
Mathematical Analysis
& Convex Optimization

Vol. 2 (2021), No. 1, 107–118
https:\\ maco.lu.ac.ir
DOI: 10.52547/maco.2.1.11

Research Paper

OPTIMAL INEQUALITIES FOR SUBMANIFOLDS IN AN (ε)-ALMOST
PARA-CONTACT MANIFOLDS

MOHAMMED DANISH SIDDIQI, GHODRATALLAH FASIHI-RAMANDI∗, AND MOHAMMED HASAN

Abstract. The present research paper studies the optimal inequalities for the Casorati
curvature of submanifolds in an (ε)-almost para-contact manifold, precisely (ε)-Kenmotsu
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1. Introduction and Background
In 1971, Kenmotsu investigated a class of contact Riemannian manifolds, named Kenmostu

manifolds, which satisfy some special conditions [?]. After that, Kenmotsu manifolds have
been discussed by Pathak and De [?], Jun et al. [?] and many authors. Moreover, Bejancu
and Duggal [?] introduced the notion of (ε)-Sasakian manifolds, which later on, Xufeng and
Xiaoli [?] established that these manifolds are real hyper-surface of Kaehlerian manifolds.
An (ε)-almost para-contact manifold is introduced by Tripathi et al. [?]. While the concept
of (ε)-Kenmotsu manifolds were developed by De and Sarkar [?]. They showed that these
structures exist with indefinite metrics.

In 1924, Friedmann and Schouten [?] introduced the concept of semi-symmetric linear
connections on a differentiable manifold in 1924. Therefore, Bartolotti [?] gave a geometri-
cal meaning of such connections. In 1932, Hayden [?] defined the notion of semi-symmetric
metric connections. In [?], Yano initiated a systematic study of the semi-symmetric metric
connections in a Riemannian manifold and other structures were further studied by various
authors such as Sharfuddin Ahmad and Hussain [?], Tripathi [?], Hirică, Nicolescu ([?], [?])
and Siddiqi et al. ([?],[?], [?]).

Let ∇ be a linear connection in an n-dimensional differentiable manifold M. The torsion
tensor T of ∇ is given by

T (E,F ) = ∇EF −∇FE − [E,F ].

The connection ∇ is said to be a symmetric if its torsion tensor T vanishes, otherwise it
is said non-symmetric. Let (M, g) be a Riemanian manifold, the connection ∇ is said to be
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a metric connection if ∇g = 0, otherwise it is said non-metric. It is well known that a linear
connection is symmetric and metric if it is the Levi-Civita connection.
A linear connection ∇ is said to be semi-symmetric connection if its torsion tensor T is of the
form

T (E,F ) = η(F )E − η(E)F,

where η is a 1-form.
On other side, the Casorati curvature C of a submanifold M with dimension n of a Rie-

mannian manifold M̄ is an extrinsic invariant described as the normalized square of the length
of the second fundamental form h of the submanifold M . In [?], Lee et al. introduced the
normalized δ

′-Casorati curvatures δ
′
C(n− 1) and δ̄

′
C(n− 1) by

[δ
′
C(n− 1)]x = 1

2Cx +
n+1
2n inf{C(L)|L a hyperplane of TxM}, and

[δ̄
′
C(n− 1)]x = 2Cx − 2n−1

2n sup{C(L)|L a hyperplane of TxM},
where x ∈ M , and proved some inequalities involving these δ

′-invariants for submanifolds
in real space forms endowed with a semi-symmetric metric connection. Since then many
researchers obtained such inequalities for different submanifolds in different ambient spaces
(for example [?], [?], [?]).

By using T. Oprea’s optimization method on Riemannian submanifolds, we will establish
some inequalities in terms of δ

′
C(n − 1) for submanifolds of (ε)-Kenmotsu manifolds with

respect to a semi-symmetric metric connection (in short SSM)[?].

