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SOME PROPERTIES OF K-FRAME IN N-HILBERT SPACE

PRASENJIT GHOSH™ AND T. K. SAMANTA

ABSTRACT. The notion of a K-frame in n-Hilbert space is presented and some of their
characterizations are given. We establish stability condition of K-frame in n-Hilbert space
under some perturbations. We verify that sum of two K-frames is also a K-frame in n-Hilbert
space. Also, the concept of tight K-frame in n-Hilbert space is described and some properties
of its are going to be established.
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1. Introduction and Background

In 1952, Duffin and Schaeffer introduced frames in Hilbert spaces in their fundamental
paper [0], they used frames as a tool in the study of nonharmonic Fourier series. Later in
1986, the formal definition of frame in the abstract Hilbert spaces were given by Daubechies,
Grossman, Meyer [2]. A frame for a Hilbert space is a generalization of an orthonormal basis
and this is such a tool that also allows each vector in this space can be written as a linear
combination of elements from the frame but, linear independence among the frame elements
is not required. Such frames play an important role in Gabor and wavelet analysis. Several
generalizations of frames namely, g¢g-frame, K-frames etc. have been introduced in recent
times. K-frames for a separable Hilbert spaces were introduced by Lara Gavruta [13] to study
the basic notions about atomic system for a bounded linear operator. In recent times, K-frame
was presented to reconstruct elements from the range of a bounded linear operator K in a
separable Hilbert space. K-frames are more generalization than the ordinary frames and many
properties of ordinary frames may not holds for such generalization of frames. Generalized
atomic subspaces for operators in Hilbert spaces were studied by P. Ghosh and T. K. Samanta
[9] and they were also presented the stability of dual g-fusion frames in Hilbert spaces in [8].

The concept of 2-inner product space was first introduced by Diminnie, Gahler and White
[1] in 1970’s. In 1989, A. Misiak [15] developed the generalization of a 2-inner product space
for n > 2. Frame in n-Hilbert space was presented by P. Ghosh and T. K. Samanta [10]. They
also discussed frame in tensor product of n-Hilbert spaces [11].

In this paper, we shall present the notion of a K-frame relative to n-Hilbert space and
discuss some properties. Further it will be seen that the family of all K-frames is closed
with respect to addition in n-Hilbert space. We also give the notion of a tight K-frame in
n-Hilbert space.
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92 P. GHOSH AND T. K. SAMANTA

Throughout this paper, H will denote a separable Hilbert space with the inner product
(-,-) and B(H) denote the space of all bounded linear operator on H. We also denote
R(T) for range set of T where T € B(H) and [%(N) denote the space of square
summable scalar-valued sequences with index set N.

2. PRELIMINARIES

Theorem 2.1. (Douglas’ factorization theorem )[5] Let U, V. € B(H ). Then the following
conditions are equivalent:

(1) R(U) CR(V).
(ii) UU* < A2V V* for some A > 0.
(iti) U = VW for some W € B(H).
Theorem 2.2. [7] Let S, T, U € B(H). Then the following are equivalent:
(1) R(S) CR(T)+ R(U).
(i1) SS* < N2 (TT* +UU*) for some A > 0.
(iit) S=TA+ UB forsome A, B € B(H).

Theorem 2.3. ([1]) Let Hy, Hy be two Hilbert spaces and U : Hy — Hy be a bounded
linear operator with closed range Ry. Then there exists a bounded linear operator UT :
Hy — Hy suchthat UUTz = 2 V2 € Ry.

Remark 2.4. The operator UT defined in Theorem (2.3), is called the pseudo-inverse of U.

Definition 2.5. [1] A sequence { f; };-, € H is said to be a frame for H if there exist
constants 0 < A < B < oo such that

(2.1) ANFIP < DI fIP < BIfI?VfeH
i=1
The constants A and B are called frame bounds. If { f; }77 | satisfies the right inequality
of (2.1), it is called a Bessel sequence with bound B.
Definition 2.6. [I] Let {f;};2, be a frame for H.Then the bounded linear operator

T :12(N) — H,definedby T{c;} = Y. ¢;fi,is called pre-frame operator and its adjoint
i=1

operator T * : H — 12 (N), given by T*(f) = {{(f, fi) };2, is called the analysis oper-
ator. The operator S : H — H definedby S(f) =TT*(f)= > (f, fi)fiVf€eH
i=1

is called the frame operator.

