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ABSTRACT. In this article, two new fixed point results in the framework
of complex-valued rectangular extended b-metric space are established.
Our results include as special cases, some well-known results in the cor-
responding literature. We provide nontrivial examples and an existence
theorem of a Fredholm type integral equation to support our assertions
and to indicate a usability of the results presented herein.
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1. Introduction and Background

The Banach contraction principle [9] is the first most well-known, simple
and versatile classical result in fixed point theory with metric space struc-
ture. More than a handful of literature embrace applications and general-
izations of this principle in different directions, for example, by weakening
the hypotheses, employing different mappings and various forms of metric
spaces. In this context, the work of Taskovic [21] is handy for recollecting
various modifications of Banach type contractive definitions.

The study of new spaces and their properties have been an interesting
topic among the mathematical research community. In this direction, the
notion of b-metric spaces is presently flourishing. The idea commenced with
the work of Bakhtin [8] and Bourbaki [10]. Later on, Czerwik [11] gave a
postulate which is weaker than the classical triangle inequality and formally
established a b-metric space with a view of improving the Banach fixed point
theorem. Meanwhile, the notion of b-metric spaces has gained enormous
generalizations, see, for example, [15, 19, 20]. For a recent short survey on
basic concepts and results in fixed point theory in the framework of b-metric
spaces, we refer the interested reader to Karapinar [17]. Along the line,
Branciari [24] invented the concept of rectangular metric space by changing
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the triangular inequality. Recently, George et al. [22] initiated the notion of
rectangular b-metric space as a generalization of metric and b-metric spaces,
and consequently they proved analogues of Banach and Kannan fixed point
theorems. Meanwhile, many researchers are working under these scenarios
and deducing important results.

It is a fact that fixed point theorems concerning rational contractions
cannot be extended or even meaningless in cone metric spaces. To remedy
this obstacle, Azam et al. [1] introduced the concept of complex valued met-
ric spaces and established sufficient conditions for the existence of common
fixed points of a pair of mappings satisfying contractive type conditions in-
volving rational inequalities. However, it is noteworthy that complex valued
metric space is a special family of cone metric spaces. But, the definition
of a cone metric is based on the underlying Banach space which is not a
division ring. Therefore, many results of both linear and non-linear analy-
sis concerning divisions cannot be discussed in cone metric spaces. On this
development, the study of fixed point theorems concerning rational inequal-
ities in complex valued metric spaces have been growing geometrically (see,
for example, [1, 2, 5, 6, 12, 13, 18, 23]). In 1989, Rao [20] introduced the
concept of fixed point results of complex valued b-metric spaces, which is
broader than complex valued metric spaces. However, every complex valued
b-metric space is a cone b-metric space over Banach algebra C in which the
cone is normal with the coefficient of normality K = 1, and where the cone
has non-empty interior (that is, solid cone). Following [20], various authors
have demonstrated fixed point results for different mappings fulfilling ra-
tional inequalities with regards to complex valued b-metric spaces (see, for
instance, [3, 7]).

Following the above developments, in this article, two new fixed point
theorems in the setting of complex-valued rectangular extended b-metric
space are discussed. Our results include as special cases, the main results of
Banach [9], Czerwick [1 1], Kannan [16], George et al. [22], and a few impor-
tant others in the comparable literature. We provide nontrivial examples
and an existence theorem of Fredholm type integral equation to support our
assertions and to indicate a usability of the results presented herein.

2. Preliminaries

In this section, we recall some specific concepts which are necessary for
the presentation of our main results.

Definition 2.1. [!] Let C be the set of all complex numbers and z1, zo € C.
The partial order on C is defined as:

21 = zg, if and only if Re(z1) < Re(zz) and Im(z1) < Im(z2). This implies
that 21 < 29 if one of the below conditions is fulfilled:
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(iii) Re(z1) < Re(z2), Im(z1) < Im(z2),
(iv) Re(z1) = Re(z2), Im(z1) = Im(z2).
Definition 2.2. [1] Let X be a non-empty set. If the mapping ¢ : X x X —
C satisfies the following conditions :
(1) 0 2 (z,y) and Y(z,y) =0 <= z=y;
(11) ¥(z,y) = ¥(y,z);
(iid) P(z,y) = d(x, 2) +(2,9), ¥V 2,2,y € X,
then 1 is known as a complex valued metric on X, and the pair (X)) is
said to be a complex valued metric space.

