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ABSTRACT. In this paper we introduced direct product of intuitionistic fuzzy multigroups
of G under norms(/FMSN(G)) and we prove that it will be also IFMSN(G). Next we
shall study some important properties and theorems for them. On the other hand we shall
give the definition of the identity element, strong upper- lower and weak upper- lowerof
them and study the main theorem for this. We shall also give new results on this subject.
Also we define the concepts of conjugate and commutative of IFFMSN(G) and investigate
them under direct product. Finally, we organize them under group homomorphisms and we
prove that the image and preimage of direct product of IF M SN (G) will be also IFMSN(G).
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1. Introduction and Background

A multiset (mset), which is a generalization of classical or standard (Cantorian) set, is a
"set” where an element can occur more than once. The term multiset (mset in short) as Knuth
[4] notes, was first suggested by De Bruijn [3] in a private communication to him. The concept
of fuzzy sets was proposed by Zaded [28] to capture uncertainty in a collection, which was
neglected in crisp set. Fuzzy set theory has grown stupendously over the years giving birth to
fuzzy groups introduced in [24]. Recently, Shinoj et al. [25] introduced a non-classical group
called fuzzy multigroup, which generalized fuzzy group. In 1983, Atanassov [1, 2] introduced
the concept of intuitionistic fuzzy sets. The concepts of intuitionistic fuzzy multiset and
intuitionistic fuzzy multigroup are introduced in [26, 27], which have applications in medical
diagnosis and robotics. The First author by using norms, investigated some properties of
fuzzy algebraic structures [5-23] specially in [5-9] initiated the study of fuzzy multigroups,
anti fuzzy multigroupsand and intuitionistic fuzzy multigroups under norms and investigated
some properties of them.In this study, we introduce the concept of direct product, conjugate
and commutative of IFMSN(G) and we obtain some results about them. Also we discussed
few results of them under group homomorphisms.

2. Preliminaries

This section contains some basic definitions and preliminary results which will be needed
in the sequel. For details we refer to [5-9].
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Definition 2.1. Let G be an arbitrary group with a multiplicative binary operation and
identity e. A fuzzy subset of G, we mean a function from G into [0,1]. The set of all fuzzy
subsets of G is called the [0, 1]-power set of G and is denoted [0, 1]¢.

Definition 2.2. Let X be a set. A fuzzy multiset A of X is characterized by a count
membership function

CMy: X —[0,1]
of which the value is a multiset of the unit interval I = [0, 1]. That is,
CMa(z) = {u*, p?, ..., p", .. Wz € X,
where put, p?, ..., u", ... € [0,1] such that

(pr>p? > >p"> ).

Whenever the fuzzy multiset is finite, we write

CMA(x) = {/’L17:u'27 "'7Mn}7

where ub, p?, ..., u™ € [0, 1] such that

(> p? > > ),
or simply
CMa(z) = {n'},
for u* € [0,1] and i = 1,2,...,n
Now, a fuzzy multiset A is given as
CMa(z)
A= {T cxe€Xtor A= {(CMy(x),x):xz € X}.
The set of all fuzzy multisets is depicted by FMS(X).
Example 2.3. Assume that X = {a,b,c} is a set. Then for CMy(a) = {1,0.5,0.4} and
CMa(b) ={0.9,0.6} and CM4(c) = {0} we get that A is a fuzzy multiset of X written as
1,0.5,0.4 0.9,0.6

A= oy

Definition 2.4. Let A, B € FMS(X). Then A is called a fuzzy submultiset of B written as
ACBif CMa(z) < CMp(z) for all x € X. Also, if A C B and A # B, then A is called a
proper fuzzy submultiset of B and denoted as A C B.

Definition 2.5. A ¢t-norm T is a function 7" : [0,1] x [0, 1] — [0, 1] having the following four
properties:

(T1) T'(z,1) = x (neutral element),

(T2) T'(z,y) < T(z,z) if y < z (monotonicity),

(T3) T'(x,y) = T(y,x) (commutativity),

(T4) T'(z,T(y,2)) = T(T(z,y), 2) (associativity),

for all z,y, z € [0,1].

We say that T' be idempotent if T'(x,z) = « for all x € [0, 1].

It is clear that if z1 > x9 and y1 > yo, then T'(z1,y1) > T(x2,y2).
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Example 2.6. (1) Standard intersection t-norm T, (z,y) = min{z, y}.
(2) Bounded sum t-norm Ty(z,y) = max{0,z +y — 1}.
(3) algebraic product t-norm Tp,(x,y) = zy.
(4) Drastic T-norm
y ifz=1
Tp(x,y) =« = ifty=1
0 otherwise.

(5) Nilpotent minimum ¢-norm

_f min{z,y} ifzx+y>1
TnM(mvy) - { 0 otherwise.

(6) Hamacher product ¢-norm

0 ifz=y=0

Thy(z,y) = { zy otherwise
T+y—xy ’

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise
largest t-norm: Tp(x,y) < T(z,y) < Tmin(z,y) for all z,y € [0,1].

Definition 2.7. ([6]) A t-conorm C'is a function C' : [0, 1] x [0, 1] — [0, 1] having the following
four properties:

(Cl) C(z,0) ==

(CQ) C(:Cay) < C(l‘,Z) if y<z
(C3) C(x,y) = Cly, x)

(C4) C(z,C(y,2)) =C(C(x
for all z,y,2 € [0,1].

s Y)s2)

We say that C' be idempotent if C(z,z) =« for all x € [0, 1].

