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Abstract. In this paper, we study the conformal transformation of some important and
effective non-Riemannian curvatures in Finsler Geometry. We find the necessary and suffi-
cient condition under which the conformal transformation preserves the Berwald curvature
B, mean Berwald curvature E, Landsberg curvature L, mean Landsberg curvature J, and
the non-Riemannian curvature H.
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1. Introduction
The notion of conformal transformations is an important concept in Riemannian-Finsler

geometry. The famous Liouville’s theorem made clear already in the 19th century that in
dimensions n ≥ 3 conformal mappings are more rigid than in dimension 2. In the field of
general relativity, conformal transformations are vital and important because they preserve
the causal structure up to time orientation and light-like geodesics up to parametrization.

The theory of conformal transformation (or change) of Finsler metrics has been studied by
many Finsler geometers [2][3][4][5][6][10][11][12][14][15]. But, Knebelman is the first person
that studied the conformal theory of general Finsler metrics in [4]. He gave a geometrical cri-
terion according to two Finsler metrics g(x, y) = gij(x, y)dx

idxj and g̃(x, y) = g̃ij(x, y)dx
idxj

to be conformal; this reduces to the usual requirement that gij = eκg̃ij . In [5], he proved
that the mentioned condition implies that κ = κ(x) is a function of position, merely. Indeed,
two Finsler metric functions F = F (x, y) and F̄ = F̄ (x, y) as conformal if the length of an
arbitrary vector in the one is proportional to the length in the other. The classical Weyl
theorem states that the projective and conformal properties of a Finsler metric determine the
metrics properties uniquely [9]. Thus, the conformal properties of the class of Finsler metric
deserve extra attention.

In Finsler geometry, there are several important non-Riemannian quantities: the Berwald
curvature B, the mean Berwald curvature E and the Landsberg curvature L, the mean Lands-
berg curvature J, the non-Riemannian curvature H, etc. They all vanish for Riemannian met-
rics, hence they are said to be non-Riemannian [13]. In order to understand the conformal
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Finsler geometry, one can consider the conformal transformation of these non-Riemannian
quantities.

For a Finsler metric F on a manifold M , the second and third order derivatives of 1
2F

2
x

at y ∈ TxM0 are inner product gy and symmetric trilinear forms Cy on TxM . We call gy
and Cy the fundamental form and the Cartan torsion, respectively. The rate of change of
Cy along geodesics is the Landsberg curvature Ly on TxM . F is said to be Landsbergian
if Ly = 0. Taking a trace of Landsberg curvature give us mean Landsberg curvature Jy. A
Finsler metric F is said to be weakly Landsbergian if Jy = 0.

The geodesics of F are characterized locally by the equation
d2xi

dt2
+ 2Gi(x,

dx

dt
) = 0,

where Gi are coefficients of a spray defined on M denoted by

G(x, y) = yi
∂

∂xi
− 2Gi ∂

∂yi
.

Taking three vertical derivation of geodesic coefficients of F give us the Berwald curvature
B. A Finsler metric F is called a Berwald metric if B = 0. In this case, Gi = Γi

jk(x)y
jyk are

quadratic in y ∈ TxM for any x ∈ M . Every Berwald metric is a Landsberg metric. Taking a
trace of Berwald curvature yields mean Berwald curvature E. Taking a horizontal derivation
of the mean of Berwald curvature E give us the H-curvature H. In the class of Weyl metrics,
vanishing this quantity results that the Finsler metric is of constant flag curvature and this
fact clarifies its geometric meaning [1][7]. By the definition, if E = 0 then H = 0.

In this paper, we study the conformal transformation of some important and effective non-
Riemannian curvatures in Finsler Geometry. We find the necessary and sufficient condition
under which the conformal transformation preserves the Berwald curvature B (Theorem 3.2),
mean Berwald curvature E (Theorem 3.3), Landsberg curvature L (Theorem 4.1), mean
Landsberg curvature J (Theorem 4.2), and the non-Riemannian curvature H (Theorem 5.1).

There are many connections in Finsler geometry. Throughout this paper, we set the
Berwald connection on Finsler manifolds. The h- and v- covariant derivatives of a Finsler
tensor field are denoted by “ | ” and “, ” respectively.

