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A SURVEY ON MULTIPLICITY RESULTS FOR FRACTIONAL
DIFFERENCE EQUATIONS AND VARIATIONAL METHOD

MOHSEN KHALEGHI MOGHADAM*

ABSTRACT. In this paper, we deal with the existence and multiplicity solutions, for the
following fractional discrete boundary-value problem

r+1Vi (x V5 (u(k))) + £V (241 Vi (w(k))) = Af(k,u(k)), k€ [1,T]n,
u(0) =u(T +1)=0,

where 0 < a < 1 and ¢V} is the left nabla discrete fractional difference and , V7, is the

right nabla discrete fractional difference and f : [1,T]n, X R — R is a continuous function

and A > 0 is a parameter. The technical approach is based on the critical point theory and

some local minimum theorems for differentiable functionals. Several examples are included

to illustrate the main results.
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1. INTRODUCTION AND BACKGROUND

The first concepts of fractional nabla differences traces back to the works of Gray and
Zhang[8]. Discrete fractional calculus with the nabla operator studied in [11]. Initial value
problems in discrete fractional calculus considered in [10]. In [12] authors studied two-point
boundary value problems for finite fractional difference equations. This kind of problems play
a fundamental role in different fields of research, for example in biological, Atici and Sengiil
introduced and solved Gompertz fractional difference equation for tumor growth models [13].

We refer the reader to the recent monograph on the introduction to fractional nabla cal-

culus [26]. Another well-known monograph is [39] that is devoted to the systematic and
comprehensive exposition of classical and modern results in the theory of fractional integrals
and derivatives and their applications. Also [11] is a new monograph that works for differ-

ential and integral equations and systems and for many theoretical and applied problems in
mathematics, mathematical physics, probability and statistics, applied computer science and
numerical methods.

It is well known that variational methods is an important tool to deal with the problems
for differential and difference equations with boundary value conditions.

Variational methods for dealing with fractional difference equations with boundary value
conditions have appeared in [7, 9]. More, recently, in [1, 5, 25, 27, 31, 33, 34, 38] by starting
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36 M. KHALEGHI MOGHADAM

from the seminal papers [14, 15], the existence and multiplicity of solutions for nonlinear
discrete boundary value problems have been investigated by adopting variational methods.

There seems to be increasing interest in the existence of solutions to boundary value prob-
lems for finite difference equations with fractional difference operator during the last three
decades.

The other important tool in the study of nonlinear difference equations is fixed point meth-
ods; see, for instance, [23, 28, 29] and references therein. Morse theory is also other tool in
the study of nonlinear fractional differential equations [36].

In recent paper [30], for the first time, the authors showed that critical point theory is an effec-
tive approach to study the existence of weak solutions of fractional boundary value problems
(FBVPs) of the form

(1) {tD% (oDf (u(k))) = Af(k,u(k), a.c.t e [0,T],

u(0) =u(T) =0,

We note that due to the difficulty of creating a framework of suitable function spaces and
variable functions for FBVPs, it is often not easy to apply critical point theory to study
FBVPs. Recently, in [10, 32] authors have used the variational method to investigate the
existence of weak solution of fractional equations.

The aim of this paper is to establish the existence of one non-trivial solution and two
non-trivial solutions and three solutions, separately, for the following discrete boundary-value
problem

(1.2) {,N%H (Vi (k) + Vi (V1 (k) = A (k,u(k)), k€ [1, T,

uw(0) =u(T'+1) =0,

where 0 < a < 1 and (V! is the nabla discrete fractional difference and , V¢ 4118 the nabla
discrete fractional difference and Vu(k) = u(k) —u(k — 1) is the backward difference operator
f:[1,T]n, X R — R is a continuous function such that

f(kyz) >0, V<0, kell,T],

A > 0 is a parameter and T > 2 is fixed positive integer and N; = {1,2,3,---} and 7N =
{--T—-2,T—1,T} and [1,T]y, is the discrete set {1,2,---, 7 — 1,7} = N;[rN. By a
non-trivial solution of (1.2), we mean a function

we{w:[0,T+1]y, = R:w(0)=wT+1)=0,w=(w(l),w),..,wT))},

that satisfies the equation in (1.2) on [1,Ty,.

In [25] the Riemann-Liouville fractional integrals of order S were applied to investigate the
existence of at least three solutions of the fractional boundary value problem in the continu-
ous case.

The rest of this paper is arranged as follows. In the following we point out a special case of
one of the our main results that proves later. In section 2, we provide our main tools and
some definitions and integration by parts for fractional difference theorem and in Section 3,
we establish variational framework and provide the matric form of (1.2) and auxiliary inequal-
ities and fundamental functional and lemmas. In Section 4 and Section 5, we investigate the
existence and multiple solutions, respectively that contains several theorems and examples
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and diagrams to illustrate the results.

In this paper, based on a local minimum theorem (Theorem 2.1) due to Bonanno, Candito
and D’Agui[17], we ensure an exact interval of the parameter A, in which the problem (1.2)
admits at least a non-trivial solution.

As an example, here, we point out the following special case of one of the our main results.