Definition 2.7. [13] Let K € B(H). Then a sequence { f;}?°, in H is said to be a
K-frame for H if there exist constants 0 < A < B < oo such that

o0
ANEFIP <Y W )P <BIFI? VfeH
i=1
Theorem 2.8. [17] Let K be a bounded linear operator on H. Then a Bessel sequence
{fi}s2y in H is a K-frame if and only if there exists A > 0 such that S > N\ K K*,
where S is the frame operator for { fi}32 .
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Definition 2.9. [14] A real valued function ||+, ---, || : X™ — R is called a n-norm on
X if the following conditions hold:

(1) |z1, z2, -+, zpn] =0 if and only if =4, ---, 2, are linearly dependent,
ii) ||x1, x2, -+, x, || is invariant under permutations of x1, x9, -+, T,
. - ont und tati ¢
(Z”) ||Oé$1,$2,"',l‘n“:|Oé|||.%'1,332,"',$n”,
. y L2y, 7y b = s L2y 7, dn sy L2y 7ty dn |-
() [z + y, @ ol < [lw, @ ol + 1y, = T ||
The pair (X, ||+, -+, -||) is then called a linear n-normed space.

Definition 2.10. [I5] Let n € N and X be a linear space of dimension greater than
or equal to n over the field K, where K is the real or complex numbers field. A function

()| --,-): X"F! — K is satisfying the following five properties:
(1) (x1,x1]x2, -, xp) > 0and (z1, 1 |x2, -+, xy) = 0 ifandonlyif x1, xo, -+, z,
are linearly dependent,
( ) <CE y|932, al‘n> = <$,y|$i2, 7xln> for everypermutation (iZa "'ain) of
(2,
(11) <~’Uay|ﬂf2a xn) = (Y, T[T o, X)),
(Z ) <Oé.l' y’$27 $n> = o <$ay|$23 ---,a:n>,f0rall a € K)
( ) < +y7Z’x27 7$TL> = <I’,Z|$2,"',.’L’n> + <y,2”$2, 7$n>
is called an n-inner product on X and the pair (X, (-, -|-, -+, -)) is called n-inner product
space.
Theorem 2.11. [12] For n-inner product space (X, (-, |+, -+, )),
](x,y|x2,~~-,xn>| < ||.’E,JJ2,"',.’En|| ||y,$2,~-,an
hold for all =, y, xo, -+, x, € X.
Theorem 2.12. [15] For every n-inner product space (X, (-, -|-, -+, )),
HZL’l,xQ,"',an — \/<x1,x1\x2,--',xn>

defines a n-norm for which

1
<x,y[:c2, 7wn> - Z (H.%' + Yy, T2, "'73371”2 - ”.%' — Y, T2, ,(IZn”Q),&
"x+y)x23"'axn‘|2+“x_y)$27"'7xn‘|2
:2(”1),1'2,"',!En||2+||y,$2,"',$n||2)
hold for all x,y, x1, xo, -+, xzy, € X.
Definition 2.13. [I1] A sequence {z} } in a linear n-normed space X is said to be conver-
gent to some z € X if for every zo, -+, z, € X
klim |zr —x, x2,---, xn|| = 0 and it is called a Cauchy sequence if
—00
lllim |z; — zg, x2, -+, xy| = 0 for every xg, -+, z, € X.The space X is said to be
Jk— 00

complete if every Cauchy sequence in this space is convergent in X. A n-inner product space
is called n-Hilbert space if it is complete with respect to its induce norm.
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Remark 2.14. [I1] Let Lp denote the linear subspace of X spanned by the non-empty
finite set F' = { a9, as, ---, ay }, where ag, as, -+, a, are fixed elements in X. Then the
quotient space X /Lp is a normed linear space with respect to the norm, ||z + Lp|p =
|z, as, -, an| for every z € X. Let Mp be the algebraic complement of Lp, then
X = Lrp & Mp. Define (z,y)p = (x,ylasz, -+, ap) on X. Then (-, ), is a semi-inner
product on X and this semi-inner product induces an inner product on X / Lr which is
given by

<x+LFay+LF>F:<x7y>F:<x7y|a27”'7an> vwvyeX

By identifying X / Ly with Mp in an obvious way, we obtain an inner product on Mp. Now
for every @ € Mp, wedefine ||z ||p = \/(z, ) and it can be easily verify that ( Mg, || - ||F)
is a norm space. Let X be the completion of the inner product space Mp.

For the remaining part of this paper, (X, (-, -|-, -+, -)) is consider to be a n-Hilbert
space and I will denote the identity operator on Xp.
Definition 2.15. [11] A sequence {f;};2; in X is said to be a frame associated to
(asg, -+, an) for X if there exist constants 0 < A < B < oo such that

(22) A Hf7 ag, -+, anH2 S Z |<f7 fi|a27 Tty an>’2 S B ||f7 ag, ---, an||2
i=1
forall f € X. The constants A and B are called the frame bounds. If the sequence { f; } 72,

satisfies the right inequality of (2.2), is called a Bessel sequence associated to (ag, -+-, an)
in X with bound B.