Example 2.8. (1) Standard union t-conorm C,,(x,y) = max{x,y}.
(2) Bounded sum t-conorm Cy(x,y) = min{l,z + y}.
(3) Algebraic sum t-conorm Cp(x,y) =z +y — zy.
(4) Drastic T-conorm
y ifx=0
Cp(z,y) =4 « ify=0
1 otherwise,
dual to the drastic t-norm.
(5) Nilpotent maximum ¢-conorm , dual to the nilpotent minimum ¢-norm:

| max{z,y} ifrx+y<l1
Cnm (,y) = { 1 otherwise.
(6) Einstein sum (compare the velocity-addition formula under special relativity) Cr, (z,y) =
Tty
1+ a2y
the maximum and the drastic t-conorm: Chax(z,y) < C(z,y) < Cp(x,y) for any t-conorm
C and all z,y € [0, 1].

is a dual to one of the Hamacher t-norms. Note that all t-conorms are bounded by

Recall that t-conorm C' is idempotent if for all z € [0, 1], we have that C(x,z) = .
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Lemma 2.9. Let T be a t-norm and C be a t-conorm. Then
T(T(z,y), T(w,2)) = T(T(z,w), T(y,2)),

and
C(C(z,y),C(w,z)) = C(C(z,w), C(y, 2)),
for all z,y,w, z € [0, 1].

Definition 2.10. Let A = (CMa,CNy) € IFMS(G). Then A is said to be an intuitionistic
fuzzy multigroup of G under norms( t-norm 7" and t-conorm C) if it satisfies the following
conditions:

(1) CMa(zy) > T(CMa(), CMa(y)),

(2) CMa(z™Y) > CMy(2),

(3) CNy(zy) < C(CNa(z),CNa(y)),

(4) CNA(z71) < CNy(z),

for all z,y € G.

The set of all intuitionistic fuzzy multigroups of G' under norms( ¢-norm 7" and ¢-conorm C')

is depicted by IFMSN(G).

Theorem 2.11. Let A= (CMy,CNy) € IFMSN(G) and T,C be idempotent. Then
(1) A(e) 2 A(x) for all x € G.
(2) A(z™) D A(x) for allz € G and n > 1.
(3) A(z) = A(z™1) for all z € G.
3. Direct Product of IFMSN(G)

Definition 3.1. Let A = (CM4,CN4) € IFMSN(G)and B = (CMp,CNp) € IFMSN(H).
The direct product of A and B, denoted by

Ax B = (C'MA,CNA) X (C’MB,CNB) = (CMA XCMB,CNAXCNB) = (CMAXB,CNAXB),
is characterized by as functions

and
CNAXB :Gx H— [0,1]
such that
CMaxp(z,y) = T(CMa(x),CMp(y))
and

CNaxp(z,y) = C(CMa(z), CMp(y))
forallz € Gand y € H.

Example 3.2. Let G = {1,2} be a group, where 22 = 1 and H = {e,a,b,c} be a Klein 4-
0.4,0.2,0.1 0.2,0.1

0.5,0.4 0.6,0.3
group, where a? = b> = 2 = e. Let CM4 = { ’1 ,———}and CN4 = { 0 , }
T x
and 0.6,0.25 0.35,0.25 0.50,0.40 0.4,0.3
oMy — (26:0:25 035,025 0.50,0.40 04,03,
e a b c
and

0.2,0.15 0.5,0.45,0.25 0.20,0.15 0.25,0.15
CNg = { , : , }

e a b c
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be fuzzy multigroups of G and H. Let

G x H={(1,e),(1,a),(1,b),(1,¢), (x,¢), (z,a), (x,b), (z,c)}
be a a group from the classical sense. Define
0.2,0.1 0.55,0.35 0.45,0.35 0.6,0.2 0.4,0.3 0.25,0.15 0.7,0.3 0.7,0.6
(Le) " (La) 7 (1,0) ~ (Le) ' (ze) " (w,0) * (2,0) " (w,¢)
Let T(z,y) = Tp(z,y) = zy and C(x,y) = Cp(x,y) =z +y — xy for all z,y € [0,1].
Then A = (CM4,CNy) € IFMSN(G) and B = (CMp,CNp) € IFMSN(H) thus Ax B €
IFMSN(G x H).

Proposition 3.3. Let A; = (CMa,,CNy,) € IFMSN(G;) for i = 1,2. Then A; x As €
IFMSN(Gl X Gg)

Proof. Let (a1,b1), (a2,b2) € G1 X G3. Then
(1)

AxB=H{

.

