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BEST w-PROXIMITY POINT FOR w-PROXIMAL QUASI CONTRACTION
MAPPINGS IN MODULAR METRIC SPACES
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ABSTRACT. In this paper we introduce w-proximal quasi contraction mapping and best w-
proximity point in modular metric spaces. In fact, we show that every w-proximal quasi
contraction mapping has unique best w-proximity point in modular metric spaces. Finally,
we give an example to illustrate the applications of our results.
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1. INTRODUCTION

The classical contraction mapping principle of Banach states that if (X,d) is a complete
metric space and T : X — X is a contraction mapping, then 7" has a unique fixed point. This
principle has attracted the attention of many authors to extend and refine the metric fixed
point theory.

For this aim, the authors considered to extend metric fixed point theory to different ab-
stract spaces such as modular metric spaces, that was introduced by Chistykov in [3, 1] as a
generalization of modular spaces and Cho in [5] developed the fixed point theory to modular
metric spaces.

In this case, as a generalization of Banach contraction principle, Ciri¢, in 1974, in [6], has
introduced the concept of quasi-contraction mapping and investigated the fixed point result
similar to the Banach contraction fixed point Theorem. And Choin in [5] introduced the
concept of quasi-contraction mappings in modular metric spaces.

The study of the existence of fixed point for non-self mapping on various abstract spaces
is also very interesting. More precisely, for a given nonempty closed subsets A and B of a
complete metric space (X, d), a contraction nonself mapping T': A — B does not necessarily
yields a fixed point, that is, d(Tx,z) # 0. In this case, it is quite natural to investigate
an element x € X such that d(z,Tx) is minimum, that is, the points = and Tz are close
proximity to each other.

The generally accepted point of view in this domain, let A and B be closed subsets of
a metric space (X,d) and T : A — B be a nonself mapping. A point a in A for which
d(a,Ta) = d(A,B) is called a best proximity point of T'. If AN B # & then the best
proximity point becomes a fixed point of T'. The best proximity point Theorems are natural
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generalizations of the BCMP. A classical best approximation theorem was introduced by
Fan in [7], and several authors have derived the extensions of the Fan’s Theorem in many
directions, for example see [9] and [12]. M. Jleli, E. Karapinar proved best proximity point
in modular spaces in [3].

In this paper, we first introduce the notions of best w-proximity point and the w-proximal
quasi-contraction mapping in modular metric spaces. Next, we show that every w-proximal
quasi-contraction mapping in modular metric spaces has best w-proximity point. We also
give an example of our main result. We begin by recalling some terminology.

Let X be a nonempty set. Throughout this paper, for a given function

w: (0,400) x X x X — [0, +o0]
we will denote wy(z,y) = w(A, z,y), for all A > 0 and z,y € X.
Definition 1.1. A function w : (0,00) X X x X — [0, 00] is said to be a modular metric on

X if it satisfies in the following axioms:
(i) z =y if and only if wy(x,y) =0 for all A >0
(ii) wx(z,y) = wi(y,z) for all A > 0 and z,y € X
(i) wapp(z,y) <wa(z, 2) +wu(z,y) forall A\, u >0 and z,y,z € X.
If (i) is replaced by following condition,
(") wa(z,z) =0 for all A > 0 and z € X,

then w is said to be a pseudomodular (metric) on X. Also a modular on X is said to be
regular if (i) was replaced by the following weaker condition;

(i"”) = = y if and only if wy(z,y) = 0 for some A\ > 0.

For more information see for example [3, 1] and the references therein. Finally, w is said to
be convex if for any A, u > 0 and z,y, z € X, it satisfies the inequality

A %
< —_— )
Witp(®,y) < 3 _i_MWA(fCaZ) + Mwu(?«‘,y)

A+
Note that for a metric pseudomodular w on a set X and any z,y € X, the function A —
wy(z,y) is nonincreasing on (0,00). Indeed if 0 < 1 < A, then
wx(7,y) < wr—p(@, 2) + wu(z,y) = wu(z,y).
Let w be a pseudomodular on X and zg be a fixed element of X, then

Xo = Xu(zg) ={zr € X : lim wy(x,x9) =0},
A—00

and

X=X (xo)={re X :IN=A(z) >0; wy(z,z0) < 00}
are said to be modular metric spaces around xzg. It is clear that X, C X, but this inclusion
may be proper in general. If w is a convex modular on X, according to [3] the two modular
spaces coincide, i.e, X, = X. It is obviously to see that every metric space is modular metric
space.

Note. Let (X,) be a modular metric space.

(1) asequence {xy, }nen in X, is said to be w-convergent to a point z € X, if wy(zp, ) — 0
as n — oo, for some A > 0.
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(2) a sequence {xy, }nen in X, is said to be w-couchy if wy(zm, x,) — 0 as m,n — oo, for
some A > 0.