2. Preliminaries
Let M be an n-dimensional C∞ manifold, TM =

∪
x∈M TxM the tangent space and TM0 :=

TM−{0} the slit tangent space of M . A Finsler structure on M is a function F : TM → [0,∞)
with the following properties: (i) F is C∞ on TM0; (ii) F is positively 1-homogeneous on
the fibers of tangent bundle TM , i.e., F (x, λy) = λF (x, y), ∀λ > 0; (iii) The quadratic form
gy : TxM × TxM → R is positive-definite on TxM

gy(u, v) :=
1

2

∂2

∂s∂t

[
F 2(y + su+ tv)

]
s=t=0

, u, v ∈ TxM.

Then, the pair (M,F ) is called a Finsler manifold.
Let x ∈ M and Fx := F |TxM . To measure the non-Euclidean feature of Fx, one can define

Cy : TxM × TxM × TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
t=0

, u, v, w ∈ TxM.

The family C := {Cy}y∈TM0 is called the Cartan torsion.
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Let (M,F ) be a Finsler manifold. For y ∈ TxM0, define Iy : TxM → R by

Iy(u) =
n∑

i=1

gij(y)Cy(u, ∂i, ∂j),

where {∂i} is a basis for TxM at x ∈ M . The family I := {Iy}y∈TM0 is called the mean Cartan
torsion. By definition, Iy(y) = 0 and Iλy = λ−1Iy, λ > 0. Therefore, Iy(u) := Ii(y)u

i, where
Ii := gjkCijk. By Deicke’s theorem, every positive-definite Finsler metric F is Riemannian if
and only if Iy = 0.

Let (M,F ) be a Finsler manifolds and G = yiδ/δxi be its induced spray on TM which in
a standard coordinate (xi, yi) for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

where
Gi :=

1

4
gil

[ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

]
.

For a vector y ∈ TxM0, the Berwald curvature By : TxM × TxM × TxM → TxM is defined
by By(u, v, w) := Bi

jkl(y)u
jvkwl∂/∂xi|x, where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
.

F is called a Berwald metric if B = 0.

Taking a trace of Berwald curvature B give us the mean of Berwald curvature E which is
defined by Ey : TxM × TxM → R, where

(2.1) Ey(u, v) :=
1

2

n∑
i=1

gij(y)gy

(
By(u, v, ei), ej

)
.

In local coordinates, Ey(u, v) := Eij(y)u
ivj , where

Eij :=
1

2
Bm

mij .

Taking a horizontal derivation of the mean of Berwald curvature E give us the H-curvature
H which is defined by Hy = Hijdx

i ⊗ dxj , where
Hij := Eij|mym.

Here, “|” denotes the horizontal covariant differentiation with respect to the Berwald connec-
tion of F .

For y ∈ TxM , define the Landsberg curvature Ly : TxM ⊗ TxM ⊗ TxM → R by

Ly(u, v, w) := −1

2
gy

(
By(u, v, w), y

)
.

In local coordinates, Ly(u, v, w) := L ijk(y)u
ivjwk, where

Lijk := −1

2
ylB

l
ijk.
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Ly(u, v, w) is symmetric in u, v and w and Ly(y, v, w) = 0. L is called the Landsberg
curvature. A Finsler metric F is called a Landsberg metric if L = 0.

For y ∈ TxM , define Jy : TxM → R by Jy(u) := Ji(y)u
i, where

Ji := gjkLijk.

By definition, Jy(y) = 0. J is called the mean Landsberg curvature or J-curvature. A Finsler
metric F is called a weakly Landsberg metric if Jy = 0. By definition, every Landsberg metric
is a weakly Landsberg metric. Mean Landsberg curvature can be defined as following

Ji := ym
∂Ii
∂xm

− Im
∂Gm

∂yi
− 2Gm ∂Ii

∂ym
.

By definition, we get

Jy(u) :=
d

dt

[
Iσ̇(t)

(
U(t)

)]
t=0

,

where y ∈ TxM , σ = σ(t) is the geodesic with σ(0) = x, σ̇(0) = y and U(t), V (t),W (t) are
linearly parallel vector fields along σ with U(0) = u, V (0) = v,W (0) = w. Then the mean
Landsberg curvature Jy is the rate of change of Iy along geodesics for any y ∈ TxM0.

3. Conformal Transformation of Berwald and Mean Berwald Curvatures
In this section, we find the necessary and sufficient condition under which the conformal

transformation preserves the Berwald curvature B and mean Berwald curvature E. For this
aim, we need the following.

Theorem 3.1. (Rapcsák [8]) Let F and F̄ be two Finsler metrics on a manifold M . Then

Ḡi = Gi +
gij

4

{
(F̄ 2)|k,jy

k − (F̄ 2)|j

}
,(3.1)

where Gi and Ḡi are the geodesic spray coefficients of F and F̄ , respectively, and “|” and “, ”
denote the horizontal and vertical derivation with respect to the Berwald connection of F .