(CMa,xa,)((a1,b1)(az, b2)) = (CMa, xa,)(a1az, b1b2)

= T(CMAl (alag), CMA2 (blbg))
> T(T(CMz‘h (a1)> C My, (a2))a T(CMAQ (bl)a C My, (b2)))
=T(T(CMa,(a1),CMa,(b1), T(CMy,(az),CMa,(b2)) (Lemma 2.9)
= T((CMz‘h x Az (alv bl)v (CMA1 XAz)(a27 62))
thus
(CMA1 XAQ)((a17 bl)(a27 b2)) > T((CMAl ><A2)(a17 bl)v (CMAl ><A2)<a27 b2))
(2)

(CNA;xA,)((a1,b1)(az,b2)) = (CNa,xa,)(araz, bib2)

= C(CNa,(ara2),CNa,(bib2))

< C(C(CNy,(a1),CNa,(a2)),C(CN,(b1),CNa,(b2)))

= C(C(CNy,(a1),CNa,(b1),C(CN4,(az),CNy,(b2)) (Lemma 2.9)
C((CNa,xa;)(a1,b1), (CNa, x4,) (a2, b2))

SO

(CNA1><A2)((Q1’bl)(a27b2)) < C((CNA1><A2)(CL17b1)7 (CNA1><A2)(a27b2>)'
Let (a,b) € G1 x Ga. Then

(3)
(CMAl ><A2)(a7 b)_l = (CMAl ><A2)(a_17 b_l)
= T(CMA1 (a_1)7 CMA2 (b_1>)
> T(CMA1 (a)a CMA2 (b))
then

(CMA1 ><A2)(a7 b)il 2 T(CMA1 (a)7 CMa, (b))
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(CNa,x45)(a, b)il = (CNy, ><A2)(a71’ bil)
= C(CNAl (a_l)v CNa, (b_l))
< C(CNAl (CL), CNa, (b))
thus
(CNa, x4,)(a, b)il < C(CNa,(a),CNa,(b)).
Therefore (1)-(4) give us that Ay x Ag = (CMa,x4,,CNa,xa,) € IFMSN(Gy x Ga). O
Corollary 3.4. Let A; = (CMy,,CNy,) € IFMSN(G;) fori=1,2,...,n. Then
Al X Ay X ... X Ay, € IFMSN(Gy x Gy X ... X Gy).
Definition 3.5. Let A = (CM4,CN4y) € IFMSN(G) and «, 8 € [0,1]. Then we define
(1) A* ={x € G| A(z) = A(eq)} where eq is the identity element of G.
(2) AE ={x € G| A(x) D (a, B)} is called strong upper- lower («, )-cut of A.
(3) A(ﬁg ={z € G| A(x) D («,B)} is called weak upper- lower («, 3)-cut of A.

(a

Proposition 3.6. Let A= (CMa,CNy) € IFMSN(G) and B = (CMp,CNp) € IFMSN(H)
such that T, C be idempotent norms. Then for all «, 5 € [0,1] the following assertions hold.
(1) (A x B)* = A* x B*.

(2) (A x B)[B] _ A8l glal

[o] — 7Tl [o]
(3) (4 x B)?) = AD) x B

Proof. (1) Let

(Ax B)* ={(z,y) e Gx H| (A x B)(z,y) = (A x B)(eg,en)}
{(:c,y) cGx H | (CMAxg,C'NAxB)(x,y) = (CMAXB;CNAXB)(GGaeH)}
{

(x,y) € G x H| CMaxp(z,y) = CMaxp(eg,en), CNaxp(z,y) = CNaxpleg,emn)}

SO
(z,y) € (Ax B)*
if and only if
CMaxp(r,y) = CMaxp(ea,en)
and
CNaxp(z,y) = CNaxp(eg,en)
if and only if
T(CMu(x),CMp(y)) =T(CMa(eq), CMp(en))
and
C(CNa(z),CNp(y)) = C(CNa(ec), CNp(en))
if and only if
CMu(z) = CMy(eq)
and
CMp(y) = CMp(eq)
if and only if
x e A*
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and
y € B*
if and only if
(z,y) € A* x B*

thus
(A x B)" = A* x B~
(2) Let
(Ax B)) = {(x,y) € G x H| (A x B)(z,y) 2 (a, )}
={(z,y) € G x H[(CMaxp, CNaxp)(z,y) 2 (@, )}
={(z,y) € G x H| CMaxp(z,y) > a,CNaxp(z,y) < B}.
Now

(z,y) € (A X B){f}] < CMaxp(z,y) > aand CNyxp(x,y) <

< T(CMy(x),CMp(y)) > a=T(a,a) and C(CNa(z),CNp(y)) < 8 =C(5,5)
<= CMy(xz) > aand CMp(y) > a and CNy(z) < f and CNp(y) < B

=€ AE andy € B[[ﬂ = (z,y) € Aﬂ X B[[ﬁ

(Ax B = AP x B

(Ax B){) ={(z,y) € G x H | (Ax B)(z,y) > (0, )}
{(xay) € G x H‘ (CMAXBaCNAXB)(xay) 2 (O‘76)}
{(z,y

(x,y) € Gx H|CMaxp(x,y) > a,CNaxp(x,y) < B}

SO
(z,y) € (A X B)Efé% < CMaxp(z,y) > a and CNyxp(x,y) <

<= T(CMy(x),CMp(y)) > a=T(a,a) and C(CNa(z),CNp(y)) < 8 =C(5,5)

= CMa(z) > o and CMp(y) < a and CNa(z) < 5 and CNp(y) < 3
=€ Aggg andy € Bég; = (z,y) € AE@ X B((gg
thus

(AxB)”

) — 4®) x B)

(a) (a)
O

Proposition 3.7. Let A= (CMa,CN4) € IFMSN(G) and B = (CMp,CNp) € IFMSN(H)
such that T,C be idempotent norms. Then for all (z,y) € G x H the following assertions
hold.

(1) (A x B)(eg,en) 2 (A x B)(x,y).

(2) (A x B)((z,y)") 2 (A x B)(,).