2. Preliminaries
An odd dimensional (m = 2n + 1) smooth manifold (M̄m, g) is said to be an (ε)-almost

contact metric manifold [?], if it admits a (1, 1)-tensor field ϕ, a structure vector field ξ, a
1-form η and an indefinite metric g such that
(2.1) ϕ2E = −E + η(E)ξ,

(2.2) η(ξ) = 1,

(2.3) g(ξ, ξ) = ε,

(2.4) η(E) = εg(E, ξ),

(2.5) g(ϕE, ϕF ) = g(E,F )− εη(E)η(F )

for all vector fields E, F on χ(M̄), where ε is 1 or -1 depending on ξ is space like or time like
vector field and rank ϕ is (n− 1). If
(2.6) dη(E,F ) = g(E, ϕF ),

for every E,F ∈ χ(M̄), where χ(M̄) is space of smooth vector fields on M̄ , then we say that
M̄(ϕ, ξ, η, g, ε) is an (ε)-almost contact metric manifold. Also, we have
(2.7) ϕξ = 0, η(ϕE) = 0.

If an (ε)-contact metric manifold satisfies
(2.8) (∇Eϕ)(F ) = −g(E, ϕF )− εη(F )ϕE,
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where ∇ denotes the Levi-Civita connection with respect to g, then M̄ is called an (ε)-
Kenmotsu manifold [?].

An (ε)-almost contact metric manifold is an (ε)-Kenmotsu if and only if
(2.9) ∇Eξ = ε[E − η(E)ξ].

Moreover, the curvature tensor R, the Ricci tensor S of the (ε)-Kenmotsu manifold M̄ satisfy
[?]
(2.10) (∇Eη)F = [g(E,F )− εη(E)η(F )], (∇ξη)F = 0,

(2.11) R(E,F )ξ = η(E)F − η(F )E,

(2.12) R(ξ, E)F = η(F )E − εg(E,F )ξ,

(2.13) R(ξ, E)ξ = −R(E, ξ)ξ = E − η(E)ξ,

(2.14) η(R(E,F )G) = ε[g(E,G)η(F )− g(F,G)η(E)],

(2.15) S(E, ξ) = −(m− 1)η(E),

Remark 2.1. Note that if ε = 1 then an (ε)-Kenmotsu manifold is a usual Kenmotsu mani-
fold.

Let M̄ be an (ε)-Kenmotsu manifold and ∇ be the Levi-Civita connection on M̄ . The
semi-symmetric metric connection ∇̄ on M̄ is given by
(2.16) ∇̄EF = ∇EF + η(F )E − g(E,F )ξ

where E,F,G ∈ χ(M).

3. Curvature tensor on an (ε)-Kenmotsu manifold with semi-symmetric metric
connection

Let the curvature tensor R̄ of an (ε)-Kenmotsu manifold M̄ with respect to the semi-
symmetric metric connection ∇̄ is defined by
(3.1) R̄(E,F )G = ∇̄E∇̄FG− ∇̄F ∇̄EG− ∇̄[E,F ]G.

By virtue of (??) and (??), we have
(3.2) R̄(E,F )G = (∇E∇FG−∇F∇EG−∇[E,F ]G) + [(∇Eη)(G)F − (∇F η)(G)E]

+[g(E,G)∇F ξ − g(F,G)∇Eξ] + η(G)[η(F )E − η(E)F ]

+[g(E,G)F − g(F,G)E] + [g(F,G)η(E)− g(E,G)η(F )]ξ.

In view of (2.4), (2.9) and (2.10), we get
(3.3) R̄(E,F )G = R(E,F )G+ (2 + ε)[g(E,G)F − g(F,G)E]

+(1 + ε)[g(F,G)η(E)− g(E,G)η(F )]ξ

+(1 + ε)[η(F )E − η(E)F ]η(G),

where R is the Riemannian curvature tensor of Riemannian connection ∇.
Now, contracting E in (3.3), we get

(3.4) S̄(F,G) = S(F,G) + [(ε+ 2)(ε−m) + 2]g(F,G) + (1 + ε)(m− 2ε)η(F )η(G),
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where S̄ and S are the Ricci tensors of the connections ∇̄ and ∇, respectively on M̄ .