Example 2.3. Let X = X U Xy, where
X1 ={2€C:Re(z) >0and Im(z) =0}

and
Xo={2z€ C: Re(z) =0 and Im(z) > 0}.
Define ¢ : X x X — C as follows:

2wy — o] + & |21 — 22, if 21,22 € X1;
P(z1,22) = S 3 |y — vl + 51 — ol if 21,20 € Xo;
(%yl + %-Tz) + 1 (%yl + %Iz) , if 21 € X1, 29 € X9,

where z1 = x1 +iy; and 22 = x2 + iy2. Then, (X, ) is a complex valued
metric space.

Definition 2.4. [11] Let X be a non-empty set and 6 : X x X — [1,00) be
a function. Define a function ¢ : X x X — C such that for all z,y,2z € X,
the following conditions hold:

(i) 0 X ¢(x,y) and Y(z,y) = 0 if and only if z = y;

(ii) ¥(z,y) = ¢(y, );

(i) $(z,9) < T[$(2: 2) + $(2 )],

where 7 > 1. Then 1 is called a complex valued b-metric on X and the pair
(X, ) is called a complex valued b-metric space.

Example 2.5. [20] Let X = [0, 1]. Define a mapping ¢ : X x X — C by
Y(z,y) = o =y + iz -yl
for all z,y € X. Then (X, ) is a complex valued b-metric space with 7 = 2.

Definition 2.6. [22] Let X be a non-empty set and the mapping ¢ : X x
X — [0,00) satisfies:

(1) Y(z,y) =0, =y for all z,y € X,

(73) Y(z,y) = Y(y,x) for all z,y € X,

(vit) Y(x,y) < T[(x,u) + Y(u,v) + Y(v,y)] for all z,y € X, and u,v €
X — {x,y} with 7 > 1. Then v is called a rectangular b-metric on X and
the pair (X, 1) is known as rectangular b-metric spaces.

We now introduce the concept of complex valued rectangular extended
b-metric space as follows.
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Definition 2.7. Let X be a non-empty set and 6 : X x X — [1,00) be a
function. Then, the function ¥ : X x X — C is known as a complex valued
rectangular extended b-metric space if the following conditions are satisfied
for all z,y,z € X:

(1) 0 X ¢Y(z,y) and ¥(x,y) = 0 if and only if z = y;

(id) ¥(z,y) = ¥(y, 2);

(7i7) Y(x,2) 2 0(z, 2)[Y(x,u) + Y(u,v) + ¥(v, 2)]; for all z, y € X and all
distinct points u, v € X — {z, z}.

Then, the pair (X, ) is known as a complex valued rectangular extended
b-matric space.

Note that every complex-valued metric space is a complex-valued rect-
angular metric space, every complex-valued rectangular metric space is a
complex-valued rectangular b-metric space and every complex-valued rect-
angular b-metric space is a complex-valued rectangular extended b-metric
space. However the converse of the above implications is not always true.
The next example illustrates this observation.

Example 2.8. Let X = [0,00), O(z,y) = 1+ 2+ y for all z,y € X and
define ¢ : X x X — C as follows:

0, ifxe=y
Y(zy) =%, ifz,yel010)
pTeEeat if x or y ¢ [0, 10),

where 7 > 1. Then (X, ) is a complex-valued rectangular extended b-metric
space. However, v is not a complex-valued rectangular b-metric on X. To
see this, let x =1, z =5 and v = v = 10. Then, for all 7 > 1,

V(@ 2) =75 > T<4+r>
= 7l(z,u) + ¥(u,v) + P(v, 2)].

The following two lemmas is adapted after similar results in [4].

Lemma 2.9. Let (X,v) be a complex valued rectangular extended b-metric
space and {zptp>1 be a sequence in X. Then, {xp}p>1 is a convergent
sequence if and only if |¢(xp, )| — 0 as p — oo.

