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Abstract. In this paper, we study Cartan torsion, mean Cartan torsion and mean Lands-
berg curvature of 4-dimensional Finsler metrics. First, we find the necessary and sufficient
condition under which a 4-dimensional Finsler manifold has bounded Cartan torsion and
mean Cartan torsion. Then, we show that a 4-dimensional Finsler manifold has relatively
isotropic mean Landsberg curvature if and only if it is Riemannian or the main scalars of
Finsler metric satisfy the certain conditions.
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1. Introduction

In dimension four, in marked contrast with lower dimensions, topological and smooth
manifolds are quite different. Indeed, there exist some topological 4-dimensional manifolds
which admit no smooth structure, and even if there exists a smooth structure, it need not be
unique. This means that there are smooth 4-dimensional manifolds which are homeomorphic
but not diffeomorphic. In Riemannian geometry, 4-dimensional Riemannian manifolds are
important in Physics because of their applications in general relativity and spacetime.

As Chern said ”Finsler geometry is just Riemannian geometry without the quadratic re-
striction”. The topic of 4-dimensional Finsler manifolds has a very interesting history because
one of the most important Finsler metrics was discovered in this dimension of Finsler man-
ifolds. In 1941, Randers published a paper concerned with an asymmetric metric in the
four-space of general relativity. His metric is in the form F = α+ β, where α =

√
aij(x)yiyj

is gravitation field and β = bi(x)y
i is the electromagnetic field. He regarded these metrics

not as Finsler metrics but as “affinely connected Riemannian metrics”. This metric was first
recognized as a kind of Finsler metric in 1957 by Ingarden, who first named them Randers
metrics.

It is an important problem in Finsler geometry is whether or not every smooth Finsler
manifold can be isometrically immersed into a Minkowski space. The answer is affirmative
for Riemannian manifolds [9]. For Finsler manifolds, the problem under some conditions was
considered by Burago-Ivanov, Gu and Ingarden (see [2][5][6][7][8]). However, Shen showed
that every Finsler manifold with unbounded Cartan torsion can not be isometrically imbedded
into any Minkowski space [13]. Thus the norm of Cartan torsion plays an important role for
studying of immersion theory in Finsler geometry. For a Finsler manifold (M,F ), the second
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and third order derivatives of F := 1
2F

2
x at y ∈ TxM0 are fundamental form gy and the Cartan

torsion Cy on TxM , respectively. The Cartan torsion was first introduced by Finsler [4] and
emphased by Cartan [3]. For the Finsler metric F , the norm of the Cartan torsion is defined
as follows

||C|| = sup
F (y)=1,v ̸=0

|Cy(v, v, v)|
[gy(v, v)]

3
2

.

The bound for two dimensional Randers metrics F = α + β is verified by Lackey [1]. Then,
Shen proved that the Cartan torsion of Randers metrics on a manifold M of dimension n ≥ 3
is uniformly bounded by 3/

√
2 [14]. In [8], Mo-Zhou extend his result to a general Finsler

metrics, F = (α+ β)m/αm−1 (m ∈ [1, 2]). In [15], Tayebi-Sadeghi obtained a relation between
the norm of Cartan and mean Cartan torsions of Finsler metrics defined by a Riemannian
metric and a 1-form on a manifold . They prove that generalized Kropina metrics F =
αm+1/βm, (m ̸= 0) have bounded Cartan torsion. It results that every C-reducible metric
has bounded Cartan torsion. In [11], Rajabi studied the norm of Cartan torsion of Ingarden-
Támassy metric

F = α+
β2

α
and Arctangent Finsler metric

F = α+ β arctan(β/α) + ϵβ

that are special (α, β)-metrics. In [12], Sadeghi found a condition under which an (α, β)-metric
has bounded Cartan torsion. More precisely, he proved that an (α, β)-metric F = αϕ(s),
s = β/α, on a manifold M has bounded Cartan torsion if and only if the function

A(s) :=
3s(ϕ′2 + ϕϕ′′)− 3ϕϕ′ − (b2 − s2)(ϕϕ′′′ + 3ϕ′ϕ′′)

2ϕ
1
2 (b2 − s2)−

1
2

(
ϕ− sϕ′ + (b2 − s2)ϕ′′

) 3
2

(1.1)

is a bounded function for |s| < b where b := ∥βx∥α.
Taking a trace of Cartan torsion gives us the mean Cartan torsion, i.e., I := trace(C).

By Deicke theorem, a positive-definite Finsler metric is Riemannian if and only if the mean
Cartan torsion vanishes. For the Finsler metric F , the norm of the mean Cartan torsion is
defined as follows

||I|| = sup
F (y)=1,v ̸=0

|Iy(v)|
[gy(v, v)]

3
2

.

In this paper, we consider 4-dimensional Finsler manifolds and find the necessary and sufficient
condition under which a 4-dimensional Finsler manifold has bounded Cartan torsion and mean
bounded Cartan torsion. More precisely, we prove the following.