Contracting again F and G in (3.10), it follows that
(3.5) τ̄ = τ +m[(ε+ 2)(ε−m) + 2] + (1 + ε)(m− 2ε),

where τ̄ and τ are the scalar curvatures of the connections ∇̄ and ∇, respectively on M .

4. Casorati curvatures

Let M be an n-dimensional submanifold of an m-dimensional (ε)-Kenmotsu manifold M̄
with the SSM connection ∇̄ of induced metric g. We represent the induced connections on
the tangent bundle TM and TM⊥ of M by ∇M and ∇M⊥ , respectively and denote by h the
second fundamental form of M . For any E,F ∈ TxM , and N ∈ TM⊥, x ∈ M , we recall the
Gauss and Weingarten formulas by

∇EF = ∇M
E F + h(E,F ),

and
∇⊥

EN = −ANE +∇M⊥
E N,

where AN is used for notation of the shape operator of M with respect to N . The following
equation is well-known:

g(ANE,F ) = g(h(E,F ), N).

We also recall the equation of Gauss by

R(E,F,G,H) = RM (E,F,G,H)− g(h(E,H), h(F,G))

+g(h(E,G), h(F,H)),

for any E,F,G,H ∈ TxM , x ∈ M . Here RM is the Riemannian curvature tensor with respect
to ∇M .

For a surface in E3 the Casorati curvature is defined as the normalized sum of the squared
principal curvatures. This curvature was preferred by Casorati over the traditional Gauss
curvature because the Casorati curvature vanishes if and only if both principal curvatures are
zero at the same time and thus corresponds better with the common intuition of curvature.

We choose an orthonormal tangent frame {e1, . . . , en} and an orthonormal normal frame
{en+1, . . . , em} of M in an (ε)-Kenmotsu manifold M̄ . Then the scalar curvature τ at x ∈ M
is defined by

τ(x) =
∑
i<j

K(ei ∧ ej),

where K(ei∧ej), 1 ≤ i < j ≤ n, denotes the sectional curvature of M associated with a plane
section spanned by ei and ej .

The normalized scalar curvature ρ of M is defined as

ρ =
2τ

n(n− 1)
.
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Let L be a subspace of TxM , x ∈ M of dimension p ≥ 2 and {e1, . . . , en} an orthonormal
basis of L. The scalar curvature τ(L) of the p-plane section L is given by

τ(L) =
∑

1≤r<s≤p

K(er ∧ es).

The squared norm of h over the dimension n is called the Casorati curvature C of the
submanifold M in M̄ , that is,

nC =
m∑

a=n+1

( n∑
i,j=1

(haij)
2

)
,

whereby haij = g(h(ei, ej), ea) are the components of the second fundamental form with respect
to given orthonormal bases. Also, the Casorati curvature C(L) of the subspace L is defined
as

pC =

m∑
a=n+1

( p∑
i,j=1

(haij)
2

)
.

The squared mean curvature of the submanifold M in M̄ is given by

n2||H||2 =
m∑

a=n+1

( n∑
i=1

haii

)2

.

From the Gauss equation, the following relation between the scalar curvature, the squared
mean curvature and the Casorati curvature holds:

2τ = n(n− 1) + n[(ε+ 2)(ε− n) + 2] + (1 + ε)(n− 2ε)

+n2||H||2 − nC.(4.1)

5. Upper bounds for δ
′-Casorati curvature

Let (B̄, ḡ) be an (ε)-almost contact metric manifold, B be an (ε)-almost contact metric
manifold of it, g be the metric induced on B by ḡ and f : (B̄, ḡ) −→ (R, g0) be a differentiable
function, where g0 stands for the standard metric on R.

Following [?, ?, ?], we consider the constrained extremum problem min
x∈B

f(x), then we have
the following:

Lemma 5.1. If x0 ∈ B is the solution of the above problem, then
(1) (gradf)(x0) ∈ T⊥

x0
B,

(2) the bilinear form

A : Tx0B × Tx0B −→ R,

A(X,Y ) = Hessf (X,Y ) + ḡ(h(X,Y ), (gradf)(x0))

is positive semi-definite, where h is the second fundamental form of B in B̄.



