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DUALITY AND o-DUALITY OF G-FRAMES AND FUSION FRAMES
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ABSTRACT. In this paper, we get some results about a-duals of g-frames and fusion frames
in Hilbert spaces. Especially, the direct sums and tensor products for a-duals of g-frames
and fusion frames are considered and some of the obtained results for duals are generalized
to a-duals.
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1. INTRODUCTION AND PRELIMINARIES

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [5] in 1952 to
study some problems in nonharmonic Fourier series, reintroduced in 1986 by Daubechies,
Grossmann and Meyer [1]. Many generalizations of frames have been introduced that one of
the most important of them is g-frame introduced in [10].

Let H be a separable Hilbert space and let I be a finite or countable index set. A family
F ={fi}ier € H is a frame for H, if there exist two positive numbers A and B such that

AFIP < DI P < BIFI,
el
for each f € H. A and B are the lower and upper frame bounds, respectively.

For each i € I, let H; be a Hilbert space. In this paper, L(H, H;) is the set of all bounded
operators from H into H; and L(H, H) is denoted by L(H).

Definition 1.1. We call A = {A; € L(H,H;) : i € I} a g-frame for H with respect to
{H; : i € I} if there exist two positive constants A and B such that

AJLFIP <D IMFIP < BIIFIP,
el
for each f € H. If only the second inequality is required, we call it a g-Bessel sequence with
upper bound B. If A= B, A is called an A—tight g-frame.
Note that

ey H; = {{f@-}ieﬂfi & Ho | {fikictls? = S 1A < oo}

el
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with pointwise operations and the inner product defined by

{fitier gitier) = (fir9i)
el

is a Hilbert space. If H; = H for each i € I, we denote ®;crH; by (2(1, H).

For a g-Bessel sequence A = {A; € L(H, H;) : i € I} the synthesis operator is Th : ®jerH; —
H, Ta({fi}icr) = X _icr A} fi and its adjoint operator which is Tx (f) = {A;f}icr is called the
analysis operator of A. The operator Sy is defined by Sy = TAT}. If A is a g-frame, then Sy
is invertible. The canonical g-dual for A is defined by A= {/L}IE ; where A; = Angl which
is a g-frame and for each f € H, we have

F=Y AAf =) AN

el el

Also a g-Bessel sequence I' = {I'; € L(H, H;) : i € I} is called an alternate g-dual or a g-dual

for a g-Bessel sequence A if
f=) Tihif =) ATif,
icl icl

for each f € H.

Another important generalization of frames is the fusion frame introduced in [3].

Let {W;}ier be a family of closed subspaces of a Hilbert space H, and {w;};csr be a family
of weights, i.e., w; > 0 for each i € I. Then W = {(W;,w;) }icr is a fusion frame, if there are
two positive numbers A and B such that for each f € H,

AILFIP <D @ llmw, (HIF < Bl fI1%,
el
where 7y, is the orthogonal projection onto the subspace W;. If only the right-hand inequality
is required, then W is called a Bessel fusion sequence. If A = B, then W is called a tight
fusion frame.

It is easy to see that if W = {(W;,w;) }ier is a Bessel fusion sequence, then the operator
Syy defined on H by Swf => ./ w?ﬂ'wi f is well-defined, bounded and positive. Also, if W
is a fusion frame, then Syy is invertible.

Let W = {(W;,w;) }ier and V = {(Vj, vi) }ier be two Bessel fusion sequences. Then, V is
called a dual of W if )~ viwimw, 7y, f = f, for each f € H, see [0].

Note that W = {(W;, w;) }ier is a fusion frame if and only if Ayy := {w;mw, }ier is a g-frame.

Direct sums and tensor products of g-frames have been studied recently (see [I, 8, 9] and
the references stated in these papers). Also, direct sums and tensor products of fusion frames
in Hilbert spaces have been considered by some authors (for more information, see [7, 8] and
the references stated therein).

In this note, we obtain some results for the tensor product and direct sum of a-duals for
g-frames and fusion frames, mostly, we generalize the obtained results for duals in [3, 9] to
a-duals.

2. MAIN RESULTS

In this paper I, J and I, for each 1 < k < n, are finite or countable index sets. H, Hj,
Hy, Hyj, Hyx) and Hyq,; are separable Hilbert spaces for each j € J, k € {1,...,n} and
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i(k) € I. ®; = {Ay; € L(Hj, Hyj) 1 i € I}, U; = {I'y; € L(Hj, Hyj) 1 i € I}, ®%) = {A;) €
L(Hi, Hyg) Yiwyer,, ¥ = {Tiwy € L(Hi, Hyg) Yiwyer,» ©p_q @F) s
{Ai) ® ... @ Nyny € L(®f—1Hy, Hi1) ® - .. @ Hi(n)) }i(1).....i(n)) e (I x...x 1)
2
and ‘135- ) = {Ai(k)j € (ijaﬂi(k)j)}i(k)elk-

Recall that if Hy is a Hilbert space for each 1 < k < n, then the (Hilbert) tensor product
®p_1Hp = H1 ®...® H, is a Hilbert space. The inner product for simple tensors is defined
by (®@F_1 fr, @} _19k) = I} (fk, gk), where fi, g, € Hy. If Uy is a bounded linear operator
on Hj, then the tensor product ®}_,Uj is a bounded linear operator on ®j_,Hy. Also
(@, Un)* = @}, U} and || @y Uell = T, Uil

Tensor products have important applications, for example tensor products are useful in the

approximation of multi-variate functions of combinations of univariate ones.
We recall the following definition from [2].