Theorem 1.1. Let fized o € (0,1) and f: R — R be a continuous function. Then for any

2

)\min
A€ |0, sup ,
} 2T >0 maxg|<, fog f(s)ds[

the problem

Vi1 (VR (k) + Vi (Vi (k) = M (u(k), k€ [1,Tln,,
u(0) =u(T+1) =0,

(1) has at least one non-trivial solution.

(2) has at least two solutions provided that liminfe_, @ = 0.

2. PRELIMINARIES

In this paper, our main tools are the following local minimum theorems.
(H) Let @, ¥ : X — R be two continuously Gateaux differentiable functional with ® coercive
and
i?(ffb = ®(0) = ¥(0) =0.

Clearly, if ®(z) = 0, then 7 = 0.

Theorem 2.1. (Bonanno, Candito and D’Agui [17, Theorem 3.3]) Assume that (H) holds
and let r > 0.

Then, for each A € A :=]0, W[, the function Iy = ® — AU admits at least a local

minimum U € X such that ® () < r, I \(u) < I\(u) for allu € ®~1([0,7]) and I}(u) = 0.

Another local minimum theorem ensures the existence of a non-zero local minimum in the
following.

Theorem 2.2. (Bonanno, Candito and D’Agui [17, Theorem 3.4 |) Assume that (H) holds.
In addition, suppose that there exist v € R and w € X, with 0 < ®(w) < r, such that
Supg-1 (o, ¥V _ ¥ (w)
< .
r o (w)

Then, for each X\ € Ay :=] 3&3, supq,_:([o r])‘I’[’ the function Iy = ® — AV admits at least a

local minimum u € X such that uw # 0, ®(u) < r, I(w) < Iy(u) for all u € ®~1([0,7]) and
I} (u) = 0.

The third main tool is the following two critical points theorem.

Theorem 2.3. (Bonanno [16, Theorem 3.2]) Let X be a real finite dimensional Banach space
and let @, ¥ : X — R be two continuously Gateauz differentiable functionals such that ® is
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bounded from below and ®(0) = ¥(0) = 0. Fiz r > 0 such that w < 400 and,
assume that for each
r
" SUPG-1(|—oo,r]) ¥
the functional Iy = ® — AV satisfies the (PS)-condition and it is unbounded from below.
Then, for each A € A, the function I\ admits at least two distinct critical points.

AeA=1|0

i

It is worth noticing that in the previous result, Theorem 2.3, one of the two critical points
may be zero. But in the next result, Theorem 2.4, both of the two critical points can not be
ZETO.

Theorem 2.4. (Bonanno and D’Agui [19, Theorem 2.1]) Let X be a real finite dimensional
Banach space and let @, ¥ : X — R be two continuously Gateaux differentiable functionals
such that infx ® = ®(0) = ¥(0) = 0. Assume that there are r € R and u € X, with
0 < ®(a) <r, such that

SUPp-1(]—o0,r]) ¥ - U(a)
r o (a)

(2.1)

<

and, for each

d(u) r

(1) SuPg-1(j—co]) ¥
the functional Iy = ® — AV satisfies the (PS)-condition and it is unbounded from below.

Then, for each A € Ay, the function Iy admits at least two non-zero critical points uy 1,
ux2 such that I(uy1) <0< I(uyz).

A€EN; =

Y

The forth main tool is the following three critical points theorem.

Theorem 2.5. (Bonanno, Candito and D’Agui [17, Theorem 4.1]) Assume that (H) holds
and there exist r € R and w € X, with 0 < r < ®(w), such that

SUPg—1 (g, r w U
(ar) == < 2,

O (w) r
W (w)’ supg-1(j0,7) ¥
Then, for each X € A, the function I admits at least three distinct critical points.

(a2) for each \ € A := , the function Iy = ® — AV is coercive.

Remark 2.6. Theorems 2.5 is the finite dimensional versions of [21, Theorem 3.6].

We refer to the paper [18] in which Theorem 2.1 and Theorem 2.2 have been successfully
employed to the existence of positive results for a nonlinear parameter-depending algebraic
system. We make reference to the paper [20] in which Theorem 2.1 has been successfully
employed to the existence of at least one non-trivial solution for two-point boundary value
problems. Also we refer to the paper [37] in which Theorems 2.3 and 2.4 has been successfully
employed to the existence of at least two positive solutions to Kirchhoff-type fourth-order
impulsive elastic beam equations. Also we speak of- the paper [22] in which Theorem 2.4 has
been successfully employed to the existence of at least two positive solutions for a nonlinear
parameter-depending algebraic system. We refer to the paper [35] in which Theorem 2.5 has
been successfully employed to the existence of at least three solutions for a discrete anisotropic
boundary value problem.