112 M. D. SIDDIQI, G.H FASIHI-RAMAND, AND M. HASAN

6. Main Result

Theorem 6.1. Let M be an n-dimensional, n > 2, submanifold of an m-dimensional (ε)-
Kenmotsu manifold M̄ with a SSM connection. Then the normalized δ

′-Casorati curvature
δ
′
C(n− 1) satisfies

ρ ≤ δ
′
C(n− 1) + 1 +

1

(n− 1)
[(ε+ 2)(ε− n) + 2] + (1 + ε)(n− 2ε).

Moreover, the equality case holds if and only if Mn is an invariantly quasi-umbilical subman-
ifold with trivial normal connection in M̄m, such that with respect to suitable orthonormal
tangent frame {e1, . . . , en} and normal orthonormal frame {en+1, . . . , em}, the shape operators
Ab = Aeb, b ∈ {n+ 1, . . . ,m}, take the following forms:

An+1 =



t1 0 0 . . . 0 0
0 t1 0 . . . 0 0
0 0 t1 . . . 0 0
... ... ... . . . ... ...
0 0 0 . . . t1 0
0 0 0 . . . 0 2t1


, An+2 = · · · = Am = 0.(6.1)

Proof. In light of (??), let us define the following function F as a quadratic polynomial in
terms of the components of the second fundamental form:

F =
1

2
(n− 1)[nC + (n+ 1)C(L)]− 2τ + n(n− 1) + n[(ε+ 2)(ε− n) + 2] + (1 + ε)(n− 2ε).

By saying that L is spanned by {e1, . . . , en−1} (without loss of generality), one can easily
deduce

F =
1

2
(n− 1)

m∑
a=n+1

[ n∑
i,j=1

(haij)
2

]
+

1

2
(n+ 1)

m∑
a=n+1

[ n−1∑
i,j=1

(haij)
2

]
− 2τ

+n(n− 1) + n[(ε+ 2)(ε− n) + 2] + (1 + ε)(n− 2ε).

By substituting equation (??) in the last equation, we have

F =
1

2
(n− 1)

m∑
a=n+1

[ n∑
i,j=1

(haij)
2

]
+

1

2
(n+ 1)

m∑
a=n+1

[ n−1∑
i,j=1

(haij)
2

]
+n2||H||2 − nC.(6.2)

The simple modification in (??) gives us the following:

F =
1

2
(n+ 1)

{ m∑
a=n+1

[ n∑
i,j=1

(haij)
2

]
+

m∑
a=n+1

[ n−1∑
i,j=1

(haij)
2

]}

−
m∑

a=n+1

( n∑
i=1

haii

)2

.(6.3)



OPTIMAL INEQUALITIES FOR SUBMANIFOLDS IN AN (ε)-ALMOST PARA-CONTACT · · · 113

We rewrite the equation (??) as follows:

F =

m∑
a=n+1

n−1∑
i=1

[
n(haii)

2 + (n+ 1)(hain)
2

]

+

m∑
a=n+1

[
2(n+ 1)

∑
1≤i<j≤n−1

(haij)
2

−2
∑

1≤i<j≤n

haiih
a
jj +

1

2
(n− 1)(hann)

2

]
.

By eliminating second and third terms in the last equation, one gets the following inequality:

F ≥
m∑

a=n+1

[ n−1∑
i=1

n(haii)
2 − 2

∑
1≤i<j≤n

haiih
a
jj +

1

2
(n− 1)(hann)

2

]
.(6.4)

For a = n+ 1, . . . ,m, we define the quadratic form
λa : Rn −→ R

by

λa(ha11, . . . , h
a
nn) =

n−1∑
i=1

n(haii)
2 − 2

∑
1≤i<j≤n

haiih
a
jj +

1

2
(n− 1)(hann)

2,

and the constrained extremum problem minλa subject to B :
∑n

i=1 h
a
ii = ca, where ca is a

real constant.

