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Abstract. Let (π, H) be a unitary representation of G. We study some Banach spaces
related to π. In particular, we investigate the subject by subrepresentations and finite direct
sum of given representations.
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1. Introduction
Throughout this note, G is a locally compact group with a fixed left Haar measure dx. A

unitary representation of G will always mean a pair (π, H) where π is a homomorphism of
G into the group unitary operators on the Hilbert space H that is continuous with respect
to the strong operator topology on B(H), consisting of all bounded linear operators on H;
see for example [4]. In the attractive works, Bekka [1] and Xu [10] have introduced some
spaces of operators associated with a unitary representation, corresponding to LUC(G) and
the space of WAP (G). Let now us recall these notions as follow.

Given any unitary representation (π, H) of G, note that B(H) is a right G-module under
the following action

T ·π x = π(x−1)Tπ(x) (T ∈ B(H), x ∈ G).

In general B(H) is not Banach G-module in terms of Johnson’s notion, [9]. In fact, for
T ∈ B(H), the map x 7→ T ·π x, G −→ B(H) is not norm continuous, necessarily. We say
that T is uniformly G-continuous operator if the mapping x 7→ T ·π x are norm continuous.
Suppose that the notation UCB(π) refers to the collection of such operators. Then UCB(π)
is a C∗-subalgebra of B(H), and also it is a right Banach G-module. We also say that T is
weakly almost G-periodic operator if the set of all T ·π x, where x ∈ G is relatively weakly
compact. The collection of such operators that denotes WAP (π) is a closed subspace of
B(H). Note that [3, Proposition 4.16] ensouras that K(H) ⊆ WAP (π), where K(H) is the
set of all compact operators on H. As might be expected, there exist the same style of G-
versions of the above spaces; i.e., WAP (π) ⊆ UCB(π). Moreover, WAP (π) is a right Banach
G-submodule of UCB(π); see [10], for more details. The reader can also refer to recent works
of the author, [5]-[8].

Our interest to us here is some properties and applications of these spaces.
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2. The results

For any unitary representation (π, H) of G, let M ∈ B(H)∗ and T ∈ B(H). Then define
the complex-valued function MT on G by

MT (x) = ⟨M, T ·π x⟩ (x ∈ G).

Obviously, MT is bounded by ∥M∥∥T∥. Also, compatible results exist between locally com-
pact groups and their unitary representations. For instance, T ∈ UCB(π) if and only if
MT ∈ LUC(G) for all M ∈ B(H)∗. Moreover, if T ∈ WAP (π), then MT ∈ WAP (G) for all
M ∈ B(H)∗. But we have been unable to confirm the converse. We refer the reader to our
recent work [5] for more details. Now, suppose that Lπ and Wπ are respectively the closure
of the linear span of the sets

{MT |M ∈ B(H)∗, T ∈ UCB(π)}
in LUC(G), and

{MT |M ∈ B(H)∗, T ∈ WAP (π)}
in WAP (G). If G is non-compact and the set

N = {x ∈ G |T ·π x = T for all T ∈ UCB(π)}
is non-trivial, then as seen in the proof of [2, Proposition 4.9] Lπ is properly contained in
LUC(G). A similar result holds when replacing the notions of uniformly continuous bounded
by weakly almost periodic. We have the following example for the left regular representation
of G.
Example 2.1. Let

(
λ, L2(G)

)
be the left regular representation of G. We recall that λ :

G −→ B
(
L2(G)

)
is given by x 7→ lx, and lx(f)(y) = f(xy) for all f ∈ L2(G), x, y ∈ G. As

mentioned [5, Remark 3.11], f ∈ LUC(G) if and only if Tf ∈ UCB(λ), and also f ∈ WAP (G)
if and only if Tf ∈ WAP (λ), where Tf is the multiplication operator on L2(G) for each
f ∈ L∞(G); i.e., Tf (g) = fg for all g ∈ L2(G). Note that the proof of [2, Corollary 4.10]
states LUC(G) = Lλ. Also, one can verify that WAP (G) = Wλ.

It is clear that Wπ = Lπ for all unitary representations (π, H) of compact groups. Note that
there exist some unitary representations (π, H) of a non-compact group such that Wπ = Lπ;
for instance, see [10, Example 5.4.1 and Remark 5.4.2]. In fact, we have the following result.
Proposition 2.2. Let G be a locally compact group. Then G is compact if and only if
Wπ = Lπ for each unitary representation (π, H) of G.
Proof. One implication is trivial. Suppose that Wπ = Lπ for each unitary representation
(π, H) of G. So, as seen in Example 2.1, we have

WAP (G) = Wλ = Lλ = LUC(G).

