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ABSTRACT. In economics, a production function relates the outputs of a production process
to the inputs of the production. Generally, the production function is not available due
to the complexity of the production process, the changes in production technology. There-
fore, we have to consider an approximation of the production function. Data Envelopment
Analysis (DEA) is a non-parametric methodology for obtaining an approximation of the pro-
duction function and assessing the relative efficiency of economic units. Sensitivity analysis
and sustainability evaluation of Decision Making Units (DMUs) are as the most important
concerns of Decision Makers (DM). This study considers the sustainability radius of eco-
nomic performance of DMUs and then proposes some approaches combined with sensitivity
analysis for determining the sustainability radius of cost efficiency, revenue efficiency and
profit efficiency of units. The proposed approaches eliminate the unit under evaluation from
the observed data and disturb the data of it, based on the sensitivity analysis, to determine
the sustainability radius of cost efficiency, revenue efficiency and profit efficiency of decision
making units. Potential application of our proposed methods is illustrated with a dataset
consisting of 21 medical centers in Taiwan.

MSC(2010): 90B10.
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1. Introduction

Data Envelopment Analysis (DEA) is a non-parametric methodology for assessing the
relative efficiency of Decision Making Units (DMUs) with multiple inputs and multiple outputs
(Charnes et al. [7], Banker et al. [2], Fare et al. [13], Zhu [30]) It assigns an efficiency measure
between 0 and 1 to each unit. The larger the efficiency score, the better2 performance the
unit under evaluation has. A DMU is efficient if its efficiency score is equal to 1, otherwise
it is inefficient. The original DEA models consider the situation where unit price and unit
cost information are not available, or where their uses are limited because of variability in
the prices and costs. However, DEA can be used to evaluate the different types of efficiency
of DMUs, such as cost efficiency, revenue efficiency and profit efficiency of units when the
information on prices and costs are known exactly.

The cost efficiency (CE) can be interpreted as the ability of each decision making unit with
multiple inputs and multiple outputs to produce the current outputs at minimal cost. Farrell
[141] introduced the concept of CE in the situation that the input and output values and input
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prices are known exactly. Fére [13] proposed methods that present empirical implementations
of the cost efficiency measures in DEA. The problem of the measuring the cost efficiency of
units has attracted attentions of several scholars. See, Cooper et al. [9] , Sueyoshi [30], Tone
[33], Tone and Sahoo [34, 35], Maniadakis and Thanassoulis [22], Sengupta and Sahoo [29],
Jahanshahloo et al. [18], Sahoo et al. [20], Sahoo et. al. [27], Sarkar [1], Mirdehghan et al.
[23], Ghiyasi [16], Cesaroni [], Tohidnia and Tohidi [3!] among others. Camanho and Dyson
[3] and Fang and Li [10, 11, 12] evaluated the cost efficiency of units in the presence of data
uncertainty. Kuosmanen and Post [20, 21] proposed models to determine the cost efficiency
of units in the situation that the input prices are uncertain. Toloo et al. [32] considered the
cost efficiency of units in the presence of interval data. Cherchye et al. [8] considered the
cost efficiency analysis of research programs in economics and business management faculties.
Mostafaee and Saljooghi [24] considered two scenarios for assessing the cost efficieny of DMUs.
The first scenario evaluated the cost efficiency of units in the presence of data uncertainty
and the second scenario assessed the cost efficiency of DMUs in the situation that both data
and input prices were uncertain.

On the other hand, the revenue efficiency can be interpreted as the ability of each decision
making unit with multiple inputs and multiple outputs to consume the current inputs at the
maximal revenue. Mozaffari et al. [25] evaluated the cost efficiency and revenue efficiency
of DMUs in DEA-R models. Salehpour and Aghayi [28] considered the revenue efficiency of
units in the case of data uncertainty Johnes and Ruggiero [19] assessed the revenue efficiency
of higher education institutions in UK in 2012- 2013. Khoshgova and RostamyMalkhalifeh
considered the cost efficiency of units in the presence of integer data and in the absence of the
convexity principle in the production technology. The distance function has3 been used as a
metric concept for calculating the cost efficiency by Sahoo et al. (2014), Cherchye et al. [3]
and Chambers et al. [5, 6]. Ghyasi [16] applied inverse DEA to evaluate the cost and revenue
efficiency of units. Ahangaria and Rostamy-Malkhalifeh [1] considered the profit inefficiency
and the cost inefficiency of units, respectively.

Given the importance of the sensitivity analysis in DEA, this paper focuses on the sensi-
tivity and stability analysis and proposes some models to determine the sustainability radius
of the cost efficiency, revenue efficiency and profit efficiency of DMUs. The rest of this pa-
per is organized as follows: section 2 proposes some models to determine the minimal cost,
maximal revenue and maximal profit of units. Section 3 suggests models to determine the
sustainability radius of the cost, revenue and profit efficiencies. A numerical example and a
case study reported in Mozaffari et al. [25] are applied to illustrate the potential application
of our proposed methods. The last section concludes the paper.

2. The proposed methods to evaluate the economic efficiency

Consider a system of DMUs, denoted by DMUj,j = 1,2,...,n, where each unit consumes
m different inputs to generate different outputs. The ith input and rth output for DMU;
are denoted by = and y,;, respectively, for I =1,2,...,m and r = 1,2,...,s. Also, suppose
that C and R are the vectors of input costs and the vector of output prices, respectively.

This section focuses on determining the minimal cost, maximal revenue and maximal profit
of DMU, in the absence of the unit under evaluation. For this purpose, we eliminate DM U,
from the observed data and then formulate model (2.1) to evaluate this unit and so, we can
determine the minimal cost to produce the current outputs of the eliminated unit.
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(2.1) s.t.

Suppose that z* is an optimal solution of model (2.1). Therefore, Cz* shows the minimal
cost to produce yg in the absence of DMU,.

Similarly, we consider the maximal revenue of the unit under evaluation that can be obtained
by consuming the current inputs of DMU,. For this purpose, we eliminate the unit under
evaluation from the observed data and then formulate model (2.2) to evaluate this unit and
so, we can determine the maximal revenue that can be obtained by consuming the current
inputs of the eliminated unit.

*
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(2.2)

Suppose that y* is an optimal solution for model (2.2). Therefore, Ry* shows the maximal
revenue that can be obtained by consuming z, in the absence of DMU,. Finally, we eliminate
the unit under evaluation from the observed data and formulate model (2.3) to determine the
maximal profit that can be obtained by consuming x, and producing ¥, in the absence of
DMU,.

z3 =max Ry — Cx
( n
> A <,
Jj=L,j#o0
n
s.t. > Ay =2,
Jj=Lj#o
T < Toy Y < Yo,
Aj >0, x>0, y>0.

Suppose that x*,y* is an optimal solution for model (3), Therefore, Ry* — Cz* shows the
maximal profit can be obtained in the absence of DMU,,.

3. The proposed models to determine the sustainability radius of economic
efficiency

In this section, we propose some models to determine the sustainability radius of the cost
efficiency, the revenue efficiency and the profit efficiency of the units by using the optimal
solutions of models (2.1), (2.2) and (2.3), respectively. For this purpose, we consider the
predetermined vectors and propose models to determine the maximum possible movement
along these directions such that the cost efficiency, the revenue efficiency and the profit

efficiency do not change. Hence, the movement vectors g = < O_ o >7 g2 = ( 2 ) and
o
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g3 = < ;:co ) are defined and the inputs and the outputs of DM U, are disturbed along these
o

directions for determining the sustainability radius of the cost, revenue and profit efficiencies.