The partial derivatives of λa with respect to ha11, . . . , h
a
nn are given below:

∂λa

∂ha11
= 2nha11 − 2

n∑
i=1

haii,(6.5)

∂λa

∂ha22
= 2nha22 − 2ha11 − 2

n∑
i=3

haii,(6.6)

...
∂λa

∂han−1,n−1

= 2nhan−1,n−1 − 2hann − 2

n−2∑
i=1

haii,(6.7)

∂λa

∂hann
= (n− 1)hann − 2

n−1∑
i=1

haii, .(6.8)

For an optimal solution (ha11, h
a
22, . . . , h

a
nn) of the problem in question, the vector gradλa

is normal at B, that is, it is collinear with the vector (1, 1, . . . , 1). From the above partial
derivatives, it follows that a critical point of the considered problem has the following form:

(ha11, h
a
22, . . . , h

a
nn) = (fa, fa, . . . , fa, 2fa).(6.9)

By using (??), we have

ha11 = ha22 = · · · = han−1,n−1 =
1

n+ 1
ca, hann =

2

n+ 1
ca.(6.10)
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Now, let us denote the second fundamental form of B in Rn by h′. We fix an arbitrary
point x0 ∈ B. The bilinear form

A : Tx0B × Tx0B −→ R

is defined by

A(X,Y ) = Hessλa(X,Y )+ < (h′(X,Y ), (gradλa)(x0) > .(6.11)

In the standard frame of Rn, the Hessian of λa has the matrix:

Hessλa = 2



n −1 −1 . . . −1 −1
−1 n −1 . . . −1 −1
−1 −1 n . . . −1 −1
... ... ... . . . ... ...
−1 −1 −1 . . . n −1
−1 −1 −1 . . . −1 n−1

2


.(6.12)

Since, B is totally geodesic in Rn and we consider a vector X = (X1, . . . , Xn) tangent to
B at x0, then by (??), we have

A(X,X) = (n+ 1)(2
n−1∑
i=1

X2
i +X2

n)− 2(
n∑

i=1

Xi)
2 ≥ 0.

Thus, the critical point given by (??) is a global minimum point, here we used Lemma ??.
Inserting (??) in (??), we have F ≥ 0. It is easy to derive the following inequality:

ρ ≤ δ
′
C(n− 1) + 1 +

1

(n− 1)
[(ε+ 2)(ε− n) + 2] + (1 + ε)(n− 2ε).(6.13)

The equality case of (??) holds if and only if we have the equality in all the previous inequalities
and we find

haij = 0, i ̸= j, ∀a,
hann = 2ha11 = 2ha22 = · · · = 2han−1,n−1, ∀a.

□

Similarly, for the normalized δ
′-Casorati curvature δ̄

′
C(n− 1) from equation (??), we have.

Theorem 6.2. Let M be an n-dimensional, n > 2, submanifold of an m-dimensional (ε)-
Kenmotsu manifold M̄ with a SSM connection. Then the normalized δ

′-Casorati curvature
δ̄
′
C(n− 1) satisfies

ρ ≤ δ̄
′
C(n− 1) + 1 +

1

(n− 1)
[(ε+ 2)(ε− n) + 2] + (1 + ε)(n− 2ε).

Moreover, the equality case holds if and only if Mn is an invariantly quasi-umbilical subman-
ifold with trivial normal connection in M̄m, such that with respect to suitable orthonormal
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tangent frame {e1, . . . , en} and normal orthonormal frame {en+1, . . . , em}, the shape operators
Ab = Aeb, b ∈ {n+ 1, . . . ,m}, take the following forms:

An+1 = 2



t1 0 0 . . . 0 0
0 t1 0 . . . 0 0
0 0 t1 . . . 0 0
... ... ... . . . ... ...
0 0 0 . . . t1 0
0 0 0 . . . 0 t1

2


, An+2 = · · · = Am = 0.(6.14)

As a consequence of Theorems ?? and ??, we give the following results:

Corollary 6.3. Let M be an n-dimensional, n > 2, submanifold of an m-dimensional of a
usual Kenmotsu manifold M̄ with a SSM connection. Then

ρ ≤ δ
′
C(n− 1) +

(5− n)

(n− 1)
+ 2n− 3.