(3) (A x B)(z,y) = (Ax B)(z ',y ).

Proof. As Proposition 3.3 we get that A x B € IFMSN(G x H) so Theorem 2.11 gives us
that assertions are hold. O
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Proposition 3.8. Let A= (CMa,CNy) € IFMSN(G) and B = (CMp,CNp) € IFMSN(H)
such that T, C be idempotent norms. Then for all a, B € [0, 1] the following assertions hold.
(1) (A x B)* is a subgroup of G x H.

(2) (A x B)[ﬂ% is a subgroup of G x H.

(&7

[
(3) (A x B)Egg is a subgroup of G x H.

Proof. (1) Let (z1,1), (z2,y2) € (A x B)* and we must prove that (z1,y1)(x2,y2)" " € (A x
B)*. Because (x1,91), (z2,y2) € (A x B)* then

CMaxp(r1,y1) = CMaxp(z2,y2) = CMaxp(ea, en)
and
CNaxp(z1,91) = CNaxp(z2,9y2) = CNaxgp(ea,en)
which mean that
T(CMA(Z‘l),CMB(y1)) = T(CMA(CEQ),CMB(yQ)) = T(C’MA(eg),CMB(eH))
and
C(CN4(x1),CNp(y1)) = C(CN4(x2),CNp(y2)) = C(CNa(eqa), CNp(en))
s0 CMa(z1) = CMa(x2) = CMa(eq) and CMa(y1) = CMa(y2) = CMa(em). Then

CMaxp((x1,y1)(w2,52) ") = CMaxp((w1,91)(x5 ', 95 1))
= CMaxp(z125" 1195 ")
= T(CMa(z125 "), CMp(y1y; 1))
> T(T(CMa(z1), CMa(zy ")), T(CMp(y1), CMp(y; )
> T(T(CMa(z1), CMa(x2)), T(CMp(y1), CMp(y2)))
— T(T(CMa(ec), CMa(ec)), T(CMg(ex), CMp(ex)))
=T(CMa(eg),CMp(er)) = CMaxp(eg,em)
> CMaxp((x1,y1)(x2,52) ") (Proposition 3.7 part(1))

);
);

thus
CMaxp((z1,y1)(x2,y2) ) = CMaxp(eq, en).
Also
CNaxp((z1,y1)(x2,32) ") = CNaxp((z1,91) (23 ys 1)
= CNaxp(z1z5 " 195 ")
= C(CNa(z125"),CNp(niys 1))
< C(C(CNa(z1),CNa(xz; 1)), C(CNp(y1), CNp(y; 1))
< C(C(CNy4(x1), CNa(22)), C(CNp(y1), CNp(y2)))
= C(C(CMy(eq),CNyl(eq)),C(CNp(er),CNp(en)))
= C(CNy(eq),CNp(er)) = CNaxplea,em)
< CNaxp((z1,y1)(x2,y2)"") (Proposition 3.7 part(1))
then
CNaxp((z1,y1)(22,52) ") = CNaxplea,en).
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Therefore

(A x BY*((z1,y1)(z2,y2) ") = (CMaxp((z1,91)(22,92) ), CNaxp((x1,y1)(z2,y2) 1))
= (CMaxp(ea,en),CNaxplea,em))
= (A x B)*(eg,en)
o (z1,y1)(x2,92) "' € (A x B)* thus (A x B)* is a subgroup of G x H.
(2) Let (x1,91), (x2,92) € (A x B)E]] and we show that (x1,y1)(z2,y2)"! € (A x B)ﬁ As
(x1,11), (x2,y2) € (A X B)[ﬂ] s0 CMyxp(x1,y1) > o and CMaxp(x2,y2) > a. Now

[a]
CMaxp((z1,y1)(x2,y2) 1) = CMaxp((z1,y1) (25,95 1))
= CMaxp(zizy ", y1y; ')
= T(CMA(fleEI) CMgp(y1y; "))
T(T(CMa(x1),CMa(zy ")), T(CMp(y1), CMp(y; 1))
T(T(CMa(z1), CMa(z2)), T(CMp(y1), CMp(y2)))
T(T(C’MA(xl),CMB(yl)),T(CMA(J:g), CMp(y2))) (Lemma 2.9)
T(CMaxp(x1,y1), CMaxp(72,y2))
T(

a,a) =«

v

thus
CMaxp((x1,11)(x2,52) ") > a.
Also since CNyyxp(z1,y1) < B and CNaxp(x2,y2) < [ so

CNaxp((1,51)(22,52) ") = CNaxp((@1,y1) (25", 45 )
= CNaxp(z123 " 195 ")
= c(CNAmx;l), CNp(y1931))
C(C(CNa(21), CNa(a31)), C(CNp(y1), CNp(y; 1))
C(C(CNa(z1),CNa(x2)), C(CNp(y1), CNB(y2)))
(C(CNy(x1),CNpB(y1)),C(CNa(x2),CNB(y2))) (Lemma 2.9)
(
(

= C
= C(CNaxB(r1,y1), CNaxB(r2,12))
<C(B,8)=8
then
CNaxg((z1,y1)(22,32) ) < B.
Therefore

(AXB) (@1, 91) (@2, 32) 1) = (CMascs((@1,91) (@2, 42) ™), CNas((@1,91) (@2, 32) 1) 2 (@, B)

thus (z1,y1)(w2,72) ! € (A x B) . Then (A x B){ﬁ is a subgroup of G' x H.
(3) The proof is similar to (2). O

Proposition 3.9. Let A= (CMs,CNy) € IFMSN(G) and B = (CMp,CNp) € IFMSN(H).
If Ax Be IFMSN(G x H), then at least one of the following statements hold.
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(1) B(eg) 2 A(x) for all z € G.
(2) Alec) 2 B(y) for ally € G.