It follows that G is compact. □
Let us recall that L1(G) is the group algebra equipped with the convolution product ∗ and

the norm ∥.∥1 as defined in [4]. Also, let L∞(G) refers to the Lebesgue space equipped with
the essential supremum norm ∥.∥∞ as defined in [4]. Then L∞(G) is the dual of L1(G) for
the pairing

⟨f, ϕ⟩ =
∫
G
f(x) ϕ(x) dx
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for all ϕ ∈ L1(G) and f ∈ L∞(G).
Note that UCB(π) is a unital Banach L1(G)-module by [9, Proposition 2.1] by the following

action

T ·π ϕ =

∫
G
T ·π xϕ(x) dx (T ∈ UCB(π), ϕ ∈ L1(G)).

In fact,

UCB(π) ·π L1(G) = B(H) ·π L1(G) = UCB(π).

Let (π0, H0) and (π, H) be unitary representations of G such that π0 is a subrepresentation
of π. Let also P : H −→ H0 be the canonical projection. Then there exists a surjective map
from UCB(π) onto UCB(π0); see [2, Lemma 7.1] for details. Our next theorem reveals
that the above statement holds also for weakly almost G-periodic operators. Before stating,
however, we need the following lemma that was proven in [5, Lemma 3.3].

Lemma 2.3. Let (π, H) be a unitary representation of G and T ∈ B(H). Then T ∈ WAP (π)
if and only if T ∈ UCB(π) and γT is a weakly compact operator, where γT : L1(G) −→ B(H)
is given by

ϕ 7→ T ·π ϕ (ϕ ∈ L1(G)).

Theorem 2.4. Let (π0, H0) and (π, H) be unitary representations of G such that π0 is a
subrepresentation of π. Then the following assertions hold.

(a) PT |H0 ∈ WAP (π0) for all T ∈ WAP (π).
(b) There exists a surjective map from WAP (π) onto WAP (π0).

Proof. Suppose that T ∈ B(H). Then PT |H0 ∈ B(H0). Also, for each x ∈ G, we have

(PT |H0) ·π0 x = (P )(T ·π x)|H0 .

For each M0 ∈ UCB(π0)
∗, the linear bounded functional M on UCB(π) is defined by

⟨M, T ⟩ = ⟨M0, PT |H0⟩ (T ∈ UCB(π)).

Let now T ∈ WAP (π) ⊆ UCB(π) and T0 = PT |H0 . Then T0 ∈ UCB(π0). We claim that
the mapping γT0 : L1(G) −→ UCB(π0) is weakly compact. Note that for each ϕ ∈ L1(G), we
have

T0 ·π0 ϕ =

∫
G
T0 ·π0 xϕ(x) dx

=

∫
G
(P )(T ·π x)|H0 ϕ(x) dx

= (P )(T ·π ϕ)|H0 .

Therefore,

⟨γ∗T (M), ϕ⟩ = ⟨M, T ·π ϕ⟩
= ⟨M0, (P )(T ·π ϕ)|H0⟩
= ⟨M0, T0 ·π0 ϕ⟩
= ⟨γ∗T0

(M0), ϕ⟩.
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So, γ∗T (M) = γ∗T0
(M0). On the other hand, since UCB(π) is the neo-unital L1(G)-module,

T = S ·π ϕ for some S ∈ UCB(π) and ϕ ∈ L1(G). Suppose now that Mα
0

w∗
−→ M0 in

UCB(π0)
∗. Then

⟨Mα, T ⟩ = ⟨Mα, S ·π ϕ⟩
= ⟨Mα

0 , S0 ·π0 ϕ⟩
−→ ⟨M0, S0 ·π0 ϕ⟩
= ⟨M0, T0⟩
= ⟨M, T ⟩,

where, S0 = PS|H0 . So, Mα w∗
−→ M in UCB(π)∗. On the other hand, since T ∈ WAP (π),

we have
γ∗T0

(Mα
0 ) = γ∗T (M

α)
w−→ γ∗T (M) = γ∗T0

(M0).

So, γT0 is weakly compact. It follows that T0 lies in WAP (π0) by Lemma 2.3.
For the second one, we show that the mapping T 7→ PT |H0 from WAP (π) into WAP (π0)

is surjective. For each M ∈ UCB(π)∗, we consider the linear bounded functional M0 on
UCB(π0) as defined by

⟨M0, T0⟩ = ⟨M, T0P ⟩ (T0 ∈ UCB(π0)).

One shows that
(M)(T0P )(x) = ⟨M, T0P ·π x⟩ = ⟨M, (T0 ·π0 x)P ⟩

= ⟨M0, T ·π0 x⟩ = M0T0(x);

that is,
(M)(T0P ) = M0T0.