Now, we can study the conformal transformation of Berwald curvature. We prove the
following.

Theorem 3.2. Let F and F̄ be two Finsler metrics on a manifold M . If F̄ (x, y) = eσF (x, y),
then the conformal transformation preserves the Berwald curvature if and only if the conformal
factor σ = σ(x) satisfies following equation:

2Cjklσ
i − 2gjkσ

mCi
ml + 4σpCm

pl(yjC
i
mk + ykC

i
mj)− 2σm(gjlC

i
mk + gklC

i
mj + yjC

i
mk,l

+ykC
i
mj,l) + 4ylσ

pCm
pkC

i
mj − 4F 2σsCp

slC
m
pkC

i
mj + 2F 2σp(Cm

pk,lC
i
mj + Cm

pkC
i
mj,l)

−2ylσ
mCi

mj,k + 2F 2σsCm
slC

i
mj,k − F 2σmCi

mj,k,l = 0.(3.2)

In particular, if σ(x) = constant, then B̄ = B.

Proof. Let F and F̄ be two Finsler metrics on a manifold M . By using the Rapcsák�s identity,
the following relationship between Gi and Ḡi holds

Ḡi = Gi +
F̄;mym

2F̄
yi +

F̄

2
ḡil

{
F̄;k,ly

k − F̄;l

}
,(3.3)
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where “; ” and “, ” denote the horizontal and vertical derivations with respect to the Berwald
connection of F . Suppose that F is conformally related to a F̄ , namely, F̄ = eσF , where
σ = σ(x) is a scalar function on M . Since F;m = 0, then the following hold

F̄;m = σmeσF, F̄,i = eσF,i, F̄;m,l = σmeσF,l, ḡij = e2σgij , ḡij = e−2σgij .(3.4)

where we put

σm :=
∂σ

∂xm
.

By putting (3.4) in (3.3), we get

Ḡi = Gi + σ0y
i − 1

2
F 2σi,(3.5)

where we define
σ0 := σiy

i σi := gimσm.

Then, (3.5) can be written as follows

Ḡi = Gi + Pyi −Qi,(3.6)

where

P := σky
k, Qi :=

1

2
F 2σi.(3.7)

Let us define

Gi
j :=

∂Gi

∂yj
, Gi

jk :=
∂Gi

j

∂yk
, Ḡi

j :=
∂Ḡi

∂yj
, Ḡi

jk :=
∂Ḡi

j

∂yk
,

Pj :=
∂P

∂yj
, Pjk :=

∂Pj

∂yk
, Qi

j :=
∂Qi

∂yj
, Qi

jk :=
∂Qi

j

∂yk
, Qi

jkl :=
∂Qi

jk

∂yl
.

Taking vertical derivations of (3.6) imply that

Ḡi
j= Gi

j + Pjy
i + Pδij −Qi

j ,(3.8)
Ḡi

jk= Gi
jk + Pjky

i + Pjδ
i
k + Pkδ

i
j −Qi

jk,(3.9)
B̄i

jkl= Bi
jkl + Pjkly

i + Pjkδ
i
l + Pjlδ

i
k + Pklδ

i
j −Qi

jkl,(3.10)

The following hold

Pi= σi, Pij = Pijk = 0.(3.11)

By (3.10) and (3.11), we get

B̄i
jkl = Bi

jkl −Qi
jkl.(3.12)

The following holds

(gim),j = −2Cim
j , (σi),j = −2σmCmi

j = −2σmCi
mj .(3.13)

By (3.7) and (3.13), we get

Qi
j= yjσ

i − F 2σmCi
mj ,(3.14)

Qi
jk= gjkσ

i − 2σm(yjC
i
mk + ykC

i
mj) + 2F 2σpCm

pkC
i
mj − F 2σmCi

mj,k(3.15)
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Using (3.13) we have

σmCim
j,k =

(
σmCim

j

)
,k
=

(
σmCi

mj

)
,k
= −2σpCm

pkC
i
mj + σmCi

mj,k

= σm(Ci
mj,k − 2Cp

mkC
i
pj).(3.16)

Thus
Qi

jkl= 2Cjklσ
i − 2gjkσ

mCi
ml + 4σpCm

pl(yjC
i
mk + ykC

i
mj)− 2σm(gjlC

i
mk + yjC

i
mk,l

+gklC
i
mj + ykC

i
mj,l) + 4ylσ

pCm
pkC

i
mj − 4F 2σsCp

slC
m
pkC

i
mj + 2F 2σp(Cm

pk,lC
i
mj

+Cm
pkC

i
mj,l)− 2ylσ

mCi
mj,k + 2F 2σsCm

slC
i
mj,k − F 2σmCi

mj,k,l.(3.17)