Lemma 2.10. Let (X, %) be a complex valued rectangular extended b-metric
space and {x,}p>1 be a sequence in X. Then {xp},>1 is a Cauchy sequence
if and only if |(zp,x4)] = 0 as p,q — oco.

Our main result is a combination of the next two results.

Theorem 2.11. [9] Let (X,v) be a complete metric space and T : X — X
be a contraction mapping. Then T has a unique fixed point, that is there is
one and only one point v € X such that T'(x) = .
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Theorem 2.12. [22] Let (X, 1) be complete rectangular b-metric space with
the coefficient 7 > 1 and T : X — X be a mapping satisfying: (Tx, Ty) <
M(z,y), for all z,y € X; where X € [0, %] Then T has a unique fized point.

3. Main Results

Our first main result, unifying and improving Theorems 2.11 and 2.12
runs as follows.

Theorem 3.1. Let (X, 1)) be a complete complex valued extended rectangular
b-metric space, 6 : X x X — [1,00) be a function and let T : X — X be a
mapping satisfying:

(3.1) (T, Ty) 2 Mp(x,y)

forall z,y € X, where A € |0, e(iy)]. Then T has a unique fized point in X.

Proof. Let o € X be an arbitrary element. Define a sequence {x,}n>1 in
X as follows.

(3.2) Tpa1 = Txy, n €N
We are to show that {z,}»>1 is a Cauchy sequence. For this, we have

7/J($m xn+1) = 77ZJ(T‘5[:7L717 T:L'n) ﬁ)\w(l‘nfla wn)
)\2¢(3«“n—2, xn—l)
)\31#(%—3, xn—2)

Anw('wO) 1’1).

This implies that

V(T Tny1) X N (z0, 1) (3.1).
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Now, using the rectangular property of X, we get

Y(@n, Tm) = 0( Ho(@n, Tnt1) + Y(@nt1, Tnt2) + P(Tnt2, )}

= 0(zn, )Y (T, Tnt1) + 0(Tn, Tm) Y (Tnt1, Tnt2) + 0(n, Tm) Y (Tnt2, Tm)

o( )@y Tnt1) + 0(Tn, Tm) Y (Tnt1, Tny2)

Tpt2, Tm) [Y(Tnt2, Tnt3) + Y(Tnt3, Tnta) + V(@nta, Tm)]

Y (@nt1, Tnt2) + 0(Xn, Tm)0(Tnt2, Tm )P (Tnt2, Tnts)
)+ 0(@n, Tm)0(Tnt2, Tm) Y (Tnta, Tm)
(Tn+1, Tnt2) + (@, Tm)0(Tnt2, Tm) P (Tnt2, Tnts)
)+ )

(ﬂfn, mm) (xn+2a Tm 0(-’£n+4a $m)¢(xn+4a xn+5)

Tn+2, xm)w(anrS, Tn+4
T,y -Tn+1) + Q(In, $m)

£}
3
8
§/
<
—~ N =~~~
8
8
3
+
=
+
>
—~~
8
S
8
3

Tn+2, xm)w(anrS, Tn+4

e(l‘n, xm)w(xm xn—i—l) + 9($m xm)¢($n+1, $n+2) + H(xm xm)9($n+27 xm)w(mn—k% xn—&-S)
+ 0(1'11; 1‘m)9(.%'n+2, xm)w(wn—i{i, xn+4) + e(xm xm)9($n+27 xm)9($n+4a xm)w(xn+47 $n+5)

4+ + 0(zp, T )0(Tnt2, Tm)O(Tnsda, T )eeer O(Tm—a, T )O(Tim—2, T )V (Tr—1, Tm)-
Applying (3.1) to the above inequality, yields

V(T Trm) = 0@, Ty )N (20, 21) + 0(Tp, T )N T (w0, 1)
+ 0@, )T 1, T )N T2 (w0, 1) + 0(Zn, T )0( T, , )N (20, 1)

+6($n;1’m)9($n+2,xm>6(xn+4,mm>)\n+4¢< )

( )

+ H(CCn, wm)9($n+2, mm)ﬂ(azn+4, xm))\n+5w

Zo,T1

Zo,T1

4+ + 0(xn, T )0(Tnt2, Tm)O(Tntd, Tim)eee O(Trm—a, T )O(Tm—2, $m))\m_2¢(:ﬁ0, x1)

+ 0(py T )0(Tnt2, Tm)O(Tntd, Tim)-.... 9($m74,$m)9(l’m72,IL‘m))\m_l’l/)(fL‘o,xl).
w(mna xm) j e(xna xm)[)\n + )\n+1]w(x0, xl)

+ 02, T) O (T2, T ) [N T2 + N 3]d (20, 21)
+ 0(zp, )0 (Tpt2, T )0(Tp 44, a:m)[)\"+4 + /\n+5]z/)($0, x1)+

+ 0(py T )0(Tnt2, Tm)O(Tntds o) eve e O(Xi—a, T )0 (Tyr—2, :L‘m)[)\m_2 + )\m_l]w(;ro, x1).
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V(X Tm) = U(xo, xl){Q(xn, T ) [N+ AT

+ 0(xp, T )0 (T2, a:m)[)\"+2 + )\n+3]

+ 0(xp, T )0(Tnt2, Tm)0(Tnta, :Um)[)\”+4 + >\"+5H—

V(XTpy Tim) S W(x0,21)4 (21, ) 0(3, ) 0(T5, Tn). -« O(Tp—1, T )O(Tp, T ) [N + )\"'H]

0(x3, T1)0(25, Trm)- - - O(Try T )O(Tpy2, T ) (N2 N3]

0(23, Zm). - - (T, Tm)0(Znt, Tm )0 (Tnpa, T ) [(AVTE+ A+

+0(z1, )
)

+ 9(%1, Tm

+ 0(x1, X )0(x3, T)0(X5, Tm)- « - O( Ty Ty )O(T 42, Tn)

By assumption, it is clear that the series Y o0 | [A" + A" [T, 0(zi, 20m)
converges by ratio test. For each m,n € N, take

00 n J
S=> A"+ H@(:L’i,:cm), Sn =Y N+ N 0, 2m).
n=1 i=1 j=1 i=1
Then, fore for all m > n, the above inequality implies that

¢($n,$m) = (9(1'0755'1)[5771—1 - Sn]

By letting n — oo in the above inequality, ¥ (zp, xm) < 0, therefore, {zy }n>1
is a Cauchy sequence in X. Since X is complete, it follows that

(3.3) Tn > u€X as n— 0.

To show that u is a fixed point of T', consider:

Y(u, Tu) 20w, Tu) [ (u, 2n) + Y(Tn, Tpt1) + (Tnt1, Tu)]



116 N. ULLAH AND M. S. SHAGARI

Now, using (3.3), we get
Y(u, Tu) = 0(u, Tu)[v(u, v) + ¢ (u,u) + P (u, Tu)]
= 0(u, Tu)[0 + 0 + Y (u, Tu)]
= 0(u, Tu)(u, Tu),
¥

from which we have [1—60(u, Tu)||)(u, Tu)| < 0. This implies that ¢(u, Tu) =

0, hence u is a fixed of T

Uniqueness
Let v be another fixed point of T, then

(v, u) = Pp(Tv, Tu) 2\
(1 =Xy (v,u) 20
[(1 = X)p(v,u)| <0.

¥(u,v)

O

This implies that v = « is unique.

Example 3.2. Let X = [0,1] . Consider the functions 6 : X x X — [1,00
defined by O(x,y) = 1+ 2z +y and ¢ : X x X — C given by ¥(x,y)
|z —y|? + iy — z|?, for all 2,y € X. Then (X,1) is a complete complex
valued rectangular extended b-metric. Now, define T : X — X by Tz =
x € X. To verify (3.1), we note that

Y(Tx,Ty) 2Mp(z,y)
1 1 2 ., 1 1 2 1 9 . 2
— +1 — = T — +y —x|” o,
iy 1+y‘ }1+y T _G(x,y){‘ yl” +ily |}
Yy—T 2 . r—y 2 1 9 . 2
< — —
‘*”M1+@u+yﬂ-mam{” vy ”}’

T oty
! oy iy —aP b2 Ly iy - af?
1+ 221+ 9)° “TTraty :

l+z+y<Q+z+y+ay)?

hold for all z,y € X, Thus, all the conditions of Theorem (3.1) are satisfied,
and hence T has a unique fixed point in X.

~—

1
1422

In the following, we establish a Kannan-type fixed point result for complex-
valued rectangular extended b-metric space.

Theorem 3.3. Let (X, 1)) be a complete complex valued rectangular extended
b-metric space with 6 : X x X — [1,00], and T : X — X be a mapping
satisfying:

(3.4) (T, Ty) 2 Ap(z, Tx) + (y, Ty)]
for all z,y € X, where A € [0, 4 l}y)]. Then T has a unique fixed point in X.
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Proof. Let xp € X be an arbitrary point. we define a sequence {x,,},>1 by
ZTpt1 = Txy, for n € N. Now, using (3.4)

Y(Zn, Tpy1) YT Tp—1,TTy)
AW (zp-1,Txn—1) + Y(Tn, Tzy)]
2 AN(zp—1,2n) + (T, Tni1)]
(1 =N (2n, Tnt1) = Mp(2p-1,Tn)

Y(Tny Tnt1) = {1:\/\}7#(1‘%17 Tn)

Let h = ﬁ < 1. Then,

d}(l’na l‘m) = 1/J(Tl'n71, T:L‘mfl) )\[Qﬁ(l'n,l, Txnfl) + Q,Z)(mefl, Txmfl)]
)‘['(b(mnfla xn) + I,Z)(.’I,‘m,h :L'm)]
A

(WY (wo, 1) + W™ Mep(zo, 1))

A TA

IA

By letting m,n — oo, we get A"~ — 0 and h™~! — 0, and so,

V(T Tn) = AR (20, 1) + B Mp (0, 21)] — 0

This implies that (2, zmy) — 0, hence {xy, },>1 is a Cauchy sequence. The
completeness of X implies that there exist u € X such that z,, — u (n — 00).
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To see that u € X is a fixed point of T', consider:

Y(u, Tu) 2 0(u, Tu)[th(u, zn) + ¢(@n, Tpt1) + V(Tn1, Tu)]
< 0(u, Tu) [ (u, Txn-1) + Y(xn, Tnt1) + (T, Tu))
= 0(u, Tu)(u, Txp—1) + 0(u, Tu)Y(Tn, Tny1)+
O(u, Tu)A[Y(zp, Tzy) + Y (u, Tu)]
< 0(u, Tu)p(u, Txp_1) + 0(u, Tu)h (0, x1) + N0 (u, Tu)p(Tn, Tn_1)+
0(u, Tu) M\p(u, Tu)
= 0(u, Tu)p(u, Txp_1) + 0(u, Tu)h" (o, x1) + N0 (u, Tu)h™ (o, x1)+
A0 (w, Tu)p(u, Tu)
(1 — X0(u, Tuw)p(u, Tu) < 0(u, Tu)p(u, Taxp—1) + 0(u, Tu)h" P (xo, x1) + A0(u, Tu)h" P (zg, 1)

0(u, Tu) O(u, Tu)
¢(’UJ T'LL) = mw(u,jﬂl'nfl) + T(u’mh TJZ)(IZ‘O,IZH)"_
AN (u, Tu)
1 AQ(’U,,T’U,)h ¢(ZE07$1)‘

By letting n — oo in the above expression, we get

0(Tu,u)
(1 - 1—)\0(Tu,u)>w(u’Tu) =<0

This implies that
Y(u,Tu) <0
|th(u, Tu)| <0
Y(u,Tu) =0
u = Tu.

Uniqueness
Let u* be another fixed point of 7. Then,

Ylu,u*) = (Tu, Tu*) 2 AW (u, Tu) + ¢ (u”, Tu")]
= AW(U; u) + ¥ (u’, u’)]
P(u,u’) =
|t (u, u*)[ <0
P(u,u’) <
from which it follows that u = u*. O

Example 3.4. X = {1,2,3,4}. Define ¢ : X x X — C as follows:
¥(1,2) =¢(2,1) = 3i
¥(2,3) =1(3,2) =¢(1,3) =¢(3,1) = 1i
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¢(174) = 711(47 1) = w(Za 4) = ¢(47 2) = ¢(374) = ¢(47 3) = 4di.

0:X x X —[1,00) by
0(z,y) =1+z+y.

Thus (X, ) is a complex valued rectangular extended b-metric space. Now,
define a mapping 7' : X — X as

Ty — 3, ifx#4
1, ifz=4.

By using the definition,we get ¢(T'1,72) = (T1,T3) = ¢(T2,T3) = 0:
and in the remaining points of X, we have ¢(Tz,Ty) = 1li, [¢(z,Tx) +

¥(y,Ty)] > 4i. Hence for, A = 1 all the assertion of theorem (3.4) are
satisfied and thus 3 is the unique fixed point T

Remark 3.5. Clearly, the function v in Examples 3.2 and 3.4 are not
rectangular b-metrics. Hence, the result of George et al. [22, Theorem 2.1]
is not applicable to these examples. It is also obvious that Theorem 3.1 is a
generalization of Theorem 2.12. Similarly, all the results of Ullah et al. [23],
being presented in the setting of multivalued mappings are not comparable
with all the results established herein.

4. Applications

In this section, we give an existence theorem for Fredholm integral equa-
tion as a usability of Theorem 3.1. Let X = C([a,b],C) be the space of all
continuous complex-valued functions defined on closed interval [a, b]. Define

X x X = Cby

Y(x,y) = sup |x(t) —y(t)]e”,
tela,b]

and the function 6 : X x X — [1,00) by

0(x,y) = |z()] + [y(t)] + 2.

Then X = C([a,b],C) is complete complex valued rectangular extended
b-metric space. Consider the Fredholm integral equation:

b
(4.1) o0 = [ M(ts,(6))ds +9(0), b5 € a1
(4.2) where g: [a,b] - Rand M : [a,b] X [a,b] x R — R are continuous.

We investigate the existence of solution of problem (4.1) under the following
assumption:
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Theorem 4.1. Problem (4.1) has a unique solution in X = C([a,b],C) if
there exists a number \ € [O, m} such that for all x,y € X,

|M(t,8,1}) - M(t,S,y)| < Q|I’—y|,
for each (s,t) € [a,b] X [a,b], where Q = ﬁ.

Proof. First, we convert (4.1) into a fixed point problem. For this, define
T: X - X by

b
(4.3) Tx(t) = / M(t,s,z(s))ds+ g(t), t,s € [a,b].

Clearly, the fixed point of the mapping defined by (4.3) is a solution of
problem (4.1). From Condition (3.1), we have

U(Ta(t), Ty(t)) = sup |Ta(t) — Ty(t)]e"

te(a,b]
—sup/Mtsx( )ds + g(t) /Mtsy ))ds — g(t)|e®
te(a,b)
b .
< / sup |M(t,s,2(s)) — M(t,5,y(s))|e"ds
a tela,b]
b
= sup M(t5,0(9) ~ M(t.s,y(s)|e" [ ds
te(a,b] a

< (525 - avleuto)
= M ((t) (1),

Thus, all the conditions of Theorem 3.1 are satisfied. Consequently, Problem
(4.1) has a unique solution in X. O

Competing Interests

The authors declare that they have no competing interests.

Acknowledgments

The authors are thankful to the editors and the anonymous reviewers
for their valuable suggestions and comments that helped to improve this
manuscript.

REFERENCES

[1] J. Ahmad, C. Klin-Eam, and A. Azam, Common fixed points for multivalued map-
pings in complex valued metric spaces with applications. In Abstract and Applied
Analysis, 2013.



2]

(6]

(7]

(8]

[10]
(11]

(12]

(13]

[20]
(21]
(22]

23]

24]

FIXED POINT RESULTS IN COMPLEX VALUED RECTANGULAR 121

J. Ahmad, N. Hussain, A. Azam and M. Arshad, Common fixed point results in
complex valued metric with application to system of integral equations. Journal of
Nonlinear and Convex Analysis, 29(5):855-871, 2015.