Definition 2.1. Let a € Z and let A = {A; € L(H,H;) : i € I} be a g-frame. A g-frame
I' ={I'; € L(H,H;) : i € I} is called an a-dual of {A;}ier if > .o  A;Tif = S{f, for each
feH.

Example 2.2. (i) Since o, AFASYHf = S{f, {AiSY Yier is an a-dual of A.
(i) If a = 0, then S{~ = Sy!, so the canonical dual ({A;S}'}icr) is a 0—dual of A.
Now we get the following result for a-duals of g-frames.

Theorem 2.3. Suppose that ®*)’s and ¥ *) ’s are g-frames. If %) is an a-dual of ®*), for
each k € {1,...,n}, then ®Z:1\I/(k) is an a-dual of ®Z:1<I>(k).

Proof. Let Ay, and By, be bounds of ®*). For each 1 < k < n, we have
Ag-ddp, < Spm) < By Idp,,
SO
(i1 Ak)-Id@n_ ) < ®p—1Spm < (Wg—yBk)-Idgpr_ m,)-
Therefore, for each z € ®}'_, Hy, we get
(=1 4k)(2, 2) = (Qf=15pm 2, 2) < (g1 Br)(2, 2)

and since

(2.1) (®h=1Spm 2, 2) = > 1(Ai) ® .. ® Nyny) 2|12,
(i(1) i) € (T X.... X T1)

we get ®Z:1(I>(k) is a g-frame. Similarly, we obtain that ®Z:1\Ii(k) is a g-frame.
It is also obtained from (2.1) that ®}_;Sem) = S®271q>(k). Thus, for each m € N, we have

n m _ n m o __ m
®h=19gm = (Dhi=1560)™ = Sgn_ g

and
n -1 _ n -1 _ ¢—1
®k:15q>(k) - (®k:15¢p(k>) - S®Zﬂ¢,(;@)a

so for each a € Z, we have

n « _ n o __ 3
®k=19gm = (®=15m)" = Sgn_ p-
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Hence, for each ®j_, fyx) € ®j_, Hg, we have

> (Ai) ® - @ Nj)) " (Ti1) ® -+« @ Ty ) (@1 ficr))
(#(1)y0si(n)) €1 X X Tn)
@199k (®h=1 fitk)) = (®p=19m))* (®)=1 fitk))
= S%?,;:l@(k>(®zz1fi(k))~

This implies that ®Z:1\Il("“) is an a-dual of ®Z:1¢’(k). 0

Corollary 2.4. Suppose that ®*)’s are Ay—tight g-frames. If U5 is an a-dual of ¥, for
each k € {1,...,n}, then

{ @ i ()}(i (1) ()}(Z

(1)) €I x.oox ) @1 A=y w)e(lx...x 1) are g-duals.

In the rest of this note, YW and V are supposed to be {(Wi,wi)}id and {(Vi,vi) }ier,
respectively. Also, here, I, J and I, for each 1 < k < n, are finite or countable index sets.
H, Hj, Hz(k) and H,,; are separable Hilbert spaces for each j e J, k€ {1,...,n} and

i(k) € I. = {(Wij,wi) :i € I}, Vi = {(Vij,wi) i € I}, WB = {(W, i(k)s WiCk)) (k) el s
Vv = {(; k)aUz(k Vhikyer,, @p_ W) s

{Wiy @ ... @ Wiy, wi(1) - - - Wign)) }(6(1),..osi(m)) (1 . X I )5
and W = {(Wi)j>Wik)) Yitkyer, » where Wiz, Vi; are closed subspaces of Hj, Wi, is a closed
subspace of Hj(xy and Wj,; is a closed subspace of H;);. Note that if M, is a closed subspace

of Hy, for each 1 < k < n, then it is easy to see that Ten_ Mg = Qp_1T M-
The concept of a-duality can also be defined for fusion frames similar to g-frames.

Definition 2.5. Let o € Z and VW and V be two fusion frames for H. Then, V is called an
a-dual of W if ), ; viwsmw, v, f = Sy, f, for each f € H.

Example 2.6. (i) Since ),y wiwimw, mw, f = Swf, W is a 1-dual of itself.
(ii) If V is a dual of W, then V is a 0-dual of W.

Now, we get the following result for a-duals of fusion frames.