The following definitions will be helpful to our discuss.
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Definition 2.7. [2] (i) Let m be a natural number, then the m rising factorial of ¢ is written
as
- m—1 _
(2.2) m=J[¢t+k, =1
k=0

(ii) For any real number, the « rising function is increasing on Ny and
@ I'(t+«)

INON
Definition 2.8. let f be defined on Ny_1 (41N, a < b, « € (0,1), then the nabla discrete
new (left Gerasimov-Caputo) fractional difference is defined by

. such that t € R A o —
(23) h th R\{ ,—2, 1,0},00‘ 0

(2.4) (FVa_if) (k) Zv Fs)(k—p(s)™®, keN,

and the right Gerasimov—Caputo one by

1 b

(2.5) (Vi) ) = 5o §<—Asf><s><s —p(k)™%, k€N,
and in the left Riemann-Liouville sense by

0 IV = Sk s ben,
(2.7 - F(iaéﬂsxk —p() T, keN,
and the right Riemann-Liouville one by

(2.8 EAVEN M) = Fr—m—A0 S s - p)T ke,

(2.9) -

where p(k) = k — 1 be the backward jump operator.

For example, Let f(k) = 1 be defined on N,_1 () p+1N, therefore from (2.4) and (2.5), we
have [1]

(2.10) FaVel=f Ve 1=0, keNg[)|sN.

The relation between the nabla left and right Gerasimov-Caputo and Riemann-Liouville frac-
tional differences are as follow:

Coa Roa (k—a+1)~
(2.11) (5 Va_if) (k) = (i Va_1f) (k) — T T—a) fla—1),

(212) (EavE) 1) = (Fa20) (0 - SH =0+ ).
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Thus by (2.10), (2.11) and (2.12), we have for any k € N, [N,

(b+1—k) ™ (k—a+1)—®
rMi-—a) ’ r'l-—a)

Regarding the domains of the fractional type differences we observe:

(2.13) b Vil = WVaql=

(i) The nabla left fractional difference ,—1 V¢ maps functions defined on ,—1N to functions

defined on ,N.

(ii) The nabla right fractional difference ; V7§, | maps functions defined on ;41N to functions
defined on ;N.

As in [6] one can show that, for & — 0, one has ,V{(f(k)) — f(t) and for @ — 1, one has
VE(F(R) = VE(E)
we note that the nabla Riemann-Liouville and Gerasimov-Caputo fractional differences, for
0 < a < 1, coincide when f vanishes at the end points that is f(a —1) =0 = f(b+ 1) [1].
Indeed, when 0 < « < 1, those conclude from (2.11) and (2.12). So, for convenience, from
now on we will use the symbol V* instead of V® or €V,
Now we present summation by parts formula in new discrete fractional calculus.

Theorem 2.9. ([3, Theorem 4.4] Integration by parts for fractional difference) For functions
f and g defined on Ny (N, a =0 (mod 1), and 0 < o < 1, one has

b

b
(2.14) D FE) (5 Ve_19) (k) =D g(k) (51 VR S) (k).
k=a

k=a
Similarly,
b b
(2.15) Z f(k) (bHV%g) (k) = Zg(k) (kvé.qu) (k).
k=a k=a

3. PRELIMINARY RESULTS
Now, we establish variational framework. Define the finite T'—dimensional Hilbert space
W= {u:[0,T+1]n, = R:u(0) =u(T+1)=0,u = (u(1),u(2),...,u(T))},

which ! denotes the transpose of u and W is equipped with the usual inner product and the
norm

1

2

T T
(u,0) =Y u(k)u(k), |ullz = (Z IU(k)IQ)
k=1 k=1

It is known that the following norm

T 2
lull = {Z | VG w) (W) + [ (741 Vi) (k)!2}
k=1

is an equivalent norm in W.



A SURVEY ON MULTIPLICITY RESULTS

Next, observe by Definition 2.8 that, for k € [1, Ty,

(kVou) (k) = Vi

s=1
1 < —
(0 V) () = (=80 gy o ue)s = p(k) ™
s=k
we let
k o 1 T o
2 S k) = g Do u(e) s — (k)
s=1 s=k

3(k) = (Vi) (k) = 2(k) — 2(k — 1), @(k) = (~Agw) (k) = w(k) — w(k + 1),

thus from (3.8), one can conclude that

[ul? = Z\ §VEu) (B)? + | (741 Vi) (F)?
k=1

(3.1) = ’ 5+ [lwll3,

then

2(0) =0,

z(1) = u(1) o

2(2) = fitay Lamr 1(s)(2 = p()"" = (1= au(l) + u(2),

2(3) = riay Lem W) — ()~ = 512 = a)(1 = a)u(1) + (1 — a)u(2) + u(3),

and
w(l) = gy Lemr uls)(8) ™ = u(l) + (1 - @)u(2) + 52— a) (1~ @)u(3) - + gy
a—1)(T—-a-=2)--(1—-a)u(),

w(2) = ey Sy uls)(s — 170 = u() + (1 - a)u(3) + 42— a)(1 — a)u(d) + iy

a—2)(T—-a—-3) - (1 —-a)u(l),

41
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w(3) = ey Lems uls)(s = 2)7% = u(3) + (1 — @)u(d) + 5(2 — a)(1 = @)u(5) + gy (T ~
a—2)(T—-a—-3) (1 —a)u(T),

(T~ 1) = ey Sy u(s)(s — T4+ 2)7 = (T — 1) + (1 - a)u(T),

1-a)
w(T) = u(T),
hence, z = Bu, Z = Dz and w = Blu, @ = D'w where 1 denotes the transpose and
i 1 0 0 --- 0]
(1-a) 1 0o --- 0
B_ 72—a)(1-a) (1-a) 1 -0 ’
(T—a-1)(T-a-2)-(1—a) (T—a-2)(T-a-3)-(1—a) ) .o ) 1
L (T—-1)! (T—2)! 47w
1 0 0 0 0]
-1 1 0 0 O
p=10 -1 1 0 0
0 0 v - =11,

It is clear that BD = DB and B'D' = DB, let
A= (DB)Y'DB, A= DB(DB)"
Hence, for all u € W
(3.2) u'Au = u"(DB)'DBu = «'B'D'DBu = 2'D'D2 = 313 = |||,

(3.3) uf Au = w'DB(DB)'w = w' BDD'Btu = w' DDTw = o'w = ||@|3,
Let A=A+ Z, thus
ul Au = ul Au 4+ uT Au = ||Z]2 + | @3,

therefore from (3.1) and (3.2) and (3.3), we have
(3.4) Jul|? = ul Au,
Let Apin and Apax denote respectively the minimum and the maximum eigenvalues of A, for
any u € W, we have
(3.5) Aminl[ull3 < wTAu < Amax|ull3,
and then from (3.4),

(3.6) V Amin[ullz < [[u]] < v/ Amax||ull2-

Therefor from (3.6), ||u|| = +oo if and only if |jul|s — +o0.
thus the following statements hold

1) The matrix A is real symmetric matrixes.

2) The quadratic form of the matrix A is positive.

3) The matrixes A is positive definite matrixes.

4) All the eigenvalues of A is positive.

5) The eigenvalues of the matrix A are as the same as the matrix A.
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6) The eigenvectors of A and A are not the same.

Taking the definition A into account

u(l1) u(l1)
u(2) u(2)
(3.7) (141 V3 GVE) + V5 (2 V7)) [4B) | =4 [u(3)
u)]  [u)
Let @ : W — R be the functional
1< s 1,
(3.8) =3 Z| (:VGu) (B)* + | (741 Viw) (k)]* = U Au.
k=1

An easy computation ensures that ® turns out to be of class C' on W and Gateaux differen-
tiable with

T
=D (VE (k) (Vio(k) + (141 VE (@) (.1 Vio(k)) = ulAv,
k=1

for all u,v € W. To study the problem (1.2), for every A > 0, we consider the functional
Iy : W — R defined by

T
(3.9) I(w) = ®(u) = AU(u), ¥:=> F(ku
k=1

where F'(k,u) fo

Lemma 3.1. The function u be a critical point of Iy in W, iff u be a solution of the problem
(1.2).

Proof. First, let w be a critical point of Iy in W. Then by previous argument for all v € W,
I (uw)(v) = 0 and u(0) = u(T+1) = v(0) = v(T'+1) = 0. We applying the summation by parts
formulas (2.14) and (2.15) in Theorem 2.9. Thus, by selecting f(k) = (,_;V¢(u(k))) and
g(k) = v(k) defined on Ny (7N in (2.14) and selecting f(k) = (,V$1(u(k))) and g(k) = v(k)
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defined on Ny (7N in (2.15), one can conclude that

0 = L@

T T
= > wk) (1 VF1 V@) + D vk) (V5 (,VF (a(k)))

k=1 k=1

T
— A [f(kak)] v(k).

Bearing in mind v € W is arbitrary, one can conclude that

(e Vi1 (VR @) + (Vi (Vi (@k))) — Af (k,u(k)) =0,

for every k € [1,T]n,. Therefore, @ is a solution of (1.2). Since @ be arbitrary, we conclude
that every critical point of the functional I in W, is a solution of the problem (1.2). On the
other hand, if w be a solution of (1.2), arguing backward, the proof is completed. O

Now we provide some lemmas used throughout the paper, which hold on the space W. In
the sequel, we will use the following inequality

Lemma 3.2. For every 0 < a <1 and u € W, we have

3.10 0o 1= k)| < ,
(3.10) lulloo = max fuk)] < [lullz

Proof. Let k € {1,2,---,T — 1,T} be arbitrary. It is clear that

u(k)? < [lul3
Thus |u(k)| < ||ul| for any k € {1,2,--- ,T —1,T}. So, the inequality (3.10) conclude. O
Lemma 3.3. the functional ® is coercive, i.e. ®(u) — +o00 as ||u|| = +oo.

Proof. From (3.1) and (3.2) and (3.3), we have
1
(3.11) 2(w) = 1l

Hence ®(u) — 400 as |Ju|| — +oc. O
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4. EXISTENCE OF A SOLUTION

Based on a local minimum theorem (Theorem 2.1), we ensure an exact interval of the
parameter A, in which the problem (1.2) admits at least a non-trivial solution.
Now, we present our main results. The first result gives the existence of one solution for each
A close to zero. Here we point out an immediate consequence of Theorem 2.1 as follows.

Theorem 4.1. Let fivzed o € (0,1) and ¢ as a fized positive constant. Then for any

()2
A }0’ >kt maxe|< F'(k, u(k)) [’

the problem (1.2) has at least one non-trivial solution uy € W such that ||upl|eo < c.

Proof. Our aim is to apply Theorem 2.1 to our problem. Thus, take X = W, and put &, ¥
and Iy as in (3.8) and (3.9). Clearly, infy & = ®(0) = ¥(0) = 0 and by Lemma 3.3, one

can conclude that (H) holds. By the similar arguing in [17], put r = (Ame) c?, and for all
u € W such that 0 < ®(u) < r, taking (3.2) into account, one has maxyep 77 |u(k)| < [lull2 <
2®(u)

3~ < c. Hence, for all u € W such that 0 < ®(u) < r, one has maxycp 77 |u(k)| < c

min

Therefore,

suPyep-1(o,) Y(1)  SUDueq-10,) Yopey F (K, u(k))
T o r
Sop_y max(e|<. F(k, €)

)\min 2 '
()¢
)\min 2
(")

’ C
S maxig<c F(k, €) [

the functional I admits one critical point @ € W such that ||[@||sc < c¢. Hence, the proof is
complete. O

(4.1) <

Therefore, owing to Theorem 2.1, for each

/\G}O

Y

We now present an example to illustrate the result of Theorem 4.1.

Example 4.2. The problem
KV (VP (u(k))) +oVi® (VEP (u(k))) = Fru(k)*(In 551), k€ [1,3],
u(0) =u(4) =0,
0.91

for every A €]0, £i=; [ has at least one solution @ such that [[u]|c < 10. Indeed, 7" = 3 and
a=0.5,80 Amin = A1 =2 0.91 < Ay >~ 2.515 < 3.605 ~ Apax where

1 00 1 0 0 2.265625 —0.9375  —0.25
B=05 1 0|,D=|-1 1 0|,A=|-09375 25  —0.9375],
| 0 -1 1 —-0.25  —0.9375 2.265625
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and by taking ¢ = 10, then,
)\min 2
(T) ¢ 091
>y Maxjg<, F(k,§)  5lnd

Theorem 4.3. Let fired « € (0,1) andT > 2 and f : [1,T| xR — R be a continuous function.
Then for any

02

)

Ae |0 A sup
C 2 >0 Y maxg<. F(k, u(k))

the problem (1.2) has at least one solution.

2

Proof. Fix A as in the conclusion and ¢ such that A < %ZL e <o Floa() Arguing as

in the proof of Theorem 4.1 and putting r = (%) ¢?, we obtain

SUPyea-10,] V() - Sh_y max|e|<. F(k,€)
" T (Mm)e
Therefore, owing to Theorem 4.1, for each
(Pgm) e
AE }0, T [,
> k—1 Maxg|<c F(k, §)

the conclusion is achieved. O

< 4-00.

Corollary 4.4. The proof of Theorem 1.1(1) is a conclusion that follows from Theorem /.3

The second result ensures the existence of one non-trivial solution such that A can not close
to zero. Here we point out an immediate consequence of Theorem 2.2 as follows.

Theorem 4.5. Let fired o € (0,1) and assume that there exist two positive constants ¢, d,

with
d2 d —a 2 )\min 2
(4.2) TaoaE kzl ((k) ) < <2> 2,
such that
(4.3) >y maxjg <. F(k, €) - r_ F(k,d) _
(Aréli") c? ﬁ i (k)7

Then for any

i1 () N o L,

AE] I F(k,.d Byl F(k,u(k
k=1 ( ) ) Zk:lmax\ﬂﬁc ( 7“( ))

the problem (1.2) has at least one non-trivial solution w € W such that ||t|lec < c.
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Proof. Our aim it to apply Theorem 2.2 to our problem. By the similar arguing in [17] and
arguing as in the proof of Theorem 4.1 and putting r = (%) c?, we obtain (4.2). Let

(4.4) w(k) = {d b€ (L T,

0 k=0,T+1.
Clearly w € W. Since w vanishes at the end points that is w(0) = 0 = w(T + 1), thus its

nabla Riemann-Liouville and Gerasimov-Caputo fractional differences coincide, hence for any
ke Ny ﬂ 7N

(r+1VEw) (k) = (12 Viw) (k) = (7 Viw) (k) = d(Ter__a];)_a,
(£ V5w) (k) = (£V5w) (k) = (FVw) (k) = Fd(<1k>a)

So, we have

T
Bw) = 5 D168 B +] (i Viw) (B
k=1
ol dR) ATk,
_ 2;”1_@)! S Vi
= i ET: (k)2 + (T +1— k)2
20 -a)’ {5
d? - ]{132
N
d? ) —\2
- (F(l_a))gkzﬂ((k) ) > 0.
Therefore
(4.5) V(w) Yy F(k,w(k) _ ST F(k,d) §

2 T “a 2 T “a
& (w) (F(ldw > k=1 ((k) ) (p(ldT))z > k=1 ((k’) )
Hence, from (4.2), (4.1) and (4.5) and assumption (4.4) one has 0 < ®(w) < r and
SUPyeap-1j0,] V(1)  W(w)
r P(w)’
Therefore, owing to Theorem 2.2, for each
P2 T =)? Amin | .2
(01— k=1 <("") ) (T> ‘
e Fkod) Yy maxjg<e F(k,u(k)

the desired result concludes and the proof is complete. O

AE

[CAw,

We now present an example to illustrate the result of Theorem 4.5.
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Example 4.6. The problem

ud(k)sinh(u?
V075 (V0T (u(k))) + VO (V975 (u(k))) = SAWOH LY e (1, 4],
u(0) =u(5) =0,

for every A €]1.18,15.84[ has at least one non-trivial solution @ such that ||T||s < 10. Indeed,
T =4 and a = 0.75, and

1 0 0 0

1

7 1 00

B=15 1 4 g

i é 11

128 32 4
10 0 O 42153/16384 —5841/4096  —81/512 —5/64

p_|-1 1 0 0f , _|-5841/4096 3209/1024  —87/64 —81/512
“lo -1 1 ol —81/512 —87/64  3209/1024 —5841/4096 |’

0 0 -11 —5/64 —81/512  —5841/4096 42153/16384

Amax = A1 = 117049/32768 + 15/32768v/11719633 ~ 5.1392,
Ao = 117049/32768 — 15/32768v/11719633 =~ 2.0050,
Az = 69945/32768 4+ 1/32768v/ 2834119345 ~ 3.7593

Amin = Aq = 69945/32768 — 1/32768/2834119345 ~ 0.5099,
and by taking ¢ = 10, d = 1 then,

& (o
TomE 3 ((k)—0-75) — 1.100646972,
' k=1

(Amm> ) <69945 /32768 — 1/32768/2834119345
Amin | 2 _

2
=25.4
5 5 >c 5.497,

thus the condition (4.2) holds. Put f(k,z) = g(z)(In %) 8%(11’1 %), (see the

graph of g(x) in the Figure 1), then F(k,z) = (1 — 1/(cosh(z*))?) (In %), o

F1GURE 1. The graph of the function ¢
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4 4
max F(k,&) = (1 —1/(cosh(10))?) (Zm@)

lgl<c P k

= (1 -1/(cosh(10))?) (In5) = 1.6094

k=1

4
> F(k,d) = (1-1/(cosh(1))?) (In5) = 0.93352
k=1

0.063 ~

Yheamaxg<e F(,€) Sy F(k,d)
Amin | 2 d2 4 —57F
( 2 )C 0257 k=1 <(k) ’ 5)

5. MULTIPLE SOLUTIONS

5 =~ 0.848.

By using multiple locale critical points theorem, one can show that problem (1.2) has
multiple solutions, precisely it has at least two or three solutions.
Before providing the mentioned result we recall that a continuously differentiable functional
I defined on a real Banach space X satisfies the Palais-Smale condition, the (PS) - condition
for short, if every sequence {u,} such that {I(u,)} is bounded and I’ (u,) — 0 in X* as
n — oo has a convergent subsequence.

In the following, we prove that the functional I satisfies the Palais—Smale condition.

Put
F k: )\ma:t
Lo := min (liminf ( ’2§)>, and \* = )

Lemma 5.1. Let f: [1,T] x R — R be a continuous function. If Lo, > 0 then the functional
I, satisfies the Palais—Smale condition and it is unbounded from below for all X €]X*, +o0].

Proof. Let us fix A > A*. Assume that a sequence {u,} is such that {I)(u,)} is bounded and
I (un) — 0 as n — oo. Since W is finite dimensional, it is sufficient to show that {u,} is
bounded. Put

u (k) := max{0, u,(k)} and u,, (k) := max{0, —u,(k)}
for all n € N and for all k € [0,T]. By straightforward computation we can check that for all
n € Nand k, k' € [1,T]

(5.1) ul (K)u, (k) =0 and ) (k)u, (K')>0, k#kK.

n n

Due to be negative the elements of the matrix A except the original diameter, (u;‘{)]L Au~ <0
and (u;)TAu+ < 0. So,

T
®'(un)(uy) = Y (Ve n(k) (:Vun (k) + (761 Vi (wn(k) (141 Viuy (k)

k=1
= O (uf —uy) (uy) =¥ (u)) (uy,) — @ (uy,) (uy,)
= () Ay — (uy) " Ay,
= () Ay = Jup |2 < —Jluy 1% <0,

and

i

() (uy) = (uy) ' Ay = gy |2 > 0,
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Moreover, by the assumption of f and by the definition of w,, we deduce that

E

U (un)(uy, ) = D fkun(k))uy, (k) >0,

>
Il

1

and in a consequence
0 < fug [* < =@ (un) (uy,) < =@ (un)(uy, ) + A (wn) (uy, ) = =13 (un) (1)

for all n € N.
Since I} (un) — 0 asn — oo, hence ||u,, || = 0 as n — oco. Thus, there exists N > 0 such that
| (u;)T Au, | <1 for any n > N and according to the constant A, then 0 < . (k) < L for any
k € [1,T]n, and for any n € N, where L = max{l,maxke[l,T]NO {uy (k),uy (k),us (k),...,uy_,(k)}}.
This means that {u,, } is bounded, and w, (k) > —L for any k € [1,T|y, and for any n € N.
Now, by the similar arguing in [21] and arguing by a contradiction, we will show that
{un} is bounded. Suppose that {u,} is unbounded. We may assume that ||u,| — co. From

liminfe_, o nglf) > L for every k € [1,T] there exists d; > 0 such that

F(k,€) > Lo |€]* for all € > 6.

Moreover, for all £ € [—L, d;] we have

Fh€) > min F(h€& > min F(k¢)+ Lo (I¢* — (max{dy, L})?)

£€[7L76k] B ée[vaék]
> Lo €7 — max{ Lo (max{dy, L})? = min F(k,£),0}
£€[_L75k]
= Lo |¢]* - Q(k),

where Q(k) = max{Ls,(max{d, L})? — minge(_z,5,] F'(k,§), 0} possesses only non-negative
values for every k € [1,T]. Eventually,

F(k,&) > Lo [§]* — Q(k), V€ € (—L,+00), Vk € [1,T].
Due to u, > —L for all n € N, we conclude that
(5.2) F(k,un(k)) > Loo Jun (k) = Q(k), Vne N, Vkel[l,T)].

By (5.2) and (3.5) we get

lunll?

_Q7

T
(5.3) (un (k) = D F(k, un(k)) > Lollun|3 — @ > Lo~y
k:1 max

where

T
Q=) _Qk).

=1
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By (5.3) and (3.11) we infer that
Iy(up) = P(up) — AV (uy)

< ”u;”2 - )\LOOH;::JE 0
— (3052 ) P + 32
i (3 )l 43
e R PP

Since ||uy|| — oo and A* — X < 0, so I (u,) — —oo and this is an absurd. Hence I satisfies
the Palais-Smale condition for all A €]\*, ool.

It remains to establish that I is unbounded from below. Let a sequence {u,,} be such that
{u;, } is bounded and {u,}'} is unbounded and then |[u,| — oo. Arguing as before one has
I\(up) — —oo for all A €]A*, +oo[ and the proof is complete. O

Now, we provide the main result of this section. Main results ensures the existence of two
solution with requiring condition at infinity. Here we point out a consequence of Theorem 2.3
as follows.

Theorem 5.2. Let fized o € (0,1) andT > 2 and f : [1,T] xR — R be a continuous function

and
lim inf (k’f)
§ooo ¢
Then for any
>\min 2
relA=|0, Sup —7 c )
2 c>0 Zkz:l max‘ﬂgc F(k‘, ’LL(]C))

the problem (1.2) has at least two solutions.

: . . Armin 2 .
Proof. Fix A as in the conclusion and ¢ such that A < TZlemax;\gc Fha(h)” Owing to

Lemma 5.8 and Lo, = 400, the functional I, satisfies the Palais—Smale condition and it is

unbounded from below. Arguing as in the proof of Theorem 4.1 and putting r = (’\“%) e,

we obtain

SUPyedp—1]—oo,r P (1) - S hey maxjg <. F(k, €)
" T (M)
Therefore, owing to Theorem 2.3, for each
(Pgm) e
AE }0, T [ CA
> k1 maxjg|<. F(k, &)

the conclusion is achieved. OJ

< 4-00.

Corollary 5.3. The proof of Theorem 1.1(2) is a conclusion that follows from Theorem 5.2.
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Example 5.4. For any

)\min
PYS ]0, [,

8T
The problem
T+1V2'75 (kv8'75(“(k))) + kv8'75 (T+1V2'75(“(k))
+2u(k)? (e ™) + 1], ke 1,T],
u(0) =u(T +1) =0,

has at least two solutions. In fact, that is enough to apply Theorem 5.2 to the function

£(s) = {25(65)2 +2s%(e*)?+1, s>0,

~
I
>
[\)
g
—
Yy
~—
—~
®
ES
=
~—
)

1, s < 0.

taking into account that sup.. Wj}?(g) > %, where F(s) = s2(e5)2 + s, for s > 0 and

Lo = +00.
Also we point out a consequence of Theorem 2.4 as follows.

Theorem 5.5. Let fireda € (0,1) and T > 2 and f : [1,T] xR — R be a continuous function
such that Lo > 0 and assume that there are two positive constants c, d, with

o0 i o) < ()

such that
T T
_ . F(k, _ oo
(55) Zk—l mjx‘ﬂf ( g) < min dzzk—l 5(k7 d) —, iL
(%) c? T(1—a))? Dk ((B)=)" Amaz
Then for any
2 T =)? Amin | .2
A € | max (C(1-a))” 2=t ((k) ) Amaz (T) ¢
25:1 F(k’ d) ’ QLOO 7 Zgzl maxXe|<e F(kz u(k)) ,

the problem (1.2) has at least two non-trivial solutions ui,us € W such that ||uille < c.

Proof. Our aim is to apply Theorem 2.4 to our problem. Thus, take X = W, and put ¢, ¥
and Iy as in (3.8) and (3.9). Clearly, infx & = ®(0) = ¥(0) = 0 and (H) holds. Arguing as

in the proof of Theorem 4.1 and putting r = (%) %, we obtain (5.4) and

I

supu@—l]_oo,r]‘l’(u) U (u)
r ()

where @ be as in (4.4). So the condition (2.1) holds. By (5.5) and Lemma 5.8 for any

e ) e

k=1 F(k, d) ’Zgzlma‘xmgc (k,u(k))

A € | max C [\, +00)

l—a

the functional I, satisfies the Palais—Smale condition and it is unbounded from below. There-
fore, owing to Theorem 2.4, the proof is complete. ]
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We now present an example to illustrate the result of Theorem 5.5.