M. Aiman, Some common fixed point theorems in complex valued b-metric spaces,
The Scientific World Journal, 2014.

A. Azam, B. Fisher and M. Khan, Common fized point theorems in complex valued
metric spaces Numerical Functional Analysis and Optimization, 32(3):243-25, 2011.
A. Azam, J. Ahmad and P. Kumam, Common fixed point theorems for multi-valued
mappings in complex-valued metric spaces, Numer. Funct. Anal. Optim, 33(5):590—
600, 2012.

A. Azam, J. Ahmad, and P. Kumam, Common fixed point theorems for multi-valued
mappings in complex-valued metric spaces, Journal of Inequalities and Applications,
1, 2013.

A. Azam,and N. Mehmood, Multivalued fixed point theorems in tvs-cone metric
spaces, Fized Point Theory and Applications, 1, 184, 2013.

I. A. Bakhtin, The contraction principle in quasimetric spaces, Functional Analysis,
30, 26-37, 1989.

S. Banach, Sur les operation dans les ensembles abstraits et applications auz equations
integrales, Fund. Math, (French), 133181, 1922.

N. Bourbaki, Topologie Generale; Herman: Paris, France, 1974.

S. Czerwik, Contraction mappings in b-metric spaces, Acta Mathematica et Informat-
ica Universitatis Ostraviensis, 1(1), 5-11, 1993.

A. K. Dubey, R. Shukla and R. P. Dubey, Some fixed point theorems in complex
valued b-metric spaces. Journal of Complex Systems, 2015.

A. K. Dubey, Common fixed point results for contractive mappings in complex valued
b-metric spaces, Nonlinear Functional Analysis and Applications, vol. 20, 257268,
2015.

A. K. Dubey, Complex Valued-Metric Spaces and Common Fixed Point Theorems
under Rational Contractions. Journal of Complex analysis, 2016.

T. Kamran, M. Samreen, Q., UL Ain, A generalization of b-metric space and some
fixed point theorems, Mathematics, 5(2), 19, 2017.

R. Kannan, Some results on fixed points, Bull Calcutta Math Soc, 60:71-—76, 1968.
E. Karapinar, A Short Survey on the Recent Fixed Point Results on b-Metric Spaces,
Constructive mathematical Analysis, 1(1), 2018.

J. Kumar, Common Fixed Point Theorem for Generalized Contractive Type Maps on
Complex Valued b-Metric Spaces, International Journal of Mathematical Analysis, 9,
2327-2334, 2015.

M. A. Kutbi, E. Karapmar, J. Ahmad, and A.Azam, Some fixed point results for
multi-valued mappings in b-metric spaces, Journal of Inequalities and Applications,
1: 126, 2014

P. Rao, R. Swamy, and J. R. Prasad, A common fized point theorem in complex valued
b-metric spaces, Bulletin of Mathematics and Statistics Research, 1: 1-8, 2013.

M. R. Taskovic, A generalization of Banach’s contraction principle, Publ. Inst. Math,
37:179-191, 1978.

R. George, S. Radenovic, P.K. Reshma, S. Shukla, Rectangular b-metric space and
contraction principles, J. Nonlinear Sci. Appl, 8(6):1005-1013, 2015.

N. Ullah, M.S. Shagari, and A. Azam, Fixed Point Theorems in Complex Valued
Extended b-Metric Spaces, Moroccan Journal of Pure and Applied Analysis, 5(2):
140-163, 2019

Z.D. Mitrovic, S. Radenovic, On Meir-Keeler contraction in Branciari b-metric spaces,
9(3):34-41, 2018.



122 N. ULLAH AND M. S. SHAGARI

(Naimat Ullah) DEPARTMENT OF MATHEMATICS, VISITING FACULTY, UNIVERSITY OF
MIANWALI, PAKISTAN
Email address: naimat0347@gmail.com

(Mohammed Shehu Shagari) DEPARTMENT OF MATHEMATICS, FACULTY OF PHYSICAL
SCIENCES, AHMADU BELLO UNIVERSITY, NIGERIA
Email address: shagaris@ymail.com



	1. Introduction and Background
	2. Preliminaries
	3. Main Results
	4. Applications
	Competing Interests
	Acknowledgments
	References