Theorem 2.16. [11] Let { f; };2, be a sequence in X. Then { f; }2 is a frame associated
to (ag, -+, an) with bounds A & B if and only if it is a frame for the Hilbert space Xp
with bounds A & B.

Definition 2.17. [11] Let { f;};2, be a Bessel sequence associated to (ag, ---, ay) for
o

X. Then the bounded linear operator T : 12 (N) — Xp, defined by T{¢;} = Y. c¢; fi, is
i=1

called pre-frame operator and its adjoint operator T * : Xp — [2(N), given by T*(f) =

{{f, filaz, ---,an)};2, Vf € Xp is called the analysis operator. The operator S :

&)

Xp — Xp defined by Sp(f) =TT*(f) = > (f, filag, -, an) fi Vf € Xp is
i=1
called the frame operator.
If {fi};2, is a frame associated to (ag, ---, a, ) for X, then the frame operator Sp is
bounded, positive, self-adjoint and invertible. For more details on frame relative to n-Hilbert
space one can go through the paper [10].

3. K-FRAME IN n-HILBERT SPACE

Definition 3.1. Let K be a bounded linear operator on Xp. Then a sequence { f; }2°, C
is said to be a K-frame associated to (a9, -, a, ) for X if there exist constants 0 < A
B < oo such that

X
<

(o]
AHK*f,CLQ,"',(LnHQ S Z |<f7 fi‘a27"'7an>|2 S B”f7a25'”7an”27
i=1
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for all f € Xp.In particular, if K = I, then by Theorem (2.16), { f; }32, is a frame
associated to (ag, -+, ap) for X.Obviously, every K-frame associated to (ag, ---, an)
is a Bessel sequence associated to (ag, -+, ap) in X.

Remark 3.2. In general, the frame operator of a K-frame associated to (ag, -+, ap ) is
not invertible. But, if K € B(Xp) has closed range, then Sp : R(K) — Sp (R(K)) is
an invertible operator. For f € R (K ), we have

2 T * * 2 t 2 * 2
||faa27"'7an|| — H(K ) K faa2)"')an S HK H HK f7a25"'7anH .
Therefore, if { f; }°2, is a K-frame associated to (ag, ---, ap) for X, by definition (3.1),
we get
-2
A HKTH Hfaa2a "'aan”2 < <SFf,f|a23"'aan> < B ||faa2a "'aan||2
and furthermore for each f € Sp (R (K)), we have
-1 2 —1 —1 e 2
BV foas e an P < (Spt f flaz s an) <A KT as e an )
Theorem 3.3. Let { f;};2, be a K-frame associated to (agz, -+, an) for X and T €
B(Xp) with R(T) C R(K). Then {fi};2, is a T-frame associated to (az, -+, ay)
for X.
Proof. Suppose { f;};2, is a K-frame associated to (a2, -+, a,) for X. Then for each
f € Xp, there exist constants A, B > 0 such that
o0
AHK*f?aQ"“’anHz < Z |<f> fi‘a27 "'7an>|2 <B ||f7a2a "'7an||2'
i=1

Since R(T) C R(K ), by Theorem (2.1), there exists A > 0 such that 7T* < A\? K K*. Thus,

A A,
FHT f7a27'”aan||2:ﬁ<TT faf‘GJQa“'aan>
A * *
= FTT f?f‘a27"'7an §<AKK f)f|a’27"'7an>
:AHK*f7a27"'7anH2-
Therefore, for each f € Xp,

A . s
ﬁ”T faa2a T (Ln||2 < Z|<f7 fi|a27 aan>|2 <B ”f7a2a ) an”2'
i=1
Hence, { f; };2 is a T-frame associated to (as, ---, a,) for X. O
Theorem 3.4. Let { f;};2, be a K-frame associated to (asz, -+, an) for X with bounds

A, B and T € B(Xp) be an invertible with TK = KT, then {T f;};2, is a K-frame
associated to (ag, -+, an) for X.

Proof. Since T is invertible, for each f € Xp,

||K*f7a27”'7an||2 = H(Tﬁl)*T*K*f’a27...7an

iy

2 * * 2
HT K f7a27"'aanH .

IN
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_ -2
(3.1) = |77 T IE* foas L an|? ST K" foas, -, a,]”.

Also, since { f;}?2, is a K-frame associated to (ag, -+, an ), for f € Xp,

Z ’<f,Tfi’a2,"‘,CLn>‘2 = Z ‘<T*f7 fi|a27"'7an>|2

i=1 i=1
> ANKT* faz, - anll® = A T°K* f, a3, -+ ap | [since TK = KT]
-2 . ‘
> A|T 1H |K*f,ag, -+, anl||® [using (3.1)].