(3) A subset C of X, is said to be w-closed if the w-limit of w-convergent sequence of C'
always belong to C.

(4) A subset C of X, is said to be w-complete if every w-cauchy sequence in C' is w-
convergent and its w-limit is in C.

The metric modular w on X has the Fatou’s property if and only if
(1.1) wi(z,y) < liminf wy(zn, y),
n—oo

whenever {z,,} C X, and w-convergent to x for all y € X,,,.

2. MAIN RESULTS

We adopt throughout the convention that modular metric spaces (X,w) has the Fatou’s
property. Suppose that A, B are nonempty subsets of X,,. For all A > 0, we define:

(A, A, B) = n(A, B) = inf {wx(z,y) : (z,y) € A x B},
Ap = Ao(N) ={a € A:wx(a,b) =~v\(A, B) for some b € B},
By = Bo(A\) = {b € B:wx(a,b) =v\(A, B) for some a € A}.
Definition 2.1. Let A, B be nonempty subsets of X, and T': A — B be a given nonself
mapping. An element z € Ay is said to be a best w-proximity point of T if for every positive

number A,

wr(z,Tz) = (A, B).
It is easy to see that if A = B, then the best w-proximity point becomes a fixed point of 7.

Definition 2.2. A nonself mapping T : A — B is said to be w-proximal quasi contraction if
there exists a number ¢ € (0,1) such that

w,\(u, U) < qmax{w)\(:n, y)v W)\(l‘, U), w,\(y, U)> W)\(l‘, U)v OJ)\(y, u)}7
whenever wy(u,Tx) = vx(A4, B) and wy (v, Ty) = (A, B), for all z,y,u,v € A and X €
(0, 00).
If T is a self-mapping on A, then the requirement in the preceding definition, reduces to
the w-quasi contraction, that is there exists ¢ € (0,1) such that for any z,y € A we have
W)\(TJ?, Ty) < max{w)\(fc, y)7 OJ)\(.T, Tx)) w,\(x, Ty)a CU)\(y, Ty)? w/\(ya Ty)}

Lemma 2.3. Let T : A — B be a non-self mapping, Ay # 0 and T(Ag) C By. Then for any
a € Ap, there exists a sequence {x,} C Ag such that z¢p = a and wy(zp+1,Txn) = Ya(A4, B)
for any n € N.

Proof. Let a € Ay, By using (2) we get, T'(a) € By. From the definition of the set By, there
exists z1 € Ag such that wy(z1,Ta) = va(A, B)

Again, we have Tx1 € By, which implies that there exists x9 € Ag such that wy(ze, Tx1) =
YA (A, B). Continuing this process, by using the induction, we obtain {x,} C Ag such that

w)\(xn+1a T'In) = 7)\(143 B)> Vn €N
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Definition 2.4. Under the assumption of lemma 2.3, any sequence {z,} C Ay satisfying
wx(Tnt1,Txn) = Ya(A, B) for any n € N and A > 0 and 9 = a is called an proximal Picard
sequence associated to a € Ay.

We denote by pp(a) the set of all proximal Picard sequences associated to a € Ay.

Definition 2.5. Under the assumption of lemma 2.3, we say that Ag is proximal T-orbitally
w-complete if every w-Cauchy sequence {z,} € pp(a) for some a € Ay, w-converges to an
element in Ag.

Let a € Ag and {z,} € pp(a). For all n € N, we denote
duwy () = sup{wx(Tn+s, Tnyr) : 7,5 € N}
Since x¢ = a, then
dwy (@) = sup{wy(xs, xy) : 7, s € N},
Theorem 2.6. Let X, be a modular metric space. Let (A, B) be a non-empty pair of subsets

of X, and T : A — B be a w-proximal quasi-contraction mapping such that Ag is proximal
T-orbitally w-complete and T'(Ap) C By and 6, (a) < oo for some a € Ag. Then:

(i) each {x,} € pp(a), w-converges to some z € Ag; Moreover there exist ¢ € Ay such
that wy(t,Tz) = 7A(4, B).
(ii) if wy(z,t) < oo and wy(a,t) < oo for any A > 0, then z € A is a best w-proximity
point of T’;
(iii) if u is a best w-proximity point of T and wy(z,u) < co, then z = w.