By (3.12) and (3.17), we can get the proof. □

Theorem 3.3. Let F and F̄ be two Finsler metrics on a manifold M . If F̄ (x, y) = eσF (x, y),
then the conformal transformation preserves the mean Berwald curvature if and only if the
conformal transformation is homothetic or the conformal factor σ = σ(x) satisfies following
equation:

4Ip(yiC
p
kj + yjC

p
ki) + 2F 2(Cp

kjIp,i + Cp
kiIp,j)− 2(yiIk,j + yjIk,i + gijIk)

+F 2(2IsC
s
ki,j − Ik,i,j − 4IsC

s
piC

p
kj) = 0.(3.18)

In particular, if σ(x) = constant, then Ē = E.

Proof. Taking a trace of (3.12) implies that

Ēij= Eij −
1

2
Qm

mij ,(3.19)

where Qm
mij := trac(Qk

lij). (3.14) yields

Qm
m = ymσm − F 2σpIp.(3.20)

Qm
mi = σk[2F 2Cs

kiIs + gki − 2yiIk − F 2Ik,i],(3.21)

Qm
mij = σk

[
4Ip(yiC

p
kj + yjC

p
ki) + 2F 2(Cp

kjIp,i + Cp
kiIp,j)− 2(yiIk,j + yjIk,i + gijIk)

+2F 2IsC
s
ki,j − F 2Ik,i,j − 4F 2IsC

s
piC

p
kj

]
.(3.22)

Then, by (3.19) and (3.22) we get the proof. □

4. Conformal Transformation of Landsberg and Mean Landsberg Curvatures
In this section, we find the necessary and sufficient condition under which the conformal

transformation preserves the Landsberg curvature L and mean Landsberg curvature J.

Theorem 4.1. Let F and F̄ be two Finsler metrics on a manifold M . If F̄ (x, y) = eσF (x, y),
then the conformal transformation preserves the Landsberg curvature if and only if the con-
formal factor σ = σ(x) satisfies following equation:

σ0Cjkl + σs
[
yjCskl + ykCsjl + ylCsjk + F 2Cjkl,s − F 2(CmjlC

m
sk + CmjkC

m
sl + CmklC

m
sj)

]
= 0.

In particular, if σ(x) = constant, then L̄ = L.
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Proof. Since
ȳi = F̄ F̄yi = e2σyi,

contracting (3.12) with ȳi implies that

L̄jkl = e2σ
(
Ljkl +

1

2
yiQ

i
jkl

)
,(4.1)

where
yiQ

i
jkl = 2Cjklyiσ

i − 2σmyi(yjC
i
mk,l + ykC

i
mj,l) + 2F 2σpCm

pkyiC
i
mj,l − 2ylσ

myiC
i
mj,k

+2F 2σsCm
slyiC

i
mj,k − F 2σmyiC

i
mj,k,l.(4.2)

The following holds
yiC

i
mk,l = −Cmkl.(4.3)

Also, we have
0 = (yiC

i
mj),k,l = 2CiklC

i
mj + gikC

i
mj,l + gilC

i
mj,k + yiC

i
mj,k,l(4.4)

and
gikC

i
mj,l = Cmjk,l − 2CiklC

i
mj .(4.5)

By (4.4) and (4.5), we get
yiC

i
mj,k,l = 2CiklC

i
mj − Cmjk,l − Cmjl,k.(4.6)

Thus
yiQ

i
jkl = 2σ0Cjkl + 2σs(yjCskl + ykCsjl + ylCsjk) + F 2σs(Csjk,l + Csjl,k)

−2F 2σs(CmjlC
m
sk + CmjkC

m
sl + CmklC

m
sj).(4.7)

Since Cijk,l = Cjkl,i, then (4.7) reduces to
yiQ

i
jkl = 2σ0Cjkl + 2σs(yjCskl + ykCsjl + ylCsjk) + 2F 2σsCjkl,s

−2F 2σs(CmjlC
m
sk + CmjkC

m
sl + CmklC

m
sj).(4.8)

By (4.8), we get the proof. □

Theorem 4.2. Let F and F̄ be two Finsler metrics on a manifold M . If F̄ (x, y) = eσF (x, y),
then the conformal transformation preserves the mean Landsberg curvature if and only if the
conformal factor σ = σ(x) satisfies following equation:

σ0Il + σs
[
Isyl + F 2(Il,s + 2Cjk

sCjkl − Ck
mlC

m
sk − Cj

mlC
m
sj − ImCm

sl)
]
= 0.(4.9)

In particular, if σ(x) = constant, then J̄ = J.