3.1. The sustainability radius of the cost efficiency. In this section, we consider the

_’CBO

direction vectors gz = < > ;1 =1,2,3, and determine the maximum possible movement

o
along these direction vectors such that the cost efficiency of DMU, does not change and

introduce the sustainability radius of the cost efficiency of DMU,. Hence, model (3.1) is
formulated as follows:
0* = max 6

n

> Az <o+ 09,
J=Lj#0
s.t. Yo Ay > Yo + 0y,
j=1j+o
C(xo+0g,) < Cx*,
Aj >0, 0 is free.

(3.1)

Where z* is an optimal solution of model (2.1). Model (3.1) determines the step length 6 such

that the cost efficiency of DM U, does not change along the directions g; = < gz > ,i=1,2,3.

Y

0 Yo
and the minimum amount of #*, obtained by considering these direction vectors, is introduced
as the sustainability radius of the cost efficiency of DMU,,.

model (4) is solved for three direction vectors g; = < o >, ga = < 2 ) and g3 = < —o >
o

3.2. The sustainability radius of the revenue efficiency. In this section, we consider the
9z

9y
along these direction vectors such that the revenue efficiency of DM Uy does not change and

introduce the sustainability radius of the revenue efficiency of DMUjy. Hence, model (3.2) is
formulated as follows:

direction vectors g; = ( ,© = 1,2,3. and determine the maximum possible movement

B* = max
n
2 Az <20+ BYa,

n
s.t. > Ay > yo + Boy,
j=Lj#o
Aj >0, B is free.

where Y* is an optimal solution of model (2.2). Model (3.2) determines the step length
B* such that the revenue efficiency of DMU, does not change along the directions g; =

( zx ) ,i = 1,2,3. Now, model (3.2) is solved for three direction vectors g; = ( 8% ,
y

92 = ( 2 > and g3 = < y_% > and the minimum amount of 3, obtained by considering
o o
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these direction vectors, is introduced as the sustainability radius of the revenue efficiency of
DMU,.

3.3. The sustainability radius of the profit efficiency. In this section, we consider the
9z

y
along these direction vectors such that the profit efficiency of DMU, does not change and

introduce the sustainability radius of the profit efficiency of DMU,. Hence, model (3.3) is
formulated as follows:

direction vectors g; = < > ,¢ = 1,2,3. and determine the maximum possible movement

p* =max p

n

> Az <z + pYa,
J=Lto
st d 2 A= Yo+ pgy,

) J=lg#o

R(zo + Bg:) < Ry*,
C(wo + pgr) < Ca*,
Aj >0, pis free.

(3.3)

where (z*,y*) is an optimal solution of model (2.3). Model (3.3) determines the step
length p* such that the profit efficiency of DMU, does not change along the directions g; =

Z‘T ;i = 1,2,3. Now, model (3.3) is solved for three direction vectors g; = axo ,
y

o = < 2 > and g3 = < ;a:o > and the minimum amount of rho*, obtained by considering
o o

these direction vectors, is introduced as the sustainability radius of the profit efficiency of
DMU,.

4. NUMERICAL EXAMPLES

In this section, the proposed models are illustrated in a numerical example with five DMUs
and a case study, reported in Mozaffari et al. (2014), with 21 medical centers in Taiwan.

Example 4.1. Consider five decision making units. Each DMU consumes two inputs to
produce two output. Table 1 reports the data of units. Table 2 shows the cost of inputs and
the output prices for all DMUs. In this example, the vector of input costs and also, the vector
of output prices are not the same for all DMUs. Now, we apply the proposed approaches to
determine the sustainability radius of the cost efficiency, the revenue efficiency and the profit
efficiency of units. Hence, model (2.1) and model (3.1) are solved and the results are reported
in Table 3. The second and the third columns of Table 3 show the first and the second inputs
obtained by model (2.1), respectively. The fourth column of this table reports the optimal
value of model (2.1) and the fifth column of Table 3 shows the sustainability radius of the
cost efficiency of DMUs.Then, we solve models (2.2) and (3.2) and report the results in Table
4. The second and the third columns of this table show the first and the second outputs
obtained by model (2.2). The fourth column shows the optimal value of model (2.2) and the
fifth column reports the sustainability radius of the revenue efficiency of units.Finally, we solve
models (2.3) and (3.3) and report the results in Table 5. The second and the third columns of
this table show the first and the second inputs and the fourth and the fifth columns of Table
5 report the first and the second outputs obtained by model (2.3). The sixth column shows
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the optimal value of model (2.3) and the seventh column reports the sustainability radius of
the profit efficiency of units.

DMU | z1; | @25 | y1j | Y2;
12 1 0.21 | 138 | 21
10 | 0.1 | 143 | 28
4 1016|157 | 21
19 | 0.12 | 158 | 21
14 | 0.06 | 157 | 28
TABLE 1. The data of DMUs in Example 1

Y x| W N =

DMU | C1 | Cy | R | Ry
100 | 50 | 10 | 30
110|140 | 9 | 27
106|142 | 8 | 25
1071501 9 |29
5 111 | 47 | 10 | 28
TABLE 2. The input costs and output prices

=W N

DMU | =27 x5 27 0*
1 4 10.16 | 408.0 | 0.8671
2 5.33 | 0.21 | 595.2 | 1.0000
3 10.97 | 0.11 | 1157.4 | 0.0000
4 8.13 | 0.12 | 0.4294 | 0.7319
5 5.33 | 0.21 | 602.0 | 0.4662

TABLE 3. The results of models (1) and (4)

DMU[ o | 5 | = | &
1 259.05 | 38.43 | 3743.4 | 0.5520
2 157 25.2 | 2093.4 | 0.0506
3 57.2 11.2 737.0 | 0.0000
4 243.35 | 41.51 | 3393.94 | 0.4546
! 85.8 16.8 | 1328.4 | 0.0000

TABLE 4. The results of models (2) and (5)

Example 4.2. In this example, the results of applying our proposed approaches to the data
set in Mozaffari et al. (2014) are presented. This data set has 21 decision making units which
are medical centers in Taiwan with two inputs, The number of sickbeds (x1) and the number
of physicians (z2) in order to produce three outputs, the total number of out-patients (y1),
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DMU | z] | 3 vi Y5 3 P
1 12 [0.21 | 259.05 | 38.43 | 2532.9 | 0.5520
2 |465]0.15| 152 | 32.3 | 204.6 |0.1054
3 4 016 | 157 | 21 | 0.4362 | 0.0000
4 19 [0.12 ] 243.35 | 41.51 | 1354.94 | 0.4546
5 |6,12]021| 742 | 19.4 | 704.51 | 0.0000

TABLE 5. The results of models (1) and (4)

the number of in-patients (y3) and the total number of surgeries (y3). The input /output
data are reported in Table 6.

Suppose that the vector of input costs is (45,70) and the vector of output prices is
(10,18,126). In this example, the vector of input costs and the vector of output prices are
the same for all DMUs. Now, we apply our proposed methods to determine the sustainability
radius of the cost, the revenue and the profit efficiencies for this data set. Hence, model (2.1)
and model (3.1) are solved and the results are reported in Table 7. The second and the third
columns of Table 7 show the first and the second inputs obtained by model (1), respectively.
The fourth column of this table reports the optimal value of model (2.1) and the fifth column
of Table 7 shows the sustainability radius of the cost efficiency of DMUs.

Then, we solve models (2.2) and (3.2) and report the results in Table 8. The second, the
third and the fourth columns of this table show the first, the second and the third outputs
obtained by model (2.2). The fifth column shows the optimal value of model (2.2) and the
sixth column reports the sustainability radius of the revenue efficiency of units. Finally, we
solve models (2.3) and (3.3) and report the results in Table 9. The second and the third
columns of this table show the first and the second inputs and the fourth, the fifth and the
sixth columns of Table 9 report the first, the second and the third outputs obtained by model
(2.3). The seventh column shows the optimal value of model (2.3) and the eighth column
reports the sustainability radius of the profit efficiency of units.