On the other hand, for all f € Xp,

Z ‘<f7Tfi‘a27"'7an>|2 - Z |<T*f7 fi’a%"';an)‘Q

i=1 i=1
< B HT*f7 az, =, anH2 < B HTH2 Hf7 a2, -, anHZ'
Hence, {T f; };2, is a K-frame associated to (as, -+, a, ) for X. O
Theorem 3.5. Let { f; };2, be a K-frame associated to (as, -, an) for X with bounds

A, B and T € B(Xp) such that TT* = I with TK = KT. Then {T f;};2, is a
K-frame associated to (ag, -+, an) for X.

Proof. Since TT* = I, for f € Xp, |T*f, as, -, an|® = || f, a2, -+, an|? and this
implies that || T*K* f, ag, -, anl||®> = | K*f, az, -+, an||% Also, since { f;}22, is a
K-frame associated to (ag, ---, ay), for each f € Xp,

o0 o0
Z |<f7Tfi‘a27"'7an>|2 = Z |<T*f7 fi’a% "‘7an>‘2
i=1 i=1
Z A ”K*T*fa(lQ?”'?aTL”Q = AHT*K*f,G,Q, "',GnH2
= AHK*f7a/27 "'7anH2-
Thus, we see that {7 f; };2, satisfies lower K-frame condition. Following the proof of the

Theorem (3.4), it can be shown that it also satisfies upper K-frame condition and therefore
it is a K-frame associated to (ag, -+, ay) for X. O

Theorem 3.6. Let { f; };2, be a sequence in X. Then { f; };2 is a K-frame associated to
(ag, -, an) for X if and only if there exists a bounded linear operator T : 12(N) — Xp
such that f; = Te; and R(K) C R(T), where {e;}2 is an F-orthonormal basis for
12(N).

Proof. First we suppose that { f; }2°, is a K-frame associated to (az, ---, an ).
Then, for each f € Xp, there exist constants A, B > 0 such that
(o]
A HK*f7a'27 "'70/1’1“2 < Z ’<f7 fi‘a27 "'7an>‘2 < B Hf:a/Qa "'7a'n”2-
i=1

Now, we consider the linear operator L : Xr — [?(N) defined by

o

L(f)=>Y_(f filaz, -~ ,an)e; Vf € Xp.

=1
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Since {e; }?°, is an F-orthonormal basis for 12 (N), we can write

NL ()N = S 1(f filaz, - an)|? < Bl fraz, -, anll®

i=1
Thus, L is well-defined and bounded linear operator on Xg. So, the adjoint operator L* :
[2(N) — Xp exists and then for each f € Xp, we get

<L*ei7f’a2; "';an> = <eiaL(f)’a27 "'7an>
= <eivz <f7 fi’a%"'aan>ei’a2ﬂ'”7an>
i=1

= <f7 f’i’a27 Tty a’TL> = <f’L7 f’CLQ, T an>~
The above calculation shows that, L*(e;) = f;. Also, from the definition (3.1), we get
A|K*f||2 < |IL(f)|7- and this implies that

(AKK™f, flag, -+, an) < (L"Lf, flag, -+, an)
= AKK* < TT* where T = L*
and hence from the Theorem (2.1), R(K) C R(T).
Conversely, suppose that 7' : {2 (N) — X be a bounded linear operator such that f; =
Te; and R(K) C R(T). We have to show that { f; }5°, is a K-frame associated to
(ag, -+ ,ap). Let g € [2(N) then g = i c;e;, where ¢; = (g, e;|ag, -+, ap). Now,

i=1
for all ¢ € 1?(N), we have

00
<T*f,g’a27"'ﬂan> — <T*f,ZCiei‘a27"'7an>

i=1
:Za<f7Tei’a21"'aan>:Z?i<f>fi‘a27"'van>
i=1 =1
:Z<g7ei|a27"'7an><f7fi|a27”'7a’n>
i=1
:Z<eiag|a27"'7an><fafi|a2>"'7an>
i=1
= <Z<f7fi‘a27”'7an>eiaga?v"'va’n>'
i=1
= T*(f) = > _(f filaz, -, an)e; Vf € Xp.
i=1
ThllS,fOI'&HfEXF, Z |<f7fi’a27'”7a7’b>‘2

i=1

o o0
:Z‘<f,T€i‘a2,"',(ln>|2:Z|<T*f,€i|(l2,"',an>’2
i=1

=1
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= | T* f, a2, -, an||? [since {e; % is an F-orthonormal basis |
S ”7"*||2 Hf7a27 '”7anH2 = ”TH2 ||f7a27 "')anHZ
oo
= (L filas, o an) P S NTIP N fy a2, an||? ¥V f € Xp.
i=1
Thus, { f;}72, is a Bessel sequence associated to (as, -+, ap).Since R(K) C R(T),

from Theorem (2.1), there exists A > 0 such that AK K* < TT*. Hence following the
proof of the Theorem (3.3), for all f € Xp

