&)d¢ for all z €
0

R. Assume that

F ’a
lim inf (z) = lim sup ﬂ =
z—0 P z—+oo P

Then, there is \* > 0 such that for each A > X\* and for every continuous function g : R — R

satisfying the condition
x
/ g(s)ds
limsup 24—

z—+00 ‘$|p

< 400,
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there exists 6 > 0 such that, for each p € [0,6), the problem
D@y (“Dgyult)) + [u(t)P~2u(t) = Af(ul(t)) + pg(u(t), t#t;, te€(0,T),
A(D27 @, (°Dyw) (t5) = Ii(u(t;))
u(0) =u(T)=0

admits at least three distinct solutions.

1+ LTkP
oP
Proof. Fix A > \* .= — P for some o > 0. From the condition
TF(o)
lim inf F(g) =0,
E=0 &P
there is a sequence {6,} C]0, +oo[ such that lim 6, =0 and
n—+oo
Sup F(E)
. £|<0n
Jm =0
Indeed, one has
sup F
N T (7 L A
where F(&,) = sup F(€). Hence, there exists § > 0 such that
1€]<0n
sup F(§)
€1<0 o 1 - LTk» F(o) 1— LTk?
7 P\ (L+ LTh?) o * AThpp
and
0 < {/2ko.
Applying Theorem 3.1 we have the conclusion. g

We end this paper by giving the following result a simple consequence of Theorem 3.2.

Theorem 3.7. Let f: R — R be a non-negative continuous function such that

lim @

=0
z—0t 1‘3
and 10 414 3
16 x 10 F 2
F(e)de < X OTG) / f(é
0
9 10474 (2)

Then, for every X € and for every non-negative continuous

1 ’ 10
16 /0 reye 21 [ piepae
function g : [0,1] x R — R satisfying the condition
. maxj|e(o,1] 9(t, )
im sup

T—+00 x?

< 400,
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there exists 6 > 0 such that, for each p € [0, 4], the problem

Di1¢4(CD0+U( ) + [u®)Pu(t) = Af(u(t) + ug(u(t)), t#t;, te(0,1),
A(D 4@4(CD0+U))( ) = Li(ult;))

u(0) =u(l) =0
admits at least three distinct non-negative solutions.
Proof. Our aim is to employ Theorem 3.2 by choosing o = %, T =1, p =4, 1§ =
3
P4(1) 2 1
—=(Z)3sin(¢) for all € € R, 0 = 1 and 5 = 10. Therefore, since k = ————, we see
2 3 L3
that
3(1+ LTkP) P
2p
T
/ F(t,o)dt 16/ f(&)d¢
0
and
1— LTkP o
pkp 2 10'T4(3)
T - 10 :
2 [ swp Fegde 27 [ pee
0 [£<62 0
Moreover, since lim Lf) =0, one has
t—0t T
JRGEG
lim 074 =0
z—07t x
1
Then, there exists a positive constant 6; < (372 such that
I'(2)(%)a
1)
" f@)a s / I
0
94
and
o} 2 x 10%
01 10 :
; f(&)dg 3 ; f(&)dg

Finally, we easily observe that all assumptions of Theorem 3.2 are satisfied, and it follows the
result. g
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