Corollary 6.4. Let M be an n-dimensional, n > 2, submanifold of an m-dimensional of a
usual Kenmotsu manifold M̄ with a SSM connection. Then

ρ ≤ δ̄
′
C(n− 1) +

(5− n)

(n− 1)
+ 2n− 3.

The equality case holds in Corollaries ?? and ?? if and only if Mn is an invariantly quasi-
umbilical submanifold with trivial normal connection in M̄m, such that with respect to suit-
able orthonormal tangent frame {e1, . . . , en} and normal orthonormal frame {en+1, . . . , em},
the shape operators Ab = Aeb, b ∈ {n+ 1, . . . ,m}, take forms as in (??) and (??).

Example 6.5. We consider the three dimensional manifold M = [(x, y, z) ∈ R3 | z ̸= 0],
where (x, y, z) are the cartesian coordinates in R3. Choose the vector fields

e1 = z
∂

∂x
, e2 = z

∂

∂y
, e3 = −z

∂

∂z
,

which are linearly independent at each point of M. Let g be the Riemannian metric define by
g(e1, e2) = g(e2, e3) = g(e3, e1) = 0, g(e1, e1) = g(e2, e2) = g(e3, e3) = ε,

where ε = ±1.
Let η be the 1-form defined by η(Z) = εg(Z, e3) for any vector field Z on M . Let ϕ be
the (1, 1)-tensor field defined by ϕ(e1) = −e2, ϕ(e2) = e1, ϕ(e3) = 0. Then by the linearity
property of ϕ and g, we have

ϕ2Z = −Z + η(Z)e3, η(e3) = 1 and g(ϕZ, ϕW ) = g(Z,W )− εη(Z)η(W )

for any vector fields Z,W on M .

Let ∇ be the Levi-Civita connection with respect to the metric g. Then we have
[e1, e2] = 0, [e1, e3] = εe1, [e2, e3] = εe2.
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The Riemannian connection ∇ with respect to the metric g is given by

2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y ) + g([X,Y ], Z)− g([Y, Z], X)

+g([Z,X], Y ).

From above equation which is known as Koszul’s formula, we have

∇e1e3 = εe1, ∇e2e3 = εe2, ∇e3e3 = 0,

∇e1e2 = 0, ∇e2e2 = −εe3, ∇e3e2 = 0,

∇e1e1 = −εe3, ∇e2e1 = 0, ∇e3e1 = 0.

Using the above relations, for any vector field X on M , we have

∇Xξ = ε[X − η(X)ξ]

for ξ = e3. Hence the manifold M under consideration is an (ε)-Kenmotsu manifold of di-
mension three.

Let ∇̄ be a semi-symmetric metric connection. From (??) we obtain:

(6.15) ∇̄e1e3 = (1 + ϵ)e1, ∇̄e2e3 = (1 + ϵ)e2, ∇̄e3e3 = 0,

∇̄e1e2 = 0, ∇̄e2e2 = −(1 + ϵ)e3, ∇̄e3e2 = 0,

∇̄e1e1 = −(1 + ε)e3, ∇̄e2e1 = 0, ∇̄e3e1 = 0.

Then the Riemannian and the Ricci curvature tensor R̄, Ricci tensor S̄ and scalar curvature
τ̄ with respect to the semi-symmetric metric connection are given by:

R̄(e1, e2)e2 = −(1 + ε)2e1, R̄(e1, e3)e3 = −ε(1 + ε)e2, R̄(e2, e1)e1 = −(1 + ε)2e2,

R̄(e2, e3)e3 = −ε(1 + ϵ)e2, R̄(e3, e1)e1 = ε(1 + ε)e3, R̄(e3, e2)e2 = −ε(1 + ε)e3,

S̄(e1, e1) = S̄(e2, e2) = −(1 + ε)(1 + 2ε), S̄(e3, e3,) = 2ε(1 + ε).

τ̄ = −(1 + ε).
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