CONCLUSION

This study considered the sustainability radius of the cost efficiency, the revenue efficiency
and the profit efficiency of units based on the sensitivity analysis. For this purpose, we elim-
inated the unit under evaluation and proposed some models to evaluate this unit. The most
important feature of the proposed models is that these models can be applied to determine
the sustainability region in which the efficiency of units do not change. Finally, we proposed
some models for introducing the sustainability radiue of economic efficiency of units. The
proposed approaches can help the managers to identify the permissible changes in the data
of units such that their performances remain unchanged.
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DMU ] 5 i Y3 Y3 23 p
1| 2618.0000 | 1106.0000 | 6420614.3602 | 680136.0000 | 75670.4543 | 85787838.8418 | 0.1027
2 | 1212.0000 | 473.0000 | 2987909.2515 | 297719.0000 | 31043.3104 | 39061841.6220 | 0.1165
3 | 1582.0120 | 531.0000 | 3137617.8468 | 408556.0000 | 39120.6679 | 43551030.0819 | 0.0898
4 [2902.0000 | 973.0000 | 2967537.1061 | 855467.0000 | 132764.2300 | 61603370.0417 | 0.0010
5 | 1321.3360 | 447.0000 | 2691444.4114 | 337523.0000 | 32358.3200 | 36976256.3098 | 0.0901
6 | 1500.0000 | 547.0000 | 3340778.0839 | 378658.0000 | 37968.5041 | 44901866.3567 | 0.0900
7 | 921.0000 | 372.0000 | 2522542.0237 | 209323.0000 | 23847.0000 | 31930471.2365 | 0.1523
8 | 920.0000 | 316.0000 | 1258447.1426 | 268723.0000 | 33477.3617 | 21576112.9970 | 0.0094
9 | 3236.0000 | 1023.0000 | 4090519.1496 | 920215.0000 | 116937.7887 | 71985992.8721 | 0.0100
10 | 1548.4406 | 491.0000 | 2488861.8226 | 430407.0000 | 40889.8607 | 37684016.8430 | 0.0616
11 | 1325.9356 | 390.0000 | 1605682.2293 | 368174.0000 | 46434.4961 | 28447733.7026 | 0.0144
12 | 2416.4574 | 675.0000 | 2314799.9178 | 668467.0000 | 98583.4960 | 47445935.0891 | 0.0127
13 | 949.3138 | 316.0000 | 1829375.3077 | 247961.0000 | 23713.4925 | 25680112.0106 | 0.0649
14 | 1662.0000 | 590.0000 | 3629316.5109 | 418205.0000 | 41159.5346 | 48890866.4654 | 0.0814
15 | 815.3189 | 275.0000 | 1644168.6271 | 209134.0000 | 20040.3760 | 22675246.3005 | 0.1022
16 | 1693.0313 | 537.0000 | 2724332.2910 | 470437.0000 | 44694.4023 | 41228907.1848 | 0.0212
17 | 2618.0000 | 1106.0000 | 6420614.3602 | 680136.0000 | 75670.4543 | 85787838.8418 | 0.1027
18 | 1212.0000 | 473.0000 | 2987909.2515 | 297719.0000 | 31043.3104 | 39061841.6220 | 0.1165
19 | 1582.0120 | 531.0000 | 3137617.8468 | 408556.0000 | 39120.6679 | 43551030.0819 | 0.0898
20 | 2902.0000 | 973.0000 | 2967537.1061 | 855467.0000 | 132764.2300 | 61603370.0417 | 0.0010
21 | 1321.3360 | 447.0000 | 2691444.4114 | 337523.0000 | 32358.3200 | 36976256.3098 | 0.0901

TABLE 9. The results of models (3) and (6)
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