Theorem 1.1. Let (M,F ) be a 4-dimensional positive-definite Finsler manifold. Then the
following hold

• (i) F has bounded Cartan torsion if and only if the following holds
A2 + 3(B2 + C2 + 2D2) + 4(E2 + F2 + G2) + 2(3H2 + 3DE + FG) < ∞.

• (ii) F is Riemannian if and only if A+ B + C = 0;
• (iii) F has bounded mean Cartan torsion if and only if A+ B + C < ∞,

where A = A(x, y), B = B(x, y), C = C(x, y), D = D(x, y), E = E(x, y) and F = F(x, y) are
scalar functions on TM and called the main scalars of F .
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The mean Landsberg curvature Jy is the rate of change of Iy along geodesics for any
y ∈ TxM0. By definition, J/I is regarded as the relative rate of change of I along Finslerian
geodesics. A Finsler metric F has relatively isotropic mean Landsberg curvature if it satisfies
J = cF I, where c = c(x) is a scalar function on M . In this paper, we show that a 4-
dimensional Finsler manifold has relatively isotropic mean Landsberg curvature if and only
if it is Riemannian or the main scalars of Finsler metric satisfy the certain conditions.

Theorem 1.2. Let (M,F ) be a 4-dimensional Finsler manifold. Then F has relatively
isotropic mean Landsberg curvature

J = cF I,(1.2)
if and only if it is Riemannian or the main scalars of F satisfy following

(A′ + B′ + C′) = cF (A+ B + C), h0 = j0 = 0.(1.3)
where c = c(x) is a scalar function on M .

2. Preliminary

Let M be an n-dimensional C∞ manifold, TM =
∪

x∈M TxM the tangent bundle and
TM0 := TM−{0} the slit tangent bundle. A Finsler structure on M is a function F : TM →
[0,∞) with the following properties: (i) F is C∞ on TM0; (ii) F is positively 1-homogeneous
on the fibers of tangent bundle TM , i.e., F (x, λy) = λF (x, y), ∀λ > 0; (iii) The following
quadratic form gy : TxM × TxM → R is positively defined on TM0

gy(u, v) :=
1

2

∂2

∂s∂t

[
F 2(y + su+ tv)

]
s=t=0

, u, v ∈ TxM.

Then the pair (M,F ) is called a Finsler manifold.

Let x ∈ M and Fx := F |TxM . To measure the non-Euclidean feature of Fx, one can define
Cy : TxM × TxM × TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
t=0

, u, v, w ∈ TxM.

The family C := {Cy}y∈TM0 is called the Cartan torsion. It is well known that C = 0 if and
only if F is Riemannian.

For y ∈ TxM0, define Iy : TxM → R by

Iy(u) :=

n∑
i=1

gij(y)Cy(u, ∂i, ∂j),

where {∂i} is a basis for TxM at x ∈ M . The family I := {Iy}y∈TM0 is called the mean
Cartan torsion. By definition, Iy(y) = 0 and Iλy = λ−1Iy, λ > 0. Therefore, Iy(u) := Ii(y)u

i,
where Ii := gjkCijk.

Also, the Landsberg curvature of F can be defined by following

Ly(u, v, w) :=
d

dt

[
Cσ̇(t)

(
U(t), V (t),W (t)

)]
t=0

,

where y ∈ TxM , σ = σ(t) is the geodesic with σ(0) = x, σ̇(0) = y and U(t), V (t),W (t)
are linearly parallel vector fields along σ with U(0) = u, V (0) = v,W (0) = w. Then the
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Landsberg curvature Ly is the rate of change of Cy along geodesics for any y ∈ TxM0. A
Finsler metric F is called a Landsberg metric if L = 0.

For y ∈ TxM , define Jy : TxM → R by Jy(u) := Ji(y)u
i, where

Jy(u) =
n∑

i=1

gij(y)Ly(u, ∂i, ∂j).

The non-Riemannian quantity J is called the mean Landsberg curvature or J-curvature of
F . We say that F is a weakly Landsberg metric if J = 0. It is easy to see that the mean
Landsberg curvature of F is also given by

Jy(u) :=
d

dt

[
Iσ̇(t)

(
U(t)

)]
t=0

,

where y ∈ TxM , σ is the geodesic with σ(0) = x, σ̇(0) = y and U is linearly parallel vector
field along σ with U(0) = u. Thus the mean Landsberg curvature Jy is the rate of change of
Iy along geodesics for any y ∈ TxM0.

Throughout this paper, we use the Berwald connection on Finsler manifolds. The h- and
v-covariant derivatives of a Finsler tensor field are denoted by “ | ” and “, ” respectively.

3. Proof of Theorems

In this section, we are going to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1: Let (M,F ) be a 4-dimensional Finsler manifold. Suppose that
ℓi := Fyi is the unit vector along the element of support, mi is the unit vector along mean
Cartan torsion Ii, i.e., mi := Ii/||I||, where ||I|| :=

√
IiIi, and ni and pi are unit vectors

orthogonal to the vectors ℓi and mi. Then the quadruple (ℓi,mi, ni, pi) is called the Miron
frame. In this frame, we have

gij = ℓiℓj +mimj + ninj + pipj ,(3.1)
gij = ℓiℓj +mimj + ninj + pipj .(3.2)

Thus
hij = mimj + ninj + pipj .

