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ABSTRACT. In this paper, we study the conformal transformation of some important and
effective non-Riemannian curvatures in Finsler Geometry. We find the necessary and suffi-
cient condition under which the conformal transformation preserves the Berwald curvature
B, mean Berwald curvature E, Landsberg curvature L, mean Landsberg curvature J, and
the non-Riemannian curvature H.
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1. Introduction

The notion of conformal transformations is an important concept in Riemannian-Finsler
geometry. The famous Liouville’s theorem made clear already in the 19th century that in
dimensions n > 3 conformal mappings are more rigid than in dimension 2. In the field of
general relativity, conformal transformations are vital and important because they preserve
the causal structure up to time orientation and light-like geodesics up to parametrization.

The theory of conformal transformation (or change) of Finsler metrics has been studied by
many Finsler geometers [2][3][4][5][6][1O][L1][12][14][15]. But, Knebelman is the first person
that studied the conformal theory of general Finsler metrics in [1]. He gave a geometrical cri-
terion according to two Finsler metrics g(z,y) = ¢;(z,y)dz'dz? and g(z, y) = §i(z,y)dz'dz’
to be conformal; this reduces to the usual requirement that g;; = €”g;;. In [5], he proved
that the mentioned condition implies that k = k(x) is a function of position, merely. Indeed,
two Finsler metric functions F = F(x,y) and F' = F(z,y) as conformal if the length of an
arbitrary vector in the one is proportional to the length in the other. The classical Weyl
theorem states that the projective and conformal properties of a Finsler metric determine the
metrics properties uniquely [9]. Thus, the conformal properties of the class of Finsler metric
deserve extra attention.

In Finsler geometry, there are several important non-Riemannian quantities: the Berwald
curvature B, the mean Berwald curvature E and the Landsberg curvature L, the mean Lands-
berg curvature J, the non-Riemannian curvature H, etc. They all vanish for Riemannian met-
rics, hence they are said to be non-Riemannian [13]. In order to understand the conformal
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Finsler geometry, one can consider the conformal transformation of these non-Riemannian
quantities.

For a Finsler metric ' on a manifold M, the second and third order derivatives of %FEQ
at y € T, My are inner product g, and symmetric trilinear forms C, on T, M. We call g,
and C, the fundamental form and the Cartan torsion, respectively. The rate of change of
C, along geodesics is the Landsberg curvature L, on T, M. F'is said to be Landsbergian
if L, = 0. Taking a trace of Landsberg curvature give us mean Landsberg curvature J,. A
Finsler metric I is said to be weakly Landsbergian if J, = 0.

The geodesics of F' are characterized locally by the equation

d*z! i, dz
72 +2G" (z, dt) =0,
where G are coefficients of a spray defined on M denoted by

- 0 .0

G(z,y) =y o 2G" oy

Taking three vertical derivation of geodesic coefficients of F' give us the Berwald curvature

B. A Finsler metric F is called a Berwald metric if B = 0. In this case, G = Fék (z)yly* are

quadratic in y € T, M for any x € M. Every Berwald metric is a Landsberg metric. Taking a

trace of Berwald curvature yields mean Berwald curvature E. Taking a horizontal derivation

of the mean of Berwald curvature E give us the H-curvature H. In the class of Weyl metrics,

vanishing this quantity results that the Finsler metric is of constant flag curvature and this
fact clarifies its geometric meaning [1][7]. By the definition, if E = 0 then H = 0.

In this paper, we study the conformal transformation of some important and effective non-
Riemannian curvatures in Finsler Geometry. We find the necessary and sufficient condition
under which the conformal transformation preserves the Berwald curvature B (Theorem 3.2),
mean Berwald curvature E (Theorem 3.3), Landsberg curvature L (Theorem 4.1), mean
Landsberg curvature J (Theorem 4.2), and the non-Riemannian curvature H (Theorem 5.1).

There are many connections in Finsler geometry. Throughout this paper, we set the
Berwald connection on Finsler manifolds. The h- and v- covariant derivatives of a Finsler
tensor field are denoted by “ | ” and “, ” respectively.

2. Preliminaries

Let M be an n-dimensional C*° manifold, TM = (J,; T M the tangent space and T'My :=
TM—{0} the slit tangent space of M. A Finsler structure on M is a function F' : TM — [0, 00)
with the following properties: (i) F is C* on T'My; (ii) F' is positively 1-homogeneous on
the fibers of tangent bundle T'M, i.e., F(x,\y) = AF(z,y), VA > 0; (iii) The quadratic form
g, : T M x T, M — R is positive-definite on T, M

2

[FQ(y+su+tv)} , u,v € TyM.

s=t=0

g, (w,v) =555,

Then, the pair (M, F) is called a Finsler manifold.

Let x € M and F, := F|p, . To measure the non-Euclidean feature of F, one can define
Cy:T,M xT,M xT,M — R by

1d
Cy(u,v,w) = 37 8yt (1 v)]t:O’ u,v,w e TpyM.

The family C := {C, }yern, is called the Cartan torsion.
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Let (M, F') be a Finsler manifold. For y € T, My, define I, : T, M — R by
i=1

where {0;} is a basis for T, M at x € M. The family I := {I,}yernm, is called the mean Cartan
torsion. By definition, I,(y) = 0 and I,, = A7'I,, A > 0. Therefore, I, (u) := I;(y)u’, where
I = gjkCijk. By Deicke’s theorem, every positive-definite Finsler metric F' is Riemannian if
and only if I, = 0.

Let (M, F) be a Finsler manifolds and G = y'8/0z" be its induced spray on TM which in

a standard coordinate (x*,y") for T My is given by
0
oz’

where
1,1 O*°F% . OF?

= 47 8xk8y5y ot

For a vector y € T, My, the Berwald curvature By : T, M x T, M x T, M — T, M is defined
by By (u,v,w) := Bijkl(y)ujvkwlﬁ/axﬂx, where
PG
M Gy
F' is called a Berwald metric if B = 0.

%

Taking a trace of Berwald curvature B give us the mean of Berwald curvature E which is
defined by E, : T, M x T, M — R, where

1<
(21) By(u.0) = 5 30709, (By(u.v,e0), ;).
i=1
In local coordinates, E,(u,v) := E;;(y)u‘v’, where
1

Taking a horizontal derivation of the mean of Berwald curvature E give us the H-curvature
H which is defined by H, = H;;dz" ® dx’, where
Hij == Eijimy™.
Here, “|” denotes the horizontal covariant differentiation with respect to the Berwald connec-
tion of F'.
For y € T, M, define the Landsberg curvature L, : T, M ® T, M @ T, M — R by

1
Ly(uv v, w) = _§gy (By(u7 v, w)a y) .
In local coordinates, Ly (u, v, w) := L ;;;(y)u'vIwk, where

1

l



28 AKBAR TAYEBI AND FAEZEH ESLAMI

Ly(u,v,w) is symmetric in u, v and w and Ly(y,v,w) = 0. L is called the Landsberg
curvature. A Finsler metric I is called a Landsberg metric if L = 0.
For y € T, M, define J,, : T, M — R by J,(u) := J;(y)u’, where

Ji = g* Lijp.
By definition, J,(y) = 0. J is called the mean Landsberg curvature or J-curvature. A Finsler

metric F'is called a weakly Landsberg metric if J, = 0. By definition, every Landsberg metric
is a weakly Landsberg metric. Mean Landsberg curvature can be defined as following
ol; oG™ ol;

=" —I,—— —2G™
4 oz oy’ ¢ oy™

Ji

By definition, we get

3w = 2L U)]

where y € T, M, 0 = o(t) is the geodesic with ¢(0) = x, 6(0) = y and U(t), V (t), W(t) are
linearly parallel vector fields along o with U(0) = u, V(0) = v, W(0) = w. Then the mean
Landsberg curvature J, is the rate of change of I, along geodesics for any y € T, M.

3. Conformal Transformation of Berwald and Mean Berwald Curvatures

In this section, we find the necessary and sufficient condition under which the conformal
transformation preserves the Berwald curvature B and mean Berwald curvature E. For this
aim, we need the following.

Theorem 3.1. (Rapcsék [3]) Let F and F be two Finsler metrics on a manifold M. Then
i

(3.1) G'=G"+ g4 {(F2)|k,jyk - (FZ)U},

where G* and G* are the geodesic spray coefficients of F and F, respectively, and “|” and “,”
denote the horizontal and vertical derivation with respect to the Berwald connection of F'.

Now, we can study the conformal transformation of Berwald curvature. We prove the
following.

Theorem 3.2. Let F' and F be two Finsler metrics on a manifold M. If F(x,y) = e F(x,y),
then the conformal transformation preserves the Berwald curvature if and only if the conformal
factor o = o(x) satisfies following equation:

200" — 29550 C 4+ 40P C (4 C i + YkCP i) — 20™(950C" ke + 91iCl g + YiCl e
+ykcimj,l) + 4lepCTZkCl'mj - 4F2050psl0mpkcimj + 2F20p( n;k,lcimj + C@kcl
(3.2) —2y0™C" i + 2F20°CYC o — FP0™C

mj,l)
0.

mjkl —
In particular, if o(z) = constant, then B = B.

Proof. Let F and F be two Finsler metrics on a manifold M. By using the Rapcsak s identity,
the following relationship between G* and G* holds
Emy™

_ . CF _
(3.3) G'=G"+ 5F yl—i-??lll{F;k,lyk—F;l},
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[2]

where “” and “,” denote the horizontal and vertical derivations with respect to the Berwald
connection of F'. Suppose that F' is conformally related to a F', namely, F' = e’ F', where
o = o(x) is a scalar function on M. Since F.;,, = 0, then the following hold

(34) Fypy = 0e°F, F;=¢"Fi, Fopy=o0me’Fi, Gij =e* g1, g7 =e g9,

) )

where we put

0o
By putting (3.4) in (3.3), we get
_ . 1 .
3.5 G =G + oy — =F?¢,
( 2

where we define
op = 0y g ‘=g Om.

Then, (3.5) can be written as follows

(3.6) G'=G+Pry -qQ,
where
1 ,
(3.7) P:=ouf, Q' := §F20’.
Let us define
Y Yel A oGLE  _ . Gt . oG
G;- = —, G = —L G=—, G = —L
ayg J 8yk J ayg J 8yk
poo 0P p 0P 0Q o 0@ OO
J 8yj’ Jk - ayka 7 6yj > gk * ayk > gkl - ayl :
Taking vertical derivations of (3.6) imply that
(3.8) Gi=G%+ Py’ + P&} — Q3
(3.9) Gip= Gl + Pjry' + Pjoy + Pidi — Qy,
(3.10) Bj= By + Pjuy' + Pjd; + Py, + Pudj — Qjy,
The following hold
(311) B: aj, ]Dij = ]Dijk =0.
By (3.10) and (3.11), we get
(3.12) Bjy = By — Qi
The following holds
(3.13) (g"); = 20", (0%); = —20mC"}' = =20"C",,;.
By (3.7) and (3.13), we get
(3.14) Q; =yjo' — F2JmCimj,

(3.15) Q;lk: giko' — 20" (y;C" o + ykcimj) + QFQJan;kcimj — F%mcimk
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Using (3.13) we have

omC'i = (omC')
(3.16) = o™ (C"
Thus

= (0"C ) jy = 207 CTCl s + 0 C
ik — 200, Cly)-
Qjpu= 200" = 29510 C"y + 40P Chy (y;C% i + YrClhij) — 20" (91C e + 45C% iy
F911C nj + YkClpji) + o C C s — AF?05CE C™ CP o+ 2F 6P (O CF
(3.17)  +CHC i) — 2yc™Cl i+ 2F20°CTHCY oy — FR0™C"
By (3.12) and (3.17), we can get the proof. O

mj7l) mj,k,l*

Theorem 3.3. Let F' and F be two Finsler metrics on a manifold M. If F(x,y) = e° F(x,y),
then the conformal transformation preserves the mean Berwald curvature if and only if the
conformal transformation is homothetic or the conformal factor o = o(x) satisfies following
equation:

4Ip(inpkj +y;C kz) +2F (Cp pi+C kzIPJ) 2(yilk,j + yilei + 9ijIx)
(3.18) FF2(2LC% ; — Inij — ALC,CY ) = 0
In particular, if o(x) = constant, then E = E.

Proof. Taking a trace of (3.12) implies that

_ 1
(3.19) Eij=E;j — B} mig)

where QI trac(QlU) (3.14) yields

ng
(3.20) Q™ = y,,0™ — F20P1I,.
(3.21) Qi = 0" [2F°C% I + gri — 2yilk — F* I3,

ﬁij =t 4Ip(yi0pkj + ijpki) + 2F2(Cpkjfpﬂ' + Cpkifpjj) — 2(yilk,j + vyl + gijfk)
(3.22) F2FALCY = P2 — AF2L,C%Ch .

Then, by (3.19) and (3.22) we get the proof. O

4. Conformal Transformation of Landsberg and Mean Landsberg Curvatures

In this section, we find the necessary and sufficient condition under which the conformal
transformation preserves the Landsberg curvature L and mean Landsberg curvature J.

Theorem 4.1. Let F and F be two Finsler metrics on a manifold M. If F(z,y) = ¢ F(z,y),
then the conformal transformation preserves the Landsberg curvature if and only if the con-
formal factor o = o(x) satisfies following equation:

00Cjki + 0% |y;Csit + YeCsjt + YCsjk + F>Clrts — FX(CrjiC % + CrnjC™hy + CraC™35) | = 0.

In particular, if o(x) = constant, then L = L.
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Proof. Since
_ P 2
Ui =FF; =e7y;,
contracting (3.12) with g; implies that

_ 1 .

(4.1) Ljw =e* (ijl + §Z/zQ;kl)a
where

yz‘Q;kl = QCjklyiUi - QUmyi(ijimk,l + ykcimj,l) + 2F2Up07gkyicimj,l - 2ylamyi0imj,k
(4.2) +2F20° CTyyiCt g — FP0™yiCl
The following holds
(4.3) inika = —Chki-
Also, we have
(4.4) 0= (inimj),k,z = 2Ciklcimj + gikCimj,l + gilcimj7k + inimj,k,z
and
(4.5) gikCiij = Cjk,l — 2Cz'klcimj'
By (4.4) and (4.5), we get
(4.6) yicimj,k,l = 2Ciklcimj — Cmjikg — Cmjt -

Thus
yiQ;kl = 200C;k1 + 20°(y;Csit + ykClsjt + wiCsjr) + F20°(Csjt + Csjik)
(4.7) —2F20" (ComjtC", + CinjiC™51 + Conia C75).
Since Cjji; = Cjki 4, then (4.7) reduces to
Yi Qb1 = 200C; 5 + 20° (y;Catt + YuClsji + YClji) + 2F>0°Cliry s
(4.8) —2F%0°(CrpjtC"% + CrnjieC™5 + Couii C).
By (4.8), we get the proof. O

Theorem 4.2. Let F' and F be two Finsler metrics on a manifold M. If F(x,y) = e° F(x,y),
then the conformal transformation preserves the mean Landsberg curvature if and only if the
conformal factor o = o(x) satisfies following equation:

(4.9) ool + 0" [ Ly + F2 (I + 207 Cipa = 1, O = €, €7 = 1nC™)| = 0.
In particular, if o(x) = constant, then J = J.

Proof. The following holds
(gjk),s = _2stk'
Thus
G Crs = I + 2075 Cy.
Multiplying (4.1) with g% implies that

_ 1 ..
(4.10) J=J+ §yigij;'kl7
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where
g Qhy = 2001) + 20° Ly, + 2F%0° (I 5 + 2C9FCypy) — 2F%0*(CF,C™, + €7, C™5 + 1,C™).
By Theorem 4.1, we get the proof. O

5. Conformal Transformation of H-Curvature

In this section, we find the necessary and sufficient condition under which the conformal
transformation preserves the H-Curvature H.

Theorem 5.1. Let F' and F be two Finsler metrics on a manifold M. If F(x,y) = e° F(x,y),
then the conformal transformation preserves the H-curvature if and only if the conformal
factor o = o(x) satisfies following equation:

Quigisy” =0 [2F2Eij,p +2(Eipy; + Ejpyi) — 2F*(EinC"y; + EjmC™;)
(5.1) —F? mijp — (Qmip¥i + Qmjp¥i) + F*( misCpj T QmjisCopi) |-
In particular, if o(z) = constant, then H = H.

Proof. We have

_ _ 1 1
(5.2) Hij = Eijjsy® = (Bij — 5Qmij)1sy” = Biglisy” — 5 Qmijis¥ ™
where “||” denotes the horizontal derivation with respect to the Berwald connection of F. We
get
OE;;  ~,,0E;; ~ _
Eij\s = Bxi’ -Gy ay;ﬁ — EinGYy — Eim Gy
OF.: :

= By~ (P + PO = QT) 52 = Bum(Prog/™ + P17 + P}’ — Q1)
(5.3) —Ejmn(Pisy™ + Pi6]" + Ps6" — Q).
Then

_ 8E
Hij = Hij = 2(Py™ — Q™) 8y72

m m m m 1 m s
— Ezm(Péj - Qj ) - Ejm(P(Sz - Qz ) - iQmul\sy
OF;;
oyP

1
(5.4) = Hyj +oP [FZ + (Eipy; + Ejpyi) — F*(EimC™i 4 EjmC™yi) | — iQ%Hsy%

Now, we are going to compute Q%j”sys. For simplicity, let us put
Q.= X.

Then we have
0X;j ~m 0Xij
XinS = oxs _G;n 8ym a
c?Xij

(5.5) —Xim(Pisy™ + Pi6]" + Ps6]" — Q).

s

Xim Gy — XjmGle

= Xim(Pjsy™ + Pjo" + P50} — Qj;)
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Thus

0X;
Xij||sys — Xij|3ys +2Q™ ay:rf + XimQ}" