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NEW MODIFIED IMPLICIT ITERATIVE ALGORITHM FOR FINITE
FAMILIES OF TWO TOTAL ASYMPTOTICALLY
PSEUDOCONTRACTIVE MAPPINGS

AUSTINE EFUT OFEM* AND DONATUS IKECHI IGBOKWE

ABSTRACT. In this article, we propose a modified implicit iterative algorithm for approxima-
tion of common fixed points of finite families of two uniformly L-Lipschitzian total asymptot-
ically pseudocontractive mappings in Banach spaces. Our new iterative algorithm contains
some well known iterative algorithm which has been used by several authors for approxi-
mating fixed points of different classes of mappings. We prove some convergence theorems
of our new iterative method and validate our main result with an example. Our result is an
improvement and generalization of the results of many well-known authors in the existing
literature.
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1. INTRODUCTION

Let X be a real Banach space with dual E* and C' a nonempty closed convex subset of X.
We denote by J the normalized duality mapping from X into 2% defined by

(1.1) J(@) ={f € X*: (x, f*) = || = || /*|*}, Vz € X,
where (., .) denotes the generalized duality pairing. Let j denotes the single-valued-normalized
duality mapping, T the set of positive real numbers, N the set of natural numbers and F(T')
denotes the set of fixed points of mapping T': X — X, ie., F(T)={z € X : Tx = z}.
Definition 1.1. A mapping T : C — C' is said to be:

1. uniformly Lipschitzian, if there exists a constant L > 0 such that for any z,y € C,
(1.2) |7 — Ty| < Lo - yll, ¥n>1;

2. pseudocontractive, if for any x,y € C, there exists j(x —y) € J(z — y) such that

(1.3) (Tx =Ty, j(z —y)) < llz —yl*

3. strictly pseudocontractive, if there exists a constant A € (0,1) and for any given
x,y € C, there exists j(z —y) € J(z — y) such that

(1.4) (Te =Ty, j(z —y)) < llz —y|I* = A|(I = T)z — (I = T)y|l*;
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4. asymptotically pseudocontractive, if there exists a sequence {h, } C [1,00) with h,, — 1
as n — oo such that

The class of asymptotically pseudocontractive mappings was introduced by Schu [15]
(see also [16]). In [19], Rhoades gave an example to show that the class of asymp-
totically pseudocontractive mappings contains properly the class of asymptotically
nonexpansive mappings, see [19] for more details.

5. asymptotically strictly pseudocontractive, if there exists a constant A\ € (0,1) and a
sequence h, C [l,00) with h, — 1 as n — oo for any given z,y € C, there exists
jlx —y) € J(x —y) such that

(1.6)
(T =Ty, j(x —y)) < hallz -yl
AT =Tz = (I =Tyl ¥n>1;

6. asymptotically pseudocontractive in the intermediate sense, if there exists a sequence

hy C [1,00) with h,, = 1 as n — oo and j(x — y) € J(x — y) such that

(1.7) limsup sup ((T"z —T"y,j(z —y)) — hnllz — ZUHQ) <0.

Set
T = max {0, sup ((T"x — T"y, j(x = y)) — hnlz — yHQ)} :
z,yeC
It follows that 7, > 0, 7, — 0 as n — co. Hence, (1.7) yields the following inequality:
(1.8) (Te =Ty, j(x —y)) < hnlle —y|* + 70, V> 1, 2,y € C.

This class of mappings was introduced by Qin et al. [12].
7. Total asymptotically pseudocontractive, if there exists sequences {pu,} C [0,00) and
&n C [0,00) with py, — 0 and &, — 0 as n — oo such that

(1.9) (T"x =Ty, j(x —y)) < o —yl* + sz = yll) + &,

Vn >1and z,y € C, where ¢ : [0,00) — [0,00) is a continuous and strictly increasing
function with ¢(0) = 0. This class of mapping was introduced by Qin et al. [13].

Remark 1.2. If ¢(t) = t2, then (1.9) reduces to the class of total asymptotically pseudocon-
tractive mappings in the intermediate sense as follows:

(1.10) (T"z =Ty, j(x —y)) < (1+ )|z = yl* + &
foralln > 1, x,y € C. Put
Tp = Max {0, sup ((T"x = T"y, j(z — y)) — (1 + pa)l|z — yHQ)} :
z,yeC

Then, the class of total asymptotically pseudocontractive mappings in the intermediate sense
is a proper subclass of the class of total asymptotically pseudocontractive mappings.
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Remark 1.3. If ,, = 0,Vn > 1, then the class of asymptotically pseudocontractive mappings
in the intermediate sense reduces to the class of asymptotically pseudocontractive mappings.
Again, if h,, = 1,¥n > 1, then the class of asymptotically pseudocontractive mappings reduces
to the class of pseudocontractive mappings.

From the implications in Remarks 1.2 and 1.3, it is clear that the class of total asymp-
totically pseudocontractive mappings properly contains all other classes of pseudocontractive
mappings mentioned above.

Many iterative methods for approximating fixed points of total asymptotically pseudocon-
tractive mappings have been studied by some authors. In 2011, Qin et. al. [5] proved a weak
convergence theorem for a total asymptotically pseudocontractive mappings by the modified
Ishikawa iterative process which was introduced by Schu [1]. In 2012, Ding and Quan [/]
introduced a modified Mann iterative algorithm for a total asymptotically pseudocontractive
mapping. Very recently, Chima and Osilike [3] studied the split common fixed point problem
(SCFP) for a class of total asymptotically pseudocontractive mappings.

In recent years, the implicit iteration scheme for approximating fixed point of nonlinear
mappings has been introduced and studied by various authors (see, e.g., [1, 5, 6, 7, 8, 9, 17,

]). In 2001, Xu and Ori [22] introduced the following implicit iteration process for a finite
family of nonexpansive self-mappings in Hilbert spaces:

(1.11) T = antp—1+ (1 — ap)Thz,, n>1,

where {a,} is a sequence in [0,1] and T}, = T}, mean- They proved that the sequence (1.11)
converges weakly to a common fixed point of T,, n = 1,2, 3, ..., N. Later, Osilike and Akuchu
[10], and Chen et al. [11] extended the iteration process (1.11) to a finite family of asymptot-
ically pseudo-contractive mapping and a finite family of continuous pseudo-contractive self-
mapping, respectively. Zhou and Chang [23] studied the convergence of a modified implicit
iteration process to the common fixed point of a finite family of asymptotically nonexpansive
mappings.

In 2003, Sun [17] modified the implicit iteration process of Xu and Ori [22] and applied the
modified averaging iteration process for the approximation of fixed points of asymptotically
quasi-nonexpansive mappings. Sun introduced the following implicit iteration process for
common fixed points of a finite family of asymptotically quasi-nonexpansive mappings {T,}fil
in Banach spaces:

o € C,
(1.12) k(n) Vn >1,

Ly = (]— - an)fEn—l + O‘nT;(n) Tn,
where {ay,} is a sequence in [0,1], n = (k—1)N+i,i=n(i) € [ ={1,2,..,N}, k=k(n) > 1
is some positive integers and k(n) — 0o as n — oo.

Recently, Thakur et al. [18] considered the following implicit iterative process for approxi-
mating the common fixed point of a finite family {Tl}fil of asymptotically pseudocontractive
mappings and established convergence results in Banach spaces:

(1.13)

Tn = (1 - O‘n)xn—l + anTZ]ES;)yna

Yn = (1 - 571 — Yn — 5n)l‘n + annfl + 'Ynj—;lzgg)xn + 57‘7—‘1(71) Tn—1
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Vn > 1, where {a, }, {Bn}, {7} and {6, } are real sequences in [0,1] satisfying 5, +~v,+6d, < 1,
(k: — )N+, i=n() el ={1,2,...N}, k= Fk(n) > 1 is some positive integers and
k( ) — o0 as n — 0.

Motivated and inspired by the above facts, the purpose of this paper is to modify (1.13) for
finite families of two uniformly L-Lipschitzian total asymptotically pseudocontractive map-
pings. By using a different approach, we prove that our new iterative algorithm (1.14) con-
verges strongly to the common fixed points of finite families of two uniformly L-Lipschitzian
total asymptotically pseudocontractive mappings in Banach spaces. We also give examples of
mappings and prototype of the sequences which satisfies all the conditions in our main result.

The result of this paper improves the corresponding result in [5, 11, 10, 18] and several others
in the literature.
(1.14)
k(n)
Tn = (1 - an>xn—1 + OénTz(n) Yn,s
k k
Yn = (1 - Bn - Tn — 5n)l'n + Bpxn—1 + 'Ynsz(g;)l'n + 6711‘;(53)5571—1

Vn > 1, where {a, }, {Bn}, {7} and {6, } are real sequences in [0,1] satisfying 8, +v,+6d, < 1,
(k —1)N+1i,i=n() el ={1,2,...N}, k= Fk(n) > 1 is some positive integers and
k:( ) — o0 as n — o0.

Remark 1.4. Clearly, our new iterative scheme (1.14), contains some well known iterative
schemes in the literature. This is illustrated as follows:

(a) (1.14) reduces to (1.13) when S; = T;.

(b) (1.14) reduces to (1.12) when S, = v, =, = 0.

(c) (1.14) reduces to (1.11) when 3, = v, = (5n =0,T"=T.

(d) When g, =1, v, =6,=0,T" =T, N =1 then (1.14) reduces to:

Ty = (1 - O‘n)$n—1 +apTry 1,

(1.15) { 0 €, Vn > 1,

where {a;,} is a sequence in [0,1]. The iterative process (1.15) is the well known Mann
iterative process.
(e) If we take 8, =1, 7, = 6, = 0 in (1.14) then we obtain

11 xo € C, Vo > 1
( ' 6) Tp = (l_an)xn—1+an leé))xn 1, =4

where {a,,} is a sequence in [0,1], n = (k — 1)N +4, i = n(i) € I = {1,2,...,N},
k = k(n) > 1 is some positive integers and k(n) — oo as n — co.

The above modified averaging iteration process (1.16) was considered in 2014 by
Saluja [14] for the approximation of common fixed point of a finite family of strictly
asymptotically pseudocontractive mappings in the intermediate sense in Hilbert spaces.

Now, we show that (1.14) can be employed to approximate the fixed points of total asymp-
totically pseudocontractive mappings which is assumed to be continuous. Let T; be a Li-
Lipschitz total asymptotically pseudocontractive mapping with sequences A\, € [0,00) and
vl €1]0,00) with v2 — 0 and A}, — 0 as n — oo for each 1 <i < N. Let S; be a Li-Lipschitz
total asymptotically pseudocontractive mapping with sequences ¢, € [0,00) and I, € [0, c0)
with 7t — 0 and I}, — 0 as n — oo for each 1 < i < N.
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Define a mapping W,, : C — C by
Wp(x) = (1—an)Tp-1+ oznTk(n)[(l — B — Yn — 0n)T + BnTn-1
(1.17) S @+ T ], Y > 1.
From (1.17), we have
[Wa(@) = Wa@) = aul T 11 = Bu = 9 = 8)a + B +Sii @

+0a Ty 1] = Ty [(1 = Br = Y = 0 )y

+BnTn—1 + FYnSl(( ))y +9 T(( ))

anL[(1 = B = vn — ba)llz — ]
il Si) e — Sy

< anL[(1 = Bn = v — 8n)llz — yll + WmLllz — y]]
(1.18) = anL[(1 = B+ (L —1) = )]z — gl

for all z,y € C, where L = max{L},..., LY, L} ..., LN}

If o, L[(1 — B + (L — 1) — 6,)] < 1 for all n > 1, then from (1.18), it follows that W,
is a contraction mapping. By Banach contraction principle, we see that there exists a unique
point z,, € C such that

(1.19) zp,=W(x,) = (1—ap)Tp_1+ anT [(1 — Bn — Yn — 0n)T + BnTn_1

Tl

IN

+’7”Sz‘((n))x + 5"1;(51))95”—1]’ Vn>1.

That is, the implicit iteration process (1.14) is well defined. Hence, the iterative sequence
(1.14) can be employed for the approximation of common fixed points for a finite family of
uniformly L-Lipschitzian total asymptotically pseudo-contractive mappings.

2. PRELIMINARIES
The following definition, lemmas and proposition will be useful in proving our main results.

Definition 2.1 (see [2]). A family {T;}Y, : C — C with S = N, F(T}) # 0 is said to satisfy
condition (B)on C' if there exists a nondecreasing function f : [0,00) — [0, 00) with f(0) =0
f(r) > 0 for all r € (0, 00) such that for all x € C

(2.1) max (Jlo — Tiall} > f(d(z, ).

Lemma 2.2 (see [21]). Let J : X — 2% be the normalized duality mapping. Then for any
x,y € X, one has

(2.2) |z +yll* < llzl* + 2(y, j(z + ), Vi(z+y) € J(x+y).

Lemma 2.3 (see [20]). Let {U,}, {An} and {Q,} be sequences of nonnegative real numbers
satisfying the following inequality:

(2.3) U < (14 Ap)dy + Qpy, n> 1.

If o0 Ay < 00 and Y 07 Qy < 00 then 1irn Oy exists, additionally, if {9,} has a subse-
quence {0y, } such that ¥y, — 0, then lim 19n =0.

n—oo
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3. MAIN RESULTS

Lemma 3.1. Let C be a nonempty close convex subset of a real Banach space X, let N > 1 be
a positive integer and I = {1,2,3,...,N}. Let T; : C — C be a finite family of uniformly Li-
Lipschitzian total asymptotically pseudocontractive mapping with sequences {vt} C [0,00) and
{AL} € [0,00) , where vj, — 0 and X, = 0 as n — oo and S; : K — K be a finite uniformly
Lt -Lipscitzian total asymptotically pseudocontractive mappings with sequences {nit C [0, 00)
and {1} C [0,00), where nt, — 0 and l, — 0 asn — oo, for eachi € I. Let ji, = max{vy,n,},
where vy, = max{v’ :i € I} and n, = max{n}, :i € I} Let {n = max{\,, I } where \p, =
max{\ :i € I} andl, = max{l’ :i € I}. Assume that S = (ﬂZ L F(Ty)) ﬂ(ﬂZ LF(S;) #0.
Let ¢(p) = max{¢;(p) : i € I}, for each p > 0. Suppose that there exist M, M* > 0 such that
(k) < M*k? for all k > M. Let {an}, {Bn}, {7} and {5,} be sequences in [0,1] such that
Bn 4+ vn + 0n <1 for each n > 1. Assume that the following conditions are satisfied:

o)
(i) 22 an = o0;
n=1
[ee)
(ii) 3 o < oo;
n=1
00

[o@)
(1i7) > Qnpin < 00, Y. ap&p < 00;

' no:ol n;l -
(ZU) Z Qi fn < 00, Z QpYn < 00, Z apdy, < 005
n=1 n=1 n=1

(v) a:LL[(l — B+ (L —1)=68,)] < 1,Vn > 1, where L = max{L},...,LY L} ..., LN}.
Then for arbitrary xo € C, let {x,} be a sequence generated in (1.14). Then, lim |z, — p||
n—oo
exists for all p € &

Proof. For any p € S, from (1.14) we have
k
Hyn - pH = H(l — Bn— VY — 0n)Tn + BnTn—1 + ’Ynsﬁ(:))xn + 5nTZ(£LT)L)‘Tn—1 - p”

= H(l_ﬁn_')’n_(s )( - )+/8n($n71_p)
+9n (S 0 = B) + 0Ty w1 = D)

< (I=Bn—9—0 )\\Svn—pll+ﬁn\\fcn—1—p\|
7| SE i = Pl + 0| T 201 — |
< lwn -l +ﬁn||xn 17l
(3.1) Yl S = Pl + SulI Ty w1 — |

Now, from (1.14) and Lemma 2.2, we obtain

lzn = pl* = (1 = an)zn—1 + anTy, )y — plI?

k(n)

= [[(1—an)(@n-1—p )+an(T( )yn_p)Hz

< (1= an)?[|en—1 —plI* + 2an<T»]f53)y —P,J(@n —p)

k(n) k(n) k(n)

= (1 _an) H-’L‘n 1 —p|| +2an<T( ) Yn _Tz(n) l'n"‘TZ(n) L, —p,j(mn _p)>
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(1= an)?l|en-1 = o> + 200 (T g = T 2 (@ — D))

+200 (T 2 = p, j (0 — D))

(1= an) -1 = pl* + 20| T g = T @l = p]
+20n (T30 — p, (2 — )

(1 = o)1 =PI + 20n Ly — @nll|n — pl

+2a, <TZZ£:)L)$7L 'z ](xn - p)>

Using (1.14), we have

IN

IN

(3.3)

1L = Br = = 0n)Tn + Ban-1 + Sy T + 0T}y T 1] = 2

B (Tn—1 — n) + 'Yn(Sf((nT;)xn —zn) + 671(1}]253)‘73”—1 — )|

||/8n(-77n—1 —-p+p— xn) + ’Yn(SZk(E:;)ﬂin —-p+p— xn)

o (T a1 —p+p — 30|

k
BuallZn_t — p|| + Ballzn — p|| + ’ynHSi((n’"S)xn —pll + Yallzn — D
k
0T w1 = pll + Gl —
Ballzn— = pll + Bullwn = pll + WLl = pll + ullzn — ]
+0nLl|xn—1 = pll + dnllzn — 1
(B + 0 L) |zn—1— Pl + (Ba + WL + Y0 + 6n) |20 — p||

(Bn + 0nL)||xn—1 — pll
+ (B 4 Y (L + 1) + 6,) ||zn — p]|-

Putting (3.3) into (3.2), we have

lz — pII?

(3.4)

< (1= an)?en—1 —plI* + 200 L[(Bn + 6n L) || 201 — p|

+(Bn + (L + 1) + 6n)l|2n — plll[|2n — Dl

+ 20 (T} — p, (= )
= (1= an)?lzn-1 = pl> + 200 L(Bn + 6n L) 201 — pll|lzn — p|
+2anL(Bn + 'Vn(L + 1) + 5n)||xn - p”2

+2a, <TZIE£3)5571 - D ](xn - p))

From classical analysis, it is well known that

(3.5)

1
|21 = plllen = pll < 5 (a1 = pI* + 20 = pI).
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Using (3.4) and (3.5), we have

l|lzn — p”2 < (I- O‘n)QHxnfl *p||2 + 20, L(Bn + 60 L)

1
x5l = plI* + lon = pl*)

+20nL(Bp + (L + 1) + 6,)||zn — p||?

= [(1- O‘n)Q + an L(Bn + 0 L[| -1 — pH2

+anL(Bn + 6, L) + 20, (B + (L + 1) + 8,)] |20 — 1|2

(3.6) —|—2an<TiIZ£LT)L)wn —p,j(xn —p)).

Since each T; (i = 1,2..., N) is a total asymptotically pseudocontractive mapping, from (3.6)
we have

IN

[(1- an)2 + anL(Bn + 6n L) wn—1 — p”2
+HanL(Bn + 0nL) + 20, L(Bn + Yn (L + 1) + 0p)]|| 20 — pH2
+20n (|2 = Pl + 1|20 = pll) + €0)
= [(1 = an)® + @uL(Bn + 65 L)]||2n-1 — p||”
HanL(Bn + 60 L) + 20 L(Bn + (L + 1) + 8,) + 2] || — p|
(3.7) +2anpn@(l|zn — pll) + 200&n.

|z — plI?

Since ¢ is a strictly increasing function, it follows that ¢(k) < ¢(M), if k < M; ¢(k) < M*k?,
if £ > M. In either case, we can obtain

(3.8) ¢(k) < ¢(M) + M*k>,
Using (3.7) and (3.8), we obtain

|zn —plI* < [(1—an)® + anL(Bn + 6nL)] [ €01 — plI?
o L(Bn + 60 L) + 200 L(Bp + (L + 1) + 6,) + 2a]||2n — |2
120 (M) + 200 M* pin |25 — pl|® + 20nEn
= Kl - an)2 + O‘nL(ﬁn + 5nL)]||93n71 - p||2
Hon L(Bpn + 0nL) + 200, L(Bn + (L + 1) + 6,)
+200, + 200, M i) || 20 — pII* + 20010 (M) + 2006n
(3.9) = Unllzn1 — ol + allzn — plI* + 200 (M) + 2006,

wn = (1 - an)z + anL(ﬁn + 5nL)a
U, = anL(Bn+ 0nL)+ 20, L(Br, + (L + 1) + 6y)
20, + 20, M iy
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By transposing and simplifying (3.9), we obtain

20 ¢(M) 2an8n
R < n T nin
len =pI° = g e —plIP =g+
U+, — 1 2 QOlnlind)(M)
= 1 - = — - S
( —+ 1—w, ”xn 1 pH + 1-v,
200060
3.10 :
(3.10) oy,

Observe that

Y+ W —1 = a2 +2a,L(By + 60 L) + 20, L(Bn + yn(L + 1) + 6p)
+20, M ™ iy

Now, set
(3.11) Wy = Vp + ¥, — 1.

Since li_>m a, = 0, then from conditions (iii) and (iv), we obtain
n—0oo

U, = ap,L(Bn+0nL)+ 20, L(Br, + Y (L + 1) + 6y)
20, + 20, M* 11, — 0 as n — 0o,

therefore, there exists a positive integer ng such that

1
§<1—Wn§1,Vn2n0.

Thus, from (3.10) we have

||xn - p”2 < (1 + 2wn) Hﬁn—l —P||2 + 4Oln,ufn¢(M) +4danén
(3.12) = (14+G) |lzn1 = pl* + onss ¥ 1> o,

where

Cn = 2w,
On = 4anﬂn¢(M)+4an€n-

From conditions (ii)—(iv), it is easy to see that Z (n < 00 and Z on < 00. Clearly, from
n=1
(3.12), we see that all the conditions of Lemma 2.3 are satisfied. Thus h_}m |z — p|| exists
o0

forall p € S. O

Theorem 3.2. Let C be a nonempty closed convex subset of a real Banach space X. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T; : C — C be a finite family
of uniformly Li-Lipschitzian total asymptotically pseudocontractive mapping with sequences
{vi} C [0,00) and{)\}C[O o), where i, — 0 and X\, — 0 asn — oo and S; : C — C
be a finite uniformly L.-Lipscitzian total asymptotically pseudocontractive mappings with
sequences {n,} C [0,00) and {l%} C [0,00), where ni, — 0 and I\, — 0 as n — oo, for each
i € I. Let p, = max{v,,n,}, where v, = max{t} : i € I} and n, = max{n}, : i € I}.
Let &, = max{)\n,l }, where A, = max{)\}, : i € I} and l,, = max{l}, : i € I}. Assume
that & = (Y F(T) (MY F(S)) £ 0. Let o(p) = max{i(p) : i € T}, for each p > 0.
Suppose that there exist M, M* > 0 such that ¢(k) < M*k? for all k > M. Let {an}, {Bn},
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{} and {0, } be sequences in [0,1] such that By, + vn + 6 < 1 for eachn > 1. Let {x,} be a
sequence generated in (1.14). Assume that the following conditions are satisfied:

o>
(i) & an = o0;
n=1
(o]
(i1) 3 a2 < oo;
n=1
[es)

o0
(7’7’7’) Z an,un < OO} Z anfn < OO,'
n=1 n=1
[oe) oo o0
(iv) > anfn <00, Y. apyn < 00, Y. Ay < 00;
n=1 n=1 n=1
(v) anL[(1 = B+ (L —1) —6,)] <1,¥n > 1, L = max{L},..., LY, L., ..., LN}

Hence the sequence {x,} converges strongly to a common fized point in S if and only if

(3.13) lim inf d(z,, ¥) = 0,

n—oo
where d(x,3) denotes the distance of x to set S, i.e., d(x,) = infycx d(x,y).
Proof. The necessity of condition (3.13) is obvious.

Next, we prove the sufficiency of Theorem 3.2. For any given p € F', from (3.12) in Lemma
3.1 we have that

(3.14) [d(z, D)) < (14 &) [d(xn—1,9)]2 + 00y V0> ng.

o0 o0
Clearly, from conditions (ii), (iii) and (iv), it is easy to see that Y ¢, < oo and ) o, < 0.
n=1 n=1
It follows from (3.14) and Lemma 2.3 that lim [d(x,, 3)]? exists, further, lim d(z,,J) exists.
n—oo n—o0

By condition (3.13), we get
(3.15) lim d(x,,$) = 0.

n—oo

Next we prove that the sequence {x,} is a Cauchy sequence in C'. Clearly, since > > | 0, < 00,
then 1+t < e! for all t > 0 and from (3.12) we therefore have

(3'16) Hxn _pH2 < eanxn—l _pH2 + on, = Ng.

Hence, for any positive integers n, m > ng, from (3.16) we have

[Zntm —pI* < €| Tngm—1 — PII* + Ongm

S eCn—O—m [€Cn+m—1 ”xn+m_2 _ pH2 4 Un+m—1] + Ontm
S eCn+m+Cn+m—1 ‘|xn+m_2 _ pH2 4 O—n-l,-m—l] + Ontm
<

n n n+m
< Xy, - pl? + SR Y o

i=n+1
0o
(317) < Al —pl? 40 Y o

i=n-+1

where ¥ = e2n=1 6 < 00,
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Since lim d(z,,J) = 0 and lim 0, < oo, for any given € > 0, there exists a positive
n—oo n—oo

integer n; > ng such that

(3.18) [d(zn, ) < 19+ i Z 0 < 7, Vn>ni.
Therefore there exists p; € & such that

2 €
3.19 n— — Vn >mng.

Consequently, for any n > n; and for all m > 1 we have

|Znsm = 2nll* < 2(|2nsm = p1l? + llzn — p1l?)

< 20+ Nan —plP+20 ) o

1=n+1

62 2
2.-——(1 2

< Tt g

= 627

i.e.,

|Tntm — Tnll < e
This implies that {z,} is a Cauchy sequence in C. By the completeness of C', we can assume
that z, —» 2* € C.

Now, we have to prove that p* € &. By contradiction, we assume that p* is not in & =

(NY, F(Ty) ﬁ(ﬁZ L F(S;)) # 0. Since S is a closed subset of E, we have that d(p*, ) > 0.
Thus, for all p* € &, we have

(3.20) Ip* = pll < llp* — znll + llzn — 2,
which implies that

(3.21) d(p*,3) < [n — p*l| + d(zn, I),

so that, we obtain d(p*,¥) = 0 as n — oo, which contradicts d(p*, ) > 0. Hence, p* € 3.
This completes the proof. O

We obtain the following results immediately from Theorem 3.2

Corollary 3.3. Let C be a nonempty closed convex subset of a real Banach space X. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T; : C — C be a finite family
of uniformly Lt —Lipschitzian total asymptotically pseudocontractive mapping with sequences
{vi} C [0,00) and{)\ } € [0,00) , where vt — 0 and X, — 0 as n — oo, for each i € I.
Let p, = max{v! :i € I} and &, = max{\} :i € I}. Assume that S = ﬂf\;1 F(T;) #0. Let
o(p) = max{¢pi(p) : i € I}, for each p > 0. Suppose that there exist M, M* > 0 such that
(k) < M*k? for all k > M. Let {an}, {Bn}, {7} and {5,} be sequences in [0,1] such that
Bn 4+ Yn + 0n < 1 for each n > 1. Let {x,} be a sequence generated in (1.13). Assume that
the following conditions are satisfied:

(i) 32 an = oo
n=1
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[o¢]
(i) 3 ap < oo;
n=1
o

[o@)
(iii) Z Qpfin, < 00, > &y < 005

nl
(iv) Zanﬂn<oo Zan'yn<oo Zané < 005
n=1 n=1

(v) anL[(1 = By + (L —1) = 6,)] <1,¥n > 1, L = max{L},.... LY, L., ... LN}
Then the sequence {x,} converges strongly to a common fixed point in S if and only if
(3.22) lim inf d(z,,¥) = 0,

n—oo

where d(x,3) denotes the distance of x to set S, i.e., d(x,J) = infycx d(x,y).
Proof. Set S; = T; in Theorem 3.2, then we obtain the required result. O

Corollary 3.4. Let C be a nonempty closed convex subset of a real Banach space X. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T; : C — C be a finite family
of uniformly Li ~Lipschitzian total asymptotically pseudocontractive mapping with sequences
{vi} C [0,00) and{)\ } € [0,00) , where i, — 0 and X, — 0 as n — oo, for each i € I.
Let pp, = max{v}, : i € I} and &, = max{\,, : i € I}. Assume that S = ﬂf\il F(T;) # 0.
Let ¢(p) = max{p;(p) : i € I}, for each p > 0. Suppose that there exist M, M* > 0 such
that ¢(k) < M*k? for all k > M. Let {a,} be a sequence in [0,1]. Let {x,} be a sequence
generated in (1.12). Assume that the following conditions are satisfied:

o0
(i) 22 an = o0;
n=1
o0
(i) 3 ap < oo;
n=1
(o]

o0
(1i7) > Qnpin < 00, Y. ap&p < 005

n=1 n=1

(v) anL <1,¥n>1, L =max{L},... LN, L., ..., LY},
Then the sequence {xy} converges strongly to a common fixed point in S if and only if
(3.23) lim inf d(z,, ¥) = 0,

n—oo

where d(z, ) denotes the distance of x to set S, i.e., d(z,) = infyeg d(z,y).
Proof. Put B, = v, = 0, = 0 in Corollary 3.3, then we obtain the required result. g
These are just but a few of the numerous results that can be obtained from Theorem 3.2

Example 3.5. Let X be the real line with the usual metric |.| and let C = (—1,1). Now
for N =1, let Tx = sinz and Sz = sin(—x) for all z € C. Let ¢ be a strictly increasing
continuous function such that ¢ : [0,00) — [0, oo) with ¢(0) = 0. Let {un}n>1 and {&,}n>1
in R* be two sequences defined by pu, = &, = n+1’ for all n > 1, then y,, — 0 and &, — 0
as n — oo. Clearly, the mappings T and S are total asymptotlcally nonexpansive mappings
with F(T') = F(S) = {0}. This implies that the mappings T and S are total asymptotically
pseudocontractive mappings. Obviously, & = F(T) (| F(S) = {0} # (. Put

1
46, =
g1 0T T

1
n:*NBn:’Yn:
mn

for all n > 1.
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From Example 3.5, we see that all the conditions in Theorem 3.2 are satisfied. Hence, our
result is applicable.

4. CONCLUSION

In this paper, we have seen that the classes of nonexpansive mappings and classes pseu-
docontractive mappings are proper subclasses of the class of total asymptotically pseudocon-
tractive mappings. Also, we have demonstrated that our new iterative algorithm properly
contains several well known iterative schemes which have been considered by Osilike and
Akuchu [10], Qin et al. [12], Thakur [1%], Saluja [14], Chen [11], Xu and Ori [21] and several
others in the existing literature. Hence, our results generalize, improve and extend the cor-
responding results of Osilike and Akuchu [10], Qin et al. [12], Thakur [18], Saluja [14], Chen
[11], Xu and Ori [21] and several others in the existing literature.
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