Taking a vertical derivative of (3.1) yields the Cartan torsion as follows

FCijk = Amimjmk + B(minjnk + nimjnk + ninjmk) + C(mipjpk + pimjpk + pipjmk)

+D(mimjnk +minjmk + nimjmk) + Eninjnk + F(mimjpk +mipjmk + pimjmk)

+G(ninjpk + nipjnk + pinjnk) +H(minjpk +mipjnk + nimjpk + nipjmk

+pimjnk + pinjmk)− (D + E)(nipjpk + pinjpk + pipjnk)− (F + G)pipjpk,(3.3)

where A = A(x, y), B = B(x, y), C = C(x, y), D = D(x, y), E = E(x, y) and F = F(x, y) are
scalar functions on TM and called the main scalars of F . On the other hand, multiplying
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(3.3) with gipgjqgks implies that

FCijk = Amimjmk + B(minjnk + nimjnk + ninjmk) + C(mipjpk + pimjpk + pipjmk)

+D(mimjnk +minjmk + nimjmk) + Eninjnk + F(mimjpk +mipjmk + pimjmk)

+G(ninjpk + nipjnk + pinjnk) +H(minjpk +mipjnk + nimjpk + nipjmk

+pimjnk + pinjmk)− (D + E)(nipjpk + pinjpk + pipjnk)− (F + G)pipjpk.(3.4)

(3.3) × (3.4) gives us

||C|| =
√
A2 + 3B2 + 3C2 + 3D2 + E2 + 3F2 + 3G2 + 6H2 + 3(D + E)2 + (F + G)2.(3.5)

By (3.5), we get the proof of part (i).
By (3.3), we have

FIk = (A+ B + C)mk.(3.6)

According to (3.6), F is Riemannian if and only if A + B + C = 0. This is the proof of part
(ii).

Now, contracting (3.6) with gik gives us

FIk = (A+ B + C)mk.(3.7)

(3.6) × (3.7) implies that

||I|| = 1

F

(
A+ B + C

)
.(3.8)

By (3.8), we get the proof of (iii). □

Proof of Theorem 1.2: The horizontal derivation of Miron frame are given by following

ℓi|j = 0, mi|j = hjni + jjpi, ni|j = kjpi − hjmi, pi|j = −jjmi − kjni,

where hs = hs(x, y), js = js(x, y) and ks = ks(x, y) are called the h-connection vectors (for
more details, see [10]). Thus

m′
i := mi|jy

j = h0ni + j0pi, n′
i := ni|jy

j = k0pi − h0mi, p′i := pi|jy
j = −j0mi − k0ni,

where h0 := hsy
s, j0 := jsy

s and k0 := ksy
s. Taking a horizontal derivation of (3.6) along

geodesics implies

FJk = (A′ + B′ + C′)mk + (A+ B + C)(h0nk + j0pk).(3.9)

By assumption Ji = cFIi, where c = c(x) is a scalar function on M . Then (3.6), (3.9) and
the mentioned assumption give us[

(A′ + B′ + C′)mk + (A+ B + C)(h0nk + j0pk)
]
= cF (A+ B + C)mk.(3.10)

Contracting (3.10) with mk and considering nkm
k = pkm

k = 0 implies that

(A′ + B′ + C′) = cF (A+ B + C).(3.11)

Putting (3.11) in (3.10) yields

(A+ B + C)(h0nk + j0pk) = 0.(3.12)
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By (3.12), we have two cases: if A + B + C = 0 then by part (ii) of Theorem 1.1, F is
Riemannian. Now, suppose that F is not a Riemannian metric. Then (3.12) reduces to

h0nk + j0pk = 0.(3.13)
Multiplying (3.12) with nk and using pkn

k = 0 implies h0 = 0. Also, contracting (3.12) with
pk and using nkp

k = 0 implies j0 = 0. This completes the proof. □

Remark 3.1. The following holds

A′(t) :=
d

dt

[
Aσ̇(t)

(
U(t)

)]
t=0

,

where y ∈ TxM , σ = σ(t) is the geodesic with σ(0) = x, σ̇(0) = y and U = U(t) is a linearly
parallel vector field along σ with U(0) = u. Then the A′ is the rate of change of A along
geodesics for any y ∈ TxM0. In this case, by (3.11) we get

(A+ B + C)(t) = exp

[∫ s

0
c dt

]
(A+ B + C)(0).

By putting c = 0 in Theorem 1.2, we conclude the following.

Corollary 3.2. Let (M,F ) be a 4-dimensional Finsler manifold. Then F is weakly Lands-
bergian if and only if it is Riemannian or satisfies following

A′ + B′ + C′ = 0, h0 = 0, j0 = 0.(3.14)
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