Proof. By contrapositive, suppose that none of the statements holds. Then suppose we can
find @ € G and b € H such that A(a) D B(ey) and B(b) O A(eq). Thus

A(a) = (CMA(G,),CNA(G)) D) B(GH) = (CMB(eH),CNB(eH))

and
B(b) = (CMp(b), CNp (b)) D Alec) = (CMalec),CNa(eq)).
Now
CMaxp(a,b) =T(CMy(a),CMp(b))
>T(CMp(er),CMa(eq))
=T(CMa(ec),CMp(ex))
= CMaxp(ea,en)
and

CNaxp(a,b) = C’(CNA(a) CNpg(b))
C(CNg(en),CNal(ea))
= C(CNA(eG) CNg(eq))
=CNaxpleg,en)
thus CMaxp(a,b) > CMaxp(eg,en) and CNyxp(a,b) < CNaxp(eq,er). Therefore

(A X B)(a,b) = (CMAxB(a, b),CNAXB(a, b))
D (CMaxp(ea,en),CNaxp(eg,en))
= (A x B)(eg,en))

this is contradiction with Proposition 3.7 part (1). Then at least one of the statements
hold. O

Proposition 3.10. Let A = (CMy,CNy) € IFMS(G) and B= (CMp,CNp) € IFMS(H).
Let Ax Be IFMSN(G x H) and A(x) C B(eg) for allz € G. Then A € IFMSN(QG).

Proof. Since A(z) = (CMy(x),CNa(z)) C B(eg) = (CMp(er),CNp(ey)) for all x € G
then A(y) = (CMa(y),CNa(y)) € Blen) and A(zy) = (CMa(zy), CNa(zy)) € Blen) =
B(eger) = (CMp(egen),CNp(eger)) for all y € G. Now

CMy(zxy) =T(CMy(zy),CMp(eger))
= CMaxp(zy,enen)
= CMaxp((z,en)(y,en))
> T(CMaxp(z,en),CMaxp(y,en))
=T(T(CMy(x),CMp(en)), T(CMa(y),CMp(ex)))
=T(CMa(z), CMa(y))
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and so
CMa(zy) > T(CMa(), CMa(y)). 1)
Also

CNa(zy) = C(CNa(zy), CNp(emer))
= CNaxp(ry,enen)
= CNaxp((z,en)(y, en))
< C(CNaxp(z,en), CNaxp(y,en))
= C(C(CNa(z),CNp(en)), C(CNa(y),CNp(en)))
= C(CNa(z),CNa(y))
then
CNa(zy) < C(CNa(z), CNa(y)). (2)
Further since A(z) C B(ey) for all x € G so A(z~!) C B(eg). Thus

CMA(:c‘l)z T(C A(:C )CMA(GH))
1

= CMaxp((z,e ) )
> CMaxp(z,eq)
=T(CMa(z),CMa(en))
= CMa(z)
and then
CMy(z 1) > CMA(.Z') (3)
And
CNu(z™') = C(CNa(z™),CNa(en))
— C(CNA@™),CNA(e)
= CNaxp((z,eqg)™)
< CNaxp(z,ep)
= C(CNa(z),CNa(en))
= CNy(z)
thus
CNa(z™') < CNy(x). (4)
Therefore (1)-(4) give us that A = (CMy,CN4y) € IFMSN(G). O

Proposition 3.11. Let A= (CMy,CNy) € IFMS(G) and B= (CMp,CNp) € IFMS(H).
Let Ax Be IFMSN(G x H) and B(x) C A(eq) for all x € H. Then B € IFMSN(H).

Proof. The proof is similar to Proposition 3.10. g

Corollary 3.12. Let A = (CMy,CNy) € IFMS(G) and B = (CMp,CNp) € IFMS(H)
such that A x B € IFMSN(G x H). Then either A€ IFMSN(G) or B€ IFMSN(H).
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Proof. Using Proposition 3.9 we get that B(ey) 2 A(x) for all x € G or A(eg) 2 B(y)
for all y € G. Then from Proposition 3.10 and Proposition 3.11 we will have that either
A€ IFMSN(G) or Be IFMSN(H). O

Definition 3.13. Let A = (CM4,CN4) € IFMS(X) and C = (CM¢,CN¢e) € IFMS(X).
(1) We say A is conjugate to B if A(z) = B(yzy~!) for all 7,y € X.
(2) We say A is commutative if A(zy) = A(yz) for all z,y € X.

Proposition 3.14. Let A = (CMy,CNy) € IFMSN(G) and C = (CM¢c,CN¢) € IFMSN(G)
and B = (CMp,CNp) € IFMSN(H) and D = (CMp,CNp) € IFMSN(H). If A is con-
jugate to B and C is conjugate to D, then A x C is conjugate to B X D.