(o]
AHK*faan"'vanHz S ||T*f)a27"'7an”2 - Z |<f7 f’i’a2a"'aan>|2-

i=1
Hence, { fi}?2, is a K-frame associated to (az, ---, a,) for X. O
Theorem 3.7. Let { f; }32, and {g;}2, be K-frames associated to (ag, ---, an) for X
with the corresponding pre frame operators T and L, respectively. If T L* and LT* are
positive operators, then { fi + g; }52 is also a Kfmme associated to (ag, -+, an) for X.
Proof. Let { f; }?2, and {g;}?2, betwo K-frames associated to (as, ---, a, ) for X. Then

by Theorem (3.6), there exist bounded linear operators 7" and L suchthat T'e; = f;, Le; =
gi and R(K) C R(T), R(K) C R(L), where {e;}°, is an F-orthonormal ba-
sis for 12 (N). Now, we have R(K) C R(T) + R(L).By Theorem (2.2), KK* <
A2 (TT* + LL*), for some A > 0. Now, for f € X,

o0 o0
SIS fi+ gilas, - an) |2 =Y [(f, Tei + Leilag, -+, an)|?

i=1 =1

Z| T+L f,ei|a2,---,an>|2

i=1
= |(T + L)* f,as, -+, an|*® [since {e;} is F-orthonormal |
= (T + L)" f,(T+ L) flag, -, an)
=(T*"f+L"f,T"f+L"flaz, -, an)
=(T"f,T" flaz, -+, an)+(L°f, T" flag, -+, an) +
(T f, L™ flag, -+, an) + (L7 f, L" flaz, -+, an)
=(TT"f, flag, -+, an)+(TL*f, flaz, -+, an) +
+ (LT f, flaz, -+, an) + (LL*f, flaz, -+, an)
> ((T'T*+ LL") f, flaa, -+, an) [since T L*, LT™ are positive |
> % (KK*f, flag, ---,ay,) [since KK* < A2 (TT* + LL*)]
1 1 )
_>\2<K*faK flag, - 7an>:ﬁHK*faa2,“'aan”

Therefore, for each f € Xp,

1 . >
(32) )\2 ”K f,GQ,“',CLnHQS E |<f7fi+gi|a27"'7an>’2'
k=1
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On the other hand, using the Minkowski’s inequality, for each f € Xp, we have

00 1/2
<Z |<f7 f’L +gi|a2>"'>an>|2)

i=1

o 1/2 s 1/2

< (Z‘<f;fi|a27“'7an>’2> +<Z<f7gi’a27"'aan>‘2>
i=1 i=1

S\/ZHf,ag,‘-',anH—}-\/E||f,a2,-~,an||:(\/Z—i—@) Hf,CLQ,"',(InH.

This implies that

(33) Z |<f7 fz +gi|a2a"'aa’n>‘2 < (\/Z_‘_ \/§>2 Hf7a2a"'7an|‘2‘

=1
From (3.2) and (3.3), {fi + gi};2, is a K-frame associated to (ag, ---, a,) for X. O
Theorem 3.8. Let {f;}°, be K-frame associated to (az,---,ayn) for X and U :

Xr — Xr be a positive operator. Then { f; + U f;}52, is also a K-frame associated to
(ag, -+, an) for X.

Proof. Let { f;}?2, be K-frame associated to (ag, -, a,) for X with frame operator
Sr. Then for each f € Xp, there exist A, B > 0 such that

o0
AHK*f?a?a"'vanHzSZ|<fvfi‘a27“'aan>|2§B|’f7a2a"'aa’n||2'
i=1
< 2
Itiseasytoverifythat <SFf,f’(12,"‘,an> = Z ’<f7 fi‘a27"'7an>| .ThUS,
i=1
A||K*f,a2,-~-,an||2§(SFf,f|a2,---,an>§B|]f,a2,---,an||2.

This implies that AK K* < Sp < BI. Now, for each f € Xp,

oo

Yo (f fi+ Ufilas, - an) (fi + Ufi)

i=1

= S AT+ U) filaz, - an) (I+ A) fi
=1

= (I+U)Y ((I+U)"f filag, - an) fi = (I +U)Sp (I +U)" [
i=1
This shows that the corresponding frame operator for { f; +U f; }32, is (I+U)Sp (I + U)". Since
S, U are positive operators, (I + U)Sp (I + U)* > Sp > AK K*, by Theorem (2.8),
{fi + U fi}2 is a K-frame associated to (ag, ---, ay) for X. O
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Theorem 3.9. Let { f; };2 be a K-frames associated to (a2, -+, an) for Hy with bounds
A and B. If there exists a constant M > 0 such that

ST fi = gilas, - an)|?

i=1
o o
(3.4) sMmin{z|<f,f¢|a2,---,an>|2,z|<f,gi|a2,---,an>|2},
i=1 i=1
forall f € Hp. Then {g;};2, is a K-frames associated to (asz, ---, an) for Hi.