Example 5.6. Suppose that

-1
d |, 10¢ 102G _Jo u(@) <0
flz) = . z° cosh W , Uo(u(z)) = {

(see the graph of f(z) in the Figure 2). The problem

600000+
4000004

2000004

7‘2 :1 0 1 2I
~200p004

4000004

6000004

FIGURE 2. The graph of the function f(x)

{5V2~75 (V4T (k) + T57 (V4™ (u(k)) = Na(u(b)f (u(k)(10°7)
ke[l,4], u(0)=u(5) =0,

for every A €]205.57,1862.58[ has at least two non-trivial solutions. Indeed, T' = 4, a = 0.75,
B, D, A, A\pax and A, are as the same as in the Example 4.6. Now by taking ¢ = 1,
d = 0.434 then,

a2 4 — N2
T 1 Z (977" = 0.2073134614,

<)\min> o <69945/32768 — 1/327681/2834119345 > o507
2 2 N

thus the condition (5.4) holds. Let F'(k,&) = fo Uo(t) £ ()10~ 7%dt, then for € > 0, F(k, &) =

JE U () £(£)107 R dt = 10~ Tk¢2 cosh % and for € <0, F(k, &) = [$Up(t) f(£)10~TFdt =
0, (see the graph of F(z) in the Figure 3).s0 Loo = 1 and
4
46492 > 0.46492
o F(k, £) 2107k F(0.46492), ¢ > 0.4649
£ el<c F(c), ¢ < 0.46492.

where F(0.46492) = 78107.79252 and

4 4
> F(k,d) = F(d)) 10~ = 0.007311944163,
k=1
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FIGURE 3. The graph of the function F(x), where F' = f

and .
> k=1 maxjg <. F'(k,§)

)\min
(T) c?
4
F(k.d
2 > k1 (K, d) 5 = 0.03526999219,
2 4 —0.75
(1(0.25))2 2ok=1 <(k) )
2L

A’VTLCLJ,‘

.5) holds. Then for any
m

= 0.0005368869455,

= 0.3891688210,

thus the condition (5
re |
]

1 1 1

ax { 0.03526999219° 0.3891688210} " 0.0005368869455
205.5663139, 1862.589524] ,
the problem has at least two non-trivial solutions uy 1,ux2 € W such that Iy(uy;) < 0 <
Ii(ux2)-
Example 5.7. The problem
sV (kV8'75(U(k’))) + kVS'”’ (5V2'75(U(k’))) =
Ao (u(k)) [ Bt o (uRy10) | ke [1,4],
u(0) = u(5) =0,

for every A\ €]0.412,0.45] has at least two non-trivial solutions. Indeed, T' =4, a = 0.75, B,
D, A, Myax and Ay are as the same as in the Example 4.6. Now by taking ¢ = 3, d = 1.1
then,

& o)
TomE 3 ((k)_0'75) — 1.331782836,
' k=1

(Amm> ) <69945 /32768 — 1/32768/2834119345
Amin \ 2 _
2 2

) % = 2.2946,

thus the condition (5.4) holds. Put f(k,z) = % + (£)19, (see the graph of f(k,z) in

the Figure 4 ), then F(k,x) = <1 — 1/(cosh?(z*)) + ﬁ%), so L™ = 400,
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FIGURE 4. The graph of the function f(z, k)

1 311
2 1|r£1|22>c<F(k: 6 = <11/(cosh( )? +11310>

= 5.0909

11

4
ZF(k,d) = (1 — 1/(cosh(1.1))? + 1L

T >(ln5) — 3.228838252
k=1

Cioa maxig<e F(k,€) S Pk, d)
Amin | 2 d2 4 75
( 2 )C 0257 k=1 <(k) ’ 5)

Now, we provide the existence of at least three solutions for A > 0 being in a certain
interval.
In the following, we prove that the functional I satisfies the coercive provided that the
required assumption holds.

Put

2.218643772 ~

5 =~ 2.424448014.

L := max (limsup F(k’£)> .

RelLT] \ emoo  |€[2

Lemma 5.8. The functional Iy satisfies the coercive condition for any A €]0, 22‘;‘; [ provided
that 0 < L°° < oo.

Proof. The proof is similar to the proof of [17, Lemma 5.1(i)]. O

Corollary 5.9. In Theorem 4.5, if one adds the condition L™ = 0, then by Theorem 2.5, we
give a result of at least three solutions for any

Ae ; ZT: ((k)qy <AmT> ¢

(T'(1—a)) 1 F(k,d) Zk 1 MaXje|<c (kvu(k))

In the next example, the results should be more precise than Example 4.6, by Corollary
5.9.

Example 5.10. In the Example 4.6, it is clear that L*° = 0, so by Corollary 5.9 one can
obtain more solutions that is, the problem for every \ €]1.18,15.84[ has at least three solutions
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