Proof. As A is conjugate to B so A(z) = B(kzk™!) and as C is conjugate to D so C(y) =
D(hyh™t) for all z,y € G and k,h € H. Thus

A(z) = (CMa(z),CNa(z)) = B(kzk™') = (CMp(kxk™1), CNp(kzk™"))

and
C(y) = (CMc(y), CNe(y)) = D(hyh™") = (CMp(hyh™"),CNp(hyh™)).
CMaxc(z,y) = T(CMa(z), CMc(y))
= T(CMp(kzk™"), CMp(hyh™"))
= CMpyp(kzk™t, hyh™)
= CMpyxp((k,h)(z,y) (k™" h71))
= CMpxp((k,h)(z,y)(k, h)™)
and thus
CMaxc(x,y) = CMpxp((k, h)(z,y)(k, h)™).
Also
CNaxc(z,y) = C(CNa(z),CNe(y))
= C(CNp(kzk™"),CNp(hyh™"))
= CNpxp(kzk™' hyh™")
= CNpxp((k,h)(z,y)(k~' h 1))
= CNgxp((k,h)(z,y)(k,h)"")
hence
CNaxc(z,y) = CNBXD((k’h)(JUay)(kvh)_l)'
Therefore

(A x C)(x,y) = (CMaxc(z,y), CNaxc(z,y))

= (CMpxp((k, h)(z,y)(k, h)~"), CNpxp((k, h)(z,y)(k, h)™"))
= (B x D)((k, h)(z,y)(k,h)"")
)(

then (A x C)(x,y) = (B x D)((k,h)(z,y)(k,h)™!) and thus A x C will be conjugate to
B x D. ([l
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Proposition 3.15. Let A = (CMy,CNy) € IFMSN(G) and B= (CMp,CNp) € IFMSN(H).

Then A and B are commutative if and only if A X B is a commutative.

Proof. Let x1,y1 € G and x9,y2 € H such that x = (z1,22) € GXxH and y = (y1,y2) € GX H.
Let A and B are commutative then A(x1y1) = A(y121) and B(xay2) = B(yaw2). Thus

A(z1y1) = (CMa(z191), CNa(z131)) = A(y121) = (CMa(y121), CNa(y121))
and

B(z1y1) = (CMp(z1y1), CNp(7191)) = B(y121) = (CMp(y121), CNp(y121)).
Then

CMaxp(ry) = CMaxp((z1,22) (Y1, y2))
= CMaxp(z1y1, T2y2)
=T(CMa(z191), CMp(22y2))
=T(CMa(y171), CMp(y222))
= CMaxp(y171, y272)
= CMaxp((y1,y2)(z1,22))
= CMAXB(yx)

thus CMaxp(xy) = CMaxp(yz). Also

CNaxp(zy) = CNaxp((w1,22)(y1, y2))
= CNaxp(T191, T292)
= C(CNa(z1y1),CNp(x2y2))
= C(CNa(y121), CNp(y222))
= CNaxp(y121,Y272)
= CNaxs((y1,y2)(21,22))
= CNaxp(yx)
then CNaxp(xy) = CNaxp(yzx). Therefore
(A x B)(zy) = (CMaxp(zy), CNaxp(zy)) = (CMaxp(yz), CNaxp(yz)) = (A x B)(yz)

and then A x B is a commutative.
Conversely, suppose that A x B is a commutative. Then

(A x B)(zy) = (A x B)(yx)
if and only if
CMaxp((w1,22)(y1,y2)) = CMaxp((y1,y2) (w1, 22))
and
CNaxp((z1,72)(y1,%2)) = CNaxp((y1,y2) (w1, 22))
if and only if
CMax(x1y1, v2y2) = CMaxB(Y121, Y212)
and
CNaxp(r1y1, v2y2) = CNaxp(y121, y2r2)
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if and only if
T(CMa(z1y1), CMp(22y2)) = T(CMa(y171), CMB(Y212))

and
C(CNa(w1y1), ONp(w2y2)) = C(CNa(y121), CNp(y272))
if and only if

CMa(r1y1) = CMa(y171) and CMp(way2) = CMp(yax2)

and
CNa(z1y1) = CNy(y121) and CNp(zoys) = CNp(yax2).
Thus
A(ziy1) = (CMa(z1y1), CNa(z1y1)) = (CMa(y121), CNa(y121)) = A(yr21)
and
B(xay2) = (CMp(22y2), CNp(22y2)) = (CMp(y232), CNp(y232)) = B(y222)
hence A = (CMy4,CN4) and B = (CMp,CNp) will be commutatives. O

Definition 3.16. Let G x H and I x J be groups and f : G x H — I x J be a homo-
morphism. Let A = (CMy,CNy) € IFMS(G) and B = (CMp,CNp) € IFMS(H) and
C = (CM¢g,CN¢g) € IFMS(I) and D = (CMp,CNp) € IFMS(J) such that A x B €
IFMS(Gx H)and C x D € IFMS(I x J). Define f(Ax B) €e IFMS(I x J) as

f(Ax B) = f(CMaxp,CNaxp) = (f(CMaxp), [(CNaxp)) = (CMyaxp), CNsaxn))
such that for all (¢,75) € I x J

f(CMAXB)(i7j) = (CMf(AXB))(lvj)

_ { sup{CMaxp(g,h) | (9,h) € G x H, f(g,h) = (i,5)} if f~1(i,5) #0
0 otherwise

and

F(CNaxp)(i,j) = (CNyaxp))(i,7)

_ { inf{CNaxp(9,h) | (9,h) € G x H, f(g,h) = (i,4)} if f~(i,7) #0
0 otherwise.