Proof. The following holds
(gjk),s = −2Cjk

s .

Thus
gjkCjkl,s = Il,s + 2Cjk

sCjkl.

Multiplying (4.1) with ḡjk implies that

J̄l = Jl +
1

2
yig

jkQi
jkl,(4.10)



32 AKBAR TAYEBI AND FAEZEH ESLAMI

where

yig
jkQi

jkl = 2σ0Il + 2σsIsyl + 2F 2σs(Il,s + 2Cjk
sCjkl)− 2F 2σs(Ck

mlC
m
sk + Cj

mlC
m
sj + ImCm

sl).

By Theorem 4.1, we get the proof. □

5. Conformal Transformation of H-Curvature
In this section, we find the necessary and sufficient condition under which the conformal

transformation preserves the H-Curvature H.

Theorem 5.1. Let F and F̄ be two Finsler metrics on a manifold M . If F̄ (x, y) = eσF (x, y),
then the conformal transformation preserves the H-curvature if and only if the conformal
factor σ = σ(x) satisfies following equation:

Qm
mij|sy

s=σp
[
2F 2Eij,p + 2(Eipyj + Ejpyi)− 2F 2(EimCm

pj + EjmCm
pi)

−F 2Qm
mij,p − (Qm

mipyj +Qm
mjpyi) + F 2(Qm

misC
s
pj +Qm

mjsC
s
pi)

]
.(5.1)

In particular, if σ(x) = constant, then H̄ = H.

Proof. We have

H̄ij = Ēij||sy
s = (Eij −

1

2
Qm

mij)||sy
s = Eij||sy

s − 1

2
Qm

mij||sy
s,(5.2)

where “||” denotes the horizontal derivation with respect to the Berwald connection of F̄ . We
get

Eij||s =
∂Eij

∂xs
− Ḡm

s

∂Eij

∂ym
− EimḠm

js − EjmḠm
is

= Eij|s −
(
Psy

m + Pδms −Qm
s

)∂Eij

∂ym
− Eim(Pjsy

m + Pjδ
m
s + Psδ

m
j −Qm

js)

−Ejm(Pisy
m + Piδ

m
s + Psδ

m
i −Qm

is).(5.3)

Then

H̄ij = Hij − 2(Pym −Qm)
∂Eij

∂ym
− Eim(Pδmj −Qm

j )− Ejm(Pδmi −Qm
i )− 1

2
Qm

mij||sy
s

= Hij + σp
[
F 2∂Eij

∂yp
+ (Eipyj + Ejpyi)− F 2(EimCm

pj + EjmCm
pi)

]
− 1

2
Qm

mij||sy
s.(5.4)

Now, we are going to compute Qm
mij||sy

s. For simplicity, let us put

Qm
m := X.

Then we have

Xij||s =
∂Xij

∂xs
− Ḡm

s

∂Xij

∂ym
−XimḠm

js −XjmḠm
is

= Xij|s −
(
Psy

m + Pδms −Qm
s

)∂Xij

∂ym
−Xim(Pjsy

m + Pjδ
m
s + Psδ

m
j −Qm

js)

−Xjm(Pisy
m + Piδ

m
s + Psδ

m
i −Qm

is).(5.5)
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Thus

Xij||sy
s = Xij|sy

s + 2Qm∂Xij

∂ym
+XimQm

j +XjmQm
i .

It follows that

Qm
mij||sy

s = Qm
mij|sy

s + σm
[
F 2

∂Qp
pij

∂ym
+ (yiQ

p
pjm + yjQ

p
pim)− F 2(Qs

sipC
p
mj +Qs

sjpC
p
mi)

]
.(5.6)

By (5.4) and (5.6), we get

H̄ij = Hij + σp

[
F 2∂Eij

∂yp
+ (Eipyj + Ejpyi)− F 2(EimCm

pj + EjmCm
pi)

−1

2

{
F 2

∂Qm
mij

∂yp
+ (Qm

mipyj +Qm
mjpyi)− F 2(Qm

misC
s
pj +Qm

mjsC
s
pi)

}]
− 1

2
Qm

mij|sy
s.(5.7)

Let us put

Qm
mijp :=

∂Qm
mij

∂yp
.

Then, we get the proof. □
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