Proof. For each f € Hp, we have

o 1/2
<Z | (fs filas, "',an>\2> = [{{f, filaz, -+ an) }

i=1

< [ fi = gilag, - an) I+ [[{(f, gilaz, -+, an) }]
< (VM +1) 1{(f. gilaz, - an) } |

= SO filan - an) P < (VAT + 1) S0 [ gilan, o an) |

i=1 i=1

- A
:>Z‘<fvgi‘a27"'7an>|22—QHK*faa27"'7anH2~

= (m+1)

On the other hand, for each f € Hp, we have

- 1/2
(Z |{f, gilaz, "'7an>‘2>

iZIOO 1/2 . 1/2
< (Z [(f, fi — gilas, '-'7Gn>|2> + <Z | (f, filas, "‘;an>‘2>
= . Ve
< (VM +1) (Z (S, firag,-..,am?)
=1

[ee]
2
= S 1 fgilas - an) > < B (VM 1) | f az, a0l

=1

Thus, {g;};=, is a K-frames associated to (ag, ---, ap) for Hj.
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Converse part: Suppose {g;};=, is a frames associated to (az, - -, an) for H; with
bounds C and D.Now, for each f € Hp, we have

00 1/2
<Z| faf’L gi|a27”'7a/n>|2)

=1

- 1/2 0o 1/2
S( | f?fi|a2a"'7an>|2> + <Z|<f>gi|a27"'7an>|2)
z;l L =1
= (Z f?fi|a27"'7an>|2> +\/B||f7a21"'aan||
B 1/2
<( ><Z| f7f1|a2a"'aan>‘2> .
=1

On the other hand, for each f € Hp, we have

) 1/2
(Z | (fs fi _gi|a27"'7an>|2>

z’:1oo 0 ) »

< (Z |/, fi|a27"'7an>|2> + (Z |<f79i|02,“',an>|2>
1=1 N i=1 1/2

S\/EHf)CLQv”'?a’nH_’_<Z|<f7g’i|a2)”')an>|2>

i=1

1/2
< (1+> <Z| f7gz|a2, ’ >|2> :
i=1

Now, if we take
. VB VD
M-mm{(l—i—\/a),(l—l-m)}v

then the condition (3.4) holds. This completes the proof. O

Theorem 3.10. Let { f;};2, be Ki-frame and Ka-frame associated to (asz, -+, ay ) for
H. Then for any scalars o, 8, { fi};2 1 is a K1 + B Ko-frame and Ky Ky-frame assoczated
to (ag, -+, ay) for Hy.

Proof. Since { f; };2, be an atomic system associated to (ag, ---, a, ) for K; and Ky in
H1, there exist positive constants A,, B, > 0, n = 1, 2 such that

o0
An HK':fva2a"'aan”2 S Z |<f7 fi|a27"'7an>’2

i=1
(35) SBn ||faa27"'aan||2
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for all f € Hp.Now, for each f € Hp, we have

* 1 *
”Kl f702,"‘,anH2: |Oé|2 HaKl f’a2""’an”2
1 * * *
:WH(OJQ +BK3) f— BKS f,az, -, anl’
1 * * *
> W (H(aKl +/8K2)faa2>"'>an||2 - ||5K2 f7a27"'7an||2>'
This implies that
||(0(K1*+BK2*)f,a2,'”,an”2
S |a|2||K1*f7a27"'7a7l||2+‘ﬁ|2||K2*f7a27"'7an||2
< max { ol [B12H{I KT £y as, - an | + 1K foaz, -, anl|?}
Thus, for each f € Hp, we have
1 2
max{|a|2 |5|2}H(a 1+6 2)f7a2) 7an||
< (+) ST Filan o an)]?.
i=1
On the other hand, from 3.5, we get
oo
B +B
SN filas, - an) [P < T2 fas, o an||? V€ Hr.
i=1
Hence, { f; };2, isa a K + 8 Ks-frame associated to (ag, -+, a, ) for Hj.
Now, for each f € Hp, we have
”(KlKQ)*f?a?v"'vanHQ: HKQ*Kl*f7a27"'7anH2
* || 2 * 2
S ||K2 || ||K1 f7a2a"'aan||
Thus, for each f € Hp, we have
A . .
Wnu«lfm fras, - an|® < ALK faz, o an?
2

[o¢]
S Z |<f7 fi|a25'”aan>|2 S Bl ||f,(12,"',(ln||2

i=1
Therefore, { f;};=, is a K; Ko-frame associated to (as, ---, an) for H;.This completes
the proof. O
Theorem 3.11. Let Ky € B(Hp) and { f; };2, be a Ki-frame associated to (asz, -+, an)
for Hy. Suppose Ko € B(Hp) and A1, Ao > 0 with Ao < 1 such that

H(Kl* - KZ*) f? az, =+, an” <M HKl*fa az, =+, an” +

+ >\2 HK;f,CLQ, "'7anH7
forall f € Hp. Then { fi};2, is a Ka-frame associated to (a2, ---, an) for Hi.
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Proof. Let { f; };2, be a K;-frame associated to (as, -+, a,) for Hy with bounds A and
B.Now, for each f € Hp, we get
HKQ*faa27"'7anH < H(I{f< - KQ*)fva’Qv"'vanH + HKl*f7a27"'7anH
S (1+>\1)HK1*f,CLQ,"‘,(InH+>\2 HKQ*f)aZa"'vanH
= (1= X) | K5 fraz, -+, anl < (14 M) [ K] faz, - anll.
Thus, for each f € Hp, we have
1—x\%, .
A <1 _'_)j) ”KQ f:a21"'aan” < AHKl f>a27"'7anH
o
SZ’<f)fi|a27"'7an>|2SBHf7a27"'7anH2~
i=1
Hence, {f;};2, is a Ky-frame associated to (a2, -+, a,) for H;.This completes the
proof. O

Corollary 3.12. Let K1, Ko € B(Hp) and 0 < A, Ay < 1 such that

H(va‘< - KQ*) fraz, -, an” <M HKl*f7 az, -, anH +
+ AQ HKZ*f7a27 "'7CLTLH7
for all f € Hp.Then { f;};2, is a Ki-frame associated to (as, -, an) for Hi if and
only if it is a Ko-frame associated to (ag, -+, ayn) for Hi.

Proof. Proof of this Corollary is directly follows from the proof of the Theorem 3.11 by

interchanging the role of K; and Ko. g
Corollary 3.13. Let K € B(Hp) and { f; };2, be a K-frame associated to (asz, -+, ap)
for Hy.Suppose 0 < A1, Ao < 1 such that

K" f = fraz - anll <MK foag, - anll + X | f, a2, -, anl,
forall f € Hp. Then { fi};2 is a frame associated to (az, ---, ap) for Hi.

Proof. Proof of this Theorem is directly follows from the Theorem 3.11 by putting K; = K
and K2 =1 F. ]

4. TiGHT K-FRAME AND ITS PROPERTIES IN n-HILBERT SPACE

Definition 4.1. A sequence {f;}?2; in X is said to be a tight K-frame associated to

(a9, -+, a,) for X if there exist constants 0 < A < B < oo such that
(0.9]
(41) Z |<f> fi‘a27 ) an>|2 =A ||K*fa a2, -, an||2 Vf € XF
i=1
If A =1,then {f;} is called Parseval K-frame associated to (ag, ---, a,) for X.

Remark 4.2. From (4.1), we can write

<\/12f7 fiaz,---,an>

e}

>

=1

2
- ”K*f7a27'”aan||2'
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Therefore, if { f; }2°2, is a tight K-frame associated to (ag, ---, a, ) with bound A then
1 oo
the family { — [ } is a Parseval K-frame associated to (ag, ---, a,) for X.
VA i=1
Proposition 4.3. Let { f;}?2, be a tight frame associated to (agz, -, an) for X with
bound A and K € B(Xp), then { K f; }2°, is a tight K-frame associated to (azg, --- , ap)
for X with bound A.
Proof. Since { f;}5° is a tight frame associated to (as, ---, ap) for X with bound A,

for any f € Xp, we have

SIS K filag, - an) |2 =Y (K" f, filag, -+, an)|?

i=1 =1
= AHK*f? az, -+, an”2

and hence { K f; }°, is a tight K-frame associated to (ag, ---, ap) for X with bound
A. O
Proposition 4.4. Let K, T € B(Xp) and {f;}2, be a tight K-frame associated to
(az, -+, an) for X with bound A. Then {T f;}3°, is a tight T K-frame associated to
(ag, -+, an) for X with bound A.

Proof. Since { f; }2, is a tight K-frame associated to (as, ---, ap) for X with bound A,

for any f € Xp, we have

Z ’<f7Tfi|a27”'7an>’2 = Z ’(T*.ﬂ fi‘a27"'7an>‘2

i=1 1=1
= AHK*(T*f)7 a2, ", an||2: AH(TK)*f’ ag, -, (InH2
and hence {T f; }2°, is a tight T' K-frame associated to (ag, ---, ap) for X with bound
A. O
Theorem 4.5. Let { f; }2°, be a tight K-frame associated to (asz, ---, an) for X with
bound A. Then there exists a Bessel sequence {g;}52, associated to (asz, -+, an) with
bound B such that for all f € Xp,
o0
K(f)=>Y_ (f gilas, -+, an) fi and AB > 1.
i=1
Proof. Let { fi}52, be a tight K-frame associated to (ag,---, a,) for X with bound
A. Then by Theorem (2.4) of [3], there exists a Bessel sequence {g;}°, associated to
(ag, -+, an) with bound B such that
oo
K(f) = Z <f) gi‘CLQ, 7an> fz and
i=1
o
K*(f)=Y_(f filaz, -~ an)gi Vf € Xr.
i=1
Since { f; }2, is a tight K-frame associated to (ag, ---, a, ) for X, we have

Z |<f7 fi‘a27"'7an>|2 = AHK*f7a2,"',(lnH2

i=1
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o 2
=4 Z<f7fi|a27"'7an>giaa?v"'van
1=
00 2
=A sup Z<<f7 fi|a27"'aan>gi,9‘025"',an>
lg,a2,,anl=1 i=1
o 2
=A sup S Af filag, - an) (giglag, -+ an)
Hgva‘27"'7an”:1 1=1
o0 oo
SA sup {Z’(f? f’i|a’27”'7a’n>’2z‘<giag|a27”'7an>’2}
nga27"'7an”:1 1=1 i=1
o0
<4 sup {Z’(f? fi|a27”'7an>’2‘BHgva27'”7a7’b”2}
nga27'"7an”:1 =1
[since {g;};2, is a Bessel sequence associated to (a9, -+, a,) with bound B ]
oo
= ABY [(f, filaz, -, an)|’.
i=1
The above calculation shows that A B > 1. OJ
Theorem 4.6. Let { f; }°, and {g; }52, be two Parseval K-frame associated to (az, -+, ap )

for X with the corresponding synthesis operators T and L, respectively. If T L* = 0,
where 6 is the null operator on Xp then { fi + g;}2, is a tight K-frame associated to
(ag, -+, an) with frame bound 2.

Proof. Let {f;};2, and {g;}2, be Parseval K-frames associated to (ag, ---, ay) for
X. Then by Theorem (3.6), there exist synthesis operators T and L such that Te; =
fi, Le; = g; with R(K) C R(T), R(K) C R(L) respectively, where {e; }?°, isa
F-orthonormal basis for 12 (N). Now, for f € Xp,

T : Xp = 12(N), T*(f) = i (f, filaz, -+, an) e;, and
i=1

L* : Xp = I*(N), L*(f) = i (fogilaz, -+ an) e
Now from the definition of Parseval K-frame asslozciated to (ag, -+, an),
(4.2) I K*f, as, "wanHQIi [(f. filaz, - an) [P = | T*f, az, -, an|?
i=1
o0
(4.3) IK*fy a9, s an |2 =" [(f: filaz, -+ an) [P = [ L*f, a2, -+ an |
i=1

Following the proof of the Theorem (3.7), it can be shown that for each f € Xp,

SIS fi+gilas, - an) |2 =Y [(f (T +L)eilasg, -+, an)|’

i=1 =1



106 P. GHOSH AND T. K. SAMANTA

= (T + L) fyas, -, an|”
= <TT*f7 f‘GQ, ) an> + <TL*f7 f’CLQ? T, an> + <LT*f7 f|a'27 T an)
+(LL*f, flag, -+, ap)
=(TT*f, flag,---,an) + (LL*f, flag, -, ap) [since TL* =0 = LT"]
= <T*f7 T*f‘a27 Ty (ln>+<L*f, L*f|a27 Tty an>
= HT*f7 a2, -, anH2+HL*fv A, -, anH2
C K fran e anl| 2+ K" fy s, -, an|? [using (4.2) and (4.3)]
=2 HK*faa/% 7anH2-

Hence, {fi + ¢i}2, is a tight K-frame associated to (ag, ---, a,) for X with bound
2. O
Conclusion

In this paper, we have studied the notion of a K-frame associated to (ag, -+, a,) for
n-Hilbert space X and presented some of their characterizations. We have established stabil-
ity condition of K-frame associated to (asg, ---, a,) for X under some perturbations. We
have verified that sum of two K-frames associated to (ag, -+, a,) for X is also a K-
frame associated to (ag, -+, ap) for X.Also, the concept of tight K-frame associated to
(ag, -+, an) for X is described and some properties of its are going to be established. Here
we point out a few open problems for future work.

o {Uifi+ Usfi};2, is K-frame associated to (ag, ---, ap) for X, whether the oper-
ators U; and Uy are positive or not?

o Let {fi};2q, {9i};=, and {h;};2, be K-frames associated to (as, ---, a, ) for X
whether { fi + gi + h;};o is K-frame associated to (ag, -+, a, ) for X or not?
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