Also we define f~1(C x D) € IFMS(G x H) as
f7HCxD) = f~(CMcxp,CNexp) = (fH(CMoxp), f(CNexp)) = (CMi-1(cxpy: CNy-1(0xp))
such that for all (¢,) € G x H
F7HCXD)(g,h) = (CMp-1(cxpy(9: 1), CNp-1(cxpy(9, 1) = (CMoxp(f (g, 1), CNexp(f(g, ).

Proposition 3.17. Let G x H and I x J be groups and f : GXx H — I x J be an epimorphism.
If A= (CMys,CNy) € IFMSN(G) and B = (CMp,CNp) € IFMSN(H) and A x B €
IFMSN(G x H), then f(Ax B) € IFMSN(I x J).
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Proof. Let X = (i1,71) € I x J and Y = (i2, j2) € I x J such that
FTHUXY) = 71, 40) (2, 52)) = iz, jig2) # 0.

Then

(1)
CMyaxp)(XY) = CMpaxp)((i1,51)(i2, j2)) = C My axp)(iriz, j1J2)

= sup{CMaxB(9192, h1h2) | 91,92 € G, h1,ha € H, f(g192, hih2) = (i1i2, j1j2)}
= sup{CMax5(9192, h1h2) | 91,92 € G, h1,ha € H,(f(g192), f(h1h2)) = (iria, jij2)}
= sup{CMax (9192, h1h2) | 91,92 € G, h1,ho € H, f(g192) = i1i2, f(h1h2) = j1j2}
= sup{T(CMa(g192), CMp(h1h2)) | 91,92 € G, h1,ha € H, f(g192) = i1i2, f(h1h2) = jija}
> sup{T(T(CMa(g1),CMa(g2)), T(CMp(h1), CMp(h2))) | f(9192) = iria, f(h1h2) = jij2}
= sup{T(T(CMa(g1), CMp(h1)), T(CMa(g2), CMp(h2))) | f(g192) = iriz, f(h1h2) = j1j2}
= sup{T(T(CMa(g1), CMp(h1)), T(CMa(g2),CMp(h2)))
| f(g1) = i1, f(g2) = i2, f(h1) = j1, f(h2) = j2}
= sup{T(CMaxp(g1, M), CMaxp(g2,h2)) | f(g1) = i1, f(g2) = i2, f(h1) = j1, f(h2) = ja}
= T(sup{CMaxp(g1,h) | f(g1,h1) = (i1,71)},sup{CMax (g2, h2) | f(g2, h2) = (i2,72)})
=T(CMyaxp)(i1, 1), CMyaxp)(iz, j2)) = T(CMaxp)(X), CMpaxp)(Y))
thus
CMypaxp)(XY) 2 T(CMgaxp)(X), f(Ax B)(Y)).
(2)
CNyaxp)(XY) = CNpaxp)((i1,71)(i2, j2)) = CNyaxp)(iriz, j1j2)
= sup{CNaxB(9192, h1h2) | 91,92 € G, h1,ho € H, f(g192, hiha) = (iri2, jij2)}
=inf{CNaxB(g192, h1h2) | 91,92 € G, h1,ha € H,(f(9192), f(h1h2)) = (i1i2,j12)}
= inf{CNaxp(g9192, h1h2) | 91,92 € G, h1,ha € H, f(g192) = iriz, f(h1ha) = jija}
= inf{C(CNa(g192), CMp(h1h2)) | 91,92 € G, h1,h2 € H, f(g192) = iriz, f(h1h2) = j1j2}
< inf{C(C(CNa(g1),CNa(g2)); C(CNp(h1),CNp(h2))) | f(g192) = iri2, f(h1h2) = jija}
inf{C(C(CNa(g1),CNp(h1)), C(CNa(g2),CNg(h2))) | f(g192) = iriz, f(h1h2) = j1j2}
= inf{C(C(CNa(g1), CNp(h1)), C(CNa(g2), CNp(h2)))
| f(g1) = i1, f(g2) = ida, f(h1) = ju, f(h2) = j2}
= inf{C(CNaxp(g1,M),CNaxp(g2, h2)) | f(g1) = i1, f(g2) = iz, f(h1) = j1, f(h2) = ja}
= C(inf{CNaxp(g1,h1) | f(g1,h1) = (i1, 1)}, inf{CNaxp(g2, h2) | f(g2,h2) = (i2,j2)})
= C(ONgaxp)(i1,71), CNyaxp)(iz, j2)) = C(CNaxp)(X), CNyaxpy(Y))

thus
CNyaxp)(XY) < C(CNyaxp)(X), f(Ax B)(Y)).

Let X = (i,7) € I x J then
(3)

CMyaxp) (X ™) = CMyaxp)((i,4)7") = CMf(AxB (i
=sup{CMaxp(g W Y) [ge G he H, f(g~' h™) = (i” 1)}
= sup{CMaxp(g~ " h ") g€ G,he H (f(g ), (h ) = ( & i}
ZSUP{CMAxB( ~LhTh |9€G heH,flg™) _Z_l7f(h ) —J_l}
= sup{T(CMa(g~"),CMp(h™")) |ge G he H f(g ") =i, f(h")=5"}
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> sup{T(CMa(g),CMgp(h)) | g€ G,he H, fHg)=i"", f7'(h) ="}
= sup{T(CMa(g),CMp(h)) | g€ G,h € H, f(g ) ( ) = }
=sup{CMaxp(g,h) | (9,h) € G x H, f(g,h) = (w)}
= CMyaxp)(i,§) = CMyaxp)(X)
and then
CMpaxp) (X1 = CMpaxp)(X).