Proof. (i) Let {x,} € pp(a) and s, € N. We have

W)\(xn—i-s’ fl:n—&-s—l) = w)\(ﬂfn—i-ry xn—i—r—l) = ’)/)\(A, B)

Since T is a w-proximal quasi-contraction,

WX (xn—‘r& $n+7") < q max{w)\ (xn-l—s—l, xn—l—r—l)w)\ (wn—l—s—la xn—&—s)
W (l‘n+7“71a mn+r)w>\ (-Tn+5717 anrr)W/\ ($n+r713 CEnJrs)}
S q(sw(xn—1>-

This implies immediately that d,,(x,) < ¢dy(zn—1), for all n > 1. Now by induction on n,
we have

(21) 5w(‘rn) < q(sw(mn—l) < qzéw(xn—Q) <...< qnéw(xO) = qnéw(a)'

Thus, {z,} is wy-Cauchy, since d,, (a) < oo.

By using the proximal T-orbitally w-completeness of Ag, let z € Ay be a w-limit of {z,}.

So Tz € By, and by definition there exists some t € Ag such that wy(t,Tz) = (4, B).

(ii) From definition of {x,}, we have wy(x1,Ta) = vx(A, B). Since T is w-proximal quasi-
contraction then:

gmax{wy(a, z),wx(z,t),wr(a,z1),wr(z,x1),wxr(a,t)}

(A})\(t,ﬂfl) S
< max{q(swA (a)7 qw,\(z, t)a QCU)\(CZ, t)}
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With the same method we have

wi(t,xe) < gmax{wy(z,z1),wxr(z,t),wr(x1, T2),wr (2, x2),wr(z1,t)}
< qma{abn (@), WA (2 1), 8 (21), 6%y ) or (21, 1)}
< qmax{aiu, (a),wr (2, ), 60y (@), 4%y (0), wr (21, )
= gmax{qdy,(a),wx(z,1), wr(z1,1)}

< max{g*,, (a),qwr(z,1),¢* wr(a, t)}.
Continuing this process, by induction, we circumvent that
WA (ta ZL’n) < maX{qnéw/\ (CL), qw,\(z, t)7 qn{"J/\(a7 t)}v
for all n > 1. Therefore,

lim sup wy (zn,t) < qua(z,t), A>0.

n—oo

By the Fatou’s property, we have
CL)/\(Z, t) S q(AJ)\<Z, t)?

and this shows that wy(z,t) = 0; that is z = ¢, since ¢ < 1. So this proves that z is a best
w-proximity point of T, that is, wy(z,Tz) = (A4, B), for all A > 0.

(iii) Suppose that u is a best w-proximity point of 7" and wy(z,u) < co.
Since T is w-proximal quasi-contraction map,

WA(Z7 u) < qmax{(“))\(zv U), W)\(Z, 2)7 W)\(U, ’LL), w/\(Z, U), W)\(’LL, Z)}
= qux(2,u),
so u = z, because ¢ < 1. Thus z is the unique best w-proximal point of T" and this completes

the proof. 0

Consider now the case A = B, then the best proximity point of T': A — B will be a fixed
point of self mapping T.

Corollary 2.7. Let X, be a modular metric space and A be a non-empty subset of X,, which
is w-complete. If T': A — A is a quasi-contraction mapping and there exist a € A such that
dw(a) < oco. Then the Picard iteration sequence {T™a} is w-convergent to a fixed point z € A.
If w is a fixed point of T such that wy(z,u) < oo, then z = u.

Example 2.8. Consider R?, and define d, on R? by

(2.2) doo((71,72), (y1,92)) = max{|z1 — y1|, [v2 — y2|}
Let Ao > 0 and a > 0, define g(\) by:

g(A) =

a if 0 <A< A,
0 if A> Ao

The modular w on R? is of the form:
0 ifr=y, A>0,

(2.3) wx(z,y) = g(Ndoo(,y) = { adso(z,y) iz #y, 0< X< A,
0 ifx £y, A> Ao
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FIGURE 1. The pair (4, B) of closed subsets of (R?,d).

Hence (R?,w)) is modular space and R2 = R?. Assume that
A={(z,0)| -1 <x<0}and B={(1,y)|0 <y <1}

See Figure 1. It is clearly

fOo<A<A
”(A’B):inf{wk((%o),(l,y))l—1SJJSO,OSyél}Z{a pUsAs A

0 if A> Ao
Also
Ay = {(z,0) € Alwx((z,0),(1,b)) = vr(4, B) for some (1,b) € B}
B {{(0,0)} if0 < X< Ao,
A if A > Ap.
and

By ={(1,y) € Blwx((a,0),(1,y)) = a for some (a,0 € A)} = B.
Define T': A — B by T'(x,0) = (1, ¢(x)) where ¢ is any function from [—1,0] to [a,b] such
that 0 < a < b < 1. It is obviously T is w-proximal quasi contraction, since there is one and
only one point u = (0,0) such that wy(u,v) = a for all u € B. So u = (0,0) is the unique
best w-proximity point lof T'.
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