So, γ∗T0P
(M) = γ∗T0

(M0). On the other hand, the mapping T 7→ PT |H0 from WAP (π) into
WAP (π0) is well-defined by part (a). If T0 ∈ WAP (π0) ⊆ UCB(π0), then T0P ∈ UCB(π).
Now, we show that T0P ∈ WAP (π). For this aim, let Mα w∗

−→ M in UCB(π)∗. Then
Mα

0
w∗
−→ M0 in UCB(π0)

∗. Since T0 ∈ WAP (π0), we have

γ∗T0P (M
∗) = γ∗T0

(M∗
0 )

w−→ γ∗T0
(M0) = γ∗T0P (M).

It follows that T0P ∈ WAP (π). □
We have the following consequence as an immediate result of the above theorem together

with [2, Lemma 7.1].

Corollary 2.5. Let (π0, H0) and (π, H) be unitary representations of G such that π0 is a
subrepresentation of π. Then Lπ0 ⊆ Lπ and Wπ0 ⊆ Wπ.

Now, we study the finite direct sum of π on the subject. Suppose that (π, Hπ) be a
unitary representation of G. We recall some usual notations as follows. Let H ′

π = ⊕nHπ

and π′ = ⊕nπ, the direct sum of n copies of π. Let Hi = Hπ for each i = 1, ..., n and write
H ′

π = ⊕n
i=1Hi, in order to avoid confusion. Let also, for each i = 1, ..., n consider following

maps
Pi : H

′
π −→ Hi and Ii : Hi −→ H ′

π,
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where Pi and Ii are the canonical projection and injection, respectively. For each T ∈ B(H ′
π),

define a component of T as follows.
{Tij : Hj −→ Hi | i, j = 1, ..., n},

where Tij = PiTIj . As is pointed out [2], if M ∈ B(H ′
π)

∗, then for i, j = 1, ..., n the elements
Mij in B(Hπ)

∗ are a components of M which are given via the formula
⟨Mij , T ⟩ = ⟨M, IiTPj⟩ (T ∈ B(Hπ)).

According to [2], we have T ∈ UCB(π′) if and only if Tij ∈ UCB(π) for each i, j = 1, ..., n.
Our next theorem shows that the above statement is valid also for weakly almost G-periodic
operators and operators that vanish at infinity.
Theorem 2.6. Let (π, Hπ) be a unitary representation of a locally compact group G, and let
π′ = ⊕nπ be the direct sum of n copies of π. Then T ∈ WAP (π′) if and only if Tij ∈ WAP (π)
for each i, j = 1, ..., n.
Proof. Let T ∈ B(H ′

π) and x ∈ G. Then [2, Lemma 7.4] states that
(T ·π′ x)ij = Tij ·π x (1 ≤ i, j ≤ n).

Suppose now that T ∈ WAP (π′). Then

{Tij ·π x |x ∈ G}σ(B(Hπ), B(Hπ)∗)
= {(T ·π′ x)ij |x ∈ G}σ(B(Hπ), B(Hπ)∗)

⊆ {Σi,j(T ·π′ x)ij |x ∈ G}σ(B(H′
π), B(H′

π)
∗)

= {T ·π′ x |x ∈ G}σ(B(H′
π), B(H′

π)
∗)
,

and so Tij ∈ WAP (π) for each i, j = 1, ..., n, where the notation σ denotes the weak topology.
For the converse, let Tij ∈ WAP (π) for each i, j = 1, ..., n, and let Mα w∗

−→ M in UCB(π)∗.
Then Mα

ij
w∗
−→ Mij in UCB(π)∗ by [2, Lemma 7.6]. Therefore,

γ∗T (M
α) = MαT =

∑
i,j

Mα
ijTij

=
∑
i,j

γ∗Tij
(Mα

ij)
w−→

∑
i,j

γ∗Tij
(Mij)

=
∑
i,j

MijTij = γ∗T (M).

It means that T ∈ WAP (π). □
Corollary 2.7. Let (π, Hπ) be a unitary representation of a locally compact group G, and
let π′ = ⊕nπ be the direct sum of n copies of π. Then Wπ = Wπ′.
Proof. Noting Corollary 2.5, we need only prove that Wπ′ ⊆ Wπ. Suppose that M ∈ B(H ′)∗

and T ∈ WAP (π′). Then Tij ∈ WAP (π) for each i, j = 1, ..., n. On the other hand,

MT (x) = ⟨M, T ·π′ x⟩ =
∑
i, j

⟨Mij , (T ·π′ x)ij⟩

=
∑
i, j

⟨Mij , Tij ·π x⟩ =
∑
i, j

MijTij(x).

It follows that MT =
∑

i, j MijTij ∈ Wπ. □
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Conclusion

Regarding every unitary representation of (π, H) of G, we studied some special closed
subspaces of B(H) and LUC(G). On the base of these notions, we stated a characteri-
zation of compact groups. Moreover, we explored the relations between these spaces for
sub-representations and finite direct sums.
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