CNyaxp) (X 1) = CNyaxp)(i,5)7") = CNpaxp) (i 57
=inf{CNaxp(g~",h" ) |ge G, he H, f(g7 ', h 1) = (i~ 1)}
= inf{CNaxp(g~" h"") g€ G he H (f(g™h), (h h) = ( & N
:inf{CNAxg( “LhTN)geGheH, fgTh) = 1J( 1))—.7_1}

= nf(C(CNA(G™). CNp(h ™)) 9 € G, e H. S5~ i S0 =57
< inf{C(CNa(g),CNp(h)) |g € G,h € H,[ (g )_’L_lvf (h )—J_l}
=inf{C(CNa(g),CNp(h)) | g € G,h € H, f(g) =i, f(h) = j}
=inf{CNaxp(g;h) | (9.h) € G x H, f(g,h) = (i,7)}

= CNyaxp)(i,J) = CMpaxp)(X)

and then
CNyaxpy(X™") < CNpaxp)(X).

Therefore f(A x B) = (CMfaxp), CNfaxp)) € IFMSN(I x J). O

Proposition 3.18. Let GX H and I xJ be groups and f : Gx H — I xJ be a homomorphism.

If C = (CM¢,CNg) € IFMSN(I) and D = (CMp,CNp) € IFMSN(J) and C x D €
IFMSN(I x J), then f~1(C x D) € IFMSN(G x H).

Proof. Let X = (g1,h1) € G x H and Y = (g2, h2) € G x H. Then
(1)
CMy—1cxp)(XY) = CMp-1(oxp)((91,h1)(92, h2))
= CMy-1(cxp)y (9192, h1h2)) = CMcxp(f (9192, h1h2))
= CMcxp(f(9192), f(hih2)) = T(CMc(f(9192)), CMp(f(hih2)))
=T(CMc(f(91)f(92)), CMp(f(h1)f(h2)))
T(T(CMc(f(91)), CMc(f(92))), T(CMp(f(h1)), CMp(f(h2)))
=T(T(CMc(f(91)), CMp(f(h1))), T(CMc(f(g2), CMp(f(h2))) (Lemma 2.10)
=T(CMcxp(f(g1), f(h1)), CMcxp(f(g2), f(h2)))
=T(CMcxp(f(g1,h)), CMexp(f(g2,h2)))
= T(CMs-1(cxp)(91, 1), CM -1 (0 py (92, h2))
=T(CMs-1(cxp)(X), CMy-1cxp)(Y))

and then
CMy-1(oxp)(XY) = T(CMp-1(cxp)(X), CMp-10x p)(Y))-

CNy-1(cxp)(XY) = CNp-1(oxp)((91, h1)(g2, h2))
= ONs-1(cxp)(9192, hih2)) = CNexp(f(g192, h1h2))
= CNexp(f(9192), f(hihs)) = C(CNc(f(g192)), CNp(f(hih2)))
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= C(CNc(f(91)f(92)), CNp(f(h1)f(h2)))
< C(C(CNe(f(g1)), CNe(f(g2))), C(CNp(f(h1)), CNp(f(h2)))
= C(C(CNc(f(g1)), CNp(f(h1))), C(CNe(f(92), CNp(f(he))) (Lemma 2.10)
= C(CNexn(f(g1), f(h1)), CNexp(f(g2), f(h2)))
= C(CNeoxp(f(91,h1)), CNexp(f (92, he)))
= C(CNy-1(oxp)(91, h1), CMy-1(0x D) (92, h2))

= C(CONs-1(cxp)(X), CMp-1(cxp)(Y))
hence
CNy-1(oxp)(XY) S C(CMp-1(cxp)(X), CNp-1(oxp)(Y))-

Let X = (g,h) € G x H. Then
(3)
CMy-1cxpy (X)) = CMs1cypy((g1,h1) ") = CMexp(f(g,h)™")

= CMexp(f(g~" h™1) = CMexp(f'(9), ' (h) = T(CMc(f~'(9)), CMp(f~'(h)))
>T(CMc(f(g)),CMp(f(h))) = CMcxp(f(g), f(h)) = CMcexp(f(g,h))
= CMy-1cxpy(9:h) = CMs-1 (0w p)(X)

and then
CMffl(CXD)(X_l) > CMffl(CxD)(X)'

(4)
CNp-1cxpy(X 1) = CNy-1(oxpy((91,h1) ") = CNoxp(f(g,h) ™)
= CNexp(f(g~' h™") = CNewn(fHg), f () = C(CNe(f~(9)), CNp(f 1 (h)))
< C(CNc(f(9)), CNp(f(h))) = CNexp(f(g), f(h)) = CNcxp(f(g,h))

= CONs1(cxp)(9,h) = CNy1(cxp)(X)
and then
CNp-1(oxpy(X 1) < CNpo1(oxpy(X).
Hence f~1(C x D) = (CM¢-—1(cxp), CNy-1(cxp)y) € IFMSN(G x H). O
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