Proposition 2.7. Suppose that W*)’s and V¥ ’s are fusion frames. If V®) is an a-dual of
(k) for each k € {1,...,n}, then ®Z:1V(k) is an a-dual of ®Z:1W(k).

Proof. The result follows from Theorem 2.3 and using the fact that
k) .= {wik)™w, i, Yitkyer, is a g-frame for each 1 < k < n if and only if

P @M = {w;q .. Wi(n) T (W)@ @Wi(ny) } (i(1),.i(n)) (I % ..x I, 1S & g-frame. U

Corollary 2.8. Suppose that W*)’s are Ap—tight fusion frames. If V®) is an a-dual of
k) for each k € {1,...,n}, then

i(1) ®...0 i(n)> Ao
1 (3(1),...,i(n))e(I1 X...X In)

{(v(l>®...®v( | U(l)”())}
(M2 AR)* J ) Gy i eix.. x )

and

are duals.
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Let ®; = {Aj; € L(Hj,H;;) : i € I} be a g-Bessel sequence for H;, j € J, with upper
bound Bj such that B := sup{B; : j € J} < oco. Then {®;};c; is called a B-Bounded family
of g-Bessel sequences or shortly B-BFGBS.

Let ®; = {Ay; € L(H;j,H;;) : i € I} be an (Aj, Bj) g-frame for H;, j € J, such that
A:=inf{A;:je J} >0and B :=sup{Bj:j € J} <oo. Then we say that {®;},cs is an
(A, B)-bounded family of g-frames or shortly (A, B)-BFGF.

Theorem 2.9. Let {®;};cs and {¥;}jc; be BFGF. If ¥; is an a-dual of ®;, for each j € J,
then ®jcg¥; := {®je L 11 € I} is an a-dual for ®jcj®; = {®jeslij 11 € I}.
Proof. Suppose that {®;};cs is an (A, B)-BFGF. Then,
Addy, < S, < B.Idy,,
for each j € J, so
A‘Id®jeJHj < @jEJSq)j < B~Id69]-EJHj~
Consequently, for every f; = {f;}jcs € ®jcsH;, we get

Al fiYjer Afitien) < (Sejes0;(f2), f1)
= > D INGUDNIP < B FiYjer {fidien).

i€l jeJ

ZH EB]GJAZJ fJH ZZHAz] f] )

el i€l jed
we obtain that @©,c;®; is a g-frame for ©;c;H;. Similarly, we can see that ©;c;¥; =
{®jeTij 11 € I} is a g-frame. Also, we have

(So,cr0,(f) f1) = DD MAGUH)IP
i€l jeJ

= > D NG = (®sesSe,) f1, 1),

jeJ iel

Since

therefore Sg . ;0, = ®jcsSe;. Now, it is easy to see that Sg P, @jejsgj, for each n € N
and Séle P, EBjGJS;jl, so for each a € Z, we have Saj @jeJS%j. Also, for each

{fitjes € ®jesHj, it is easy to see that

> (@jeshig) (@jeTi{fi}ies = {ZA i ( fy}
JjeJ

GJ]'

el el
= {58, (fi)}jes = (®jesSs,)({fi}jer)
S%jeJéj({fj}jeJ)‘

This means that @jGJ\Ilj = {@jejri]’ NS I} is an a-dual for @jEJ(I)j = {@jEJAZ'j NS I} ]

Corollary 2.10. Let {@g-k)}jej and {qj§k)}jej be BFGF, for each 1 <k <n and let <I>§k) be

an a-dual of W§k), for each j € J and k € {1,...,n}. Then ®Z:1(@jejtl)§-k)) is an a-dual of
k

®Z:1(@j€J\IJ§ )).

Proof. The result follows from Theorems 2.9 and 2.3. O
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Let W; = {(Wjj;,w;) : i € I} be a Bessel fusion sequence for Hj, j € J, with upper bound
Bj such that B := sup{B; : j € J} < oco. Then {W;};e; is called a B-Bounded family of
Bessel fusion sequences or shortly B-BFBFS.

Let W; = {(Wij,w;) : i € I} be an (A;, B;) fusion frame for Hj;, j € J, such that
A:=inf{A;:je J}>0and B :=sup{B;:jc J} <oo. Then, we say that {W;};csis an
(A, B)-bounded family of fusion frames or shortly (A, B)-BEFFF.

The next theorem and corollary are immediate consequences of the results obtained for
g-frames in Theorem 2.9 and Corollary 2.10, respectively.

Theorem 2.11. Let {W;};cs and {V;};cs be BFFF. IfV; is an a-dual for Wj, for each j € J,
then ®jcV; = {(®jesVij,vi) 1 i € I} is an a-dual for ®jc Wj = {(®jesWij,wi) 1 i € I}.

Corollary 2.12. Let {Wj(k)}jej and {V](-k)}jej be BFFF, for each 1 < k <n and let V](k) be
an a-dual of W](-k), for each j € J and k € {1,...,n}. Then ®Z:1(@jejvj(-k)) is an a-dual of
®Zzl(@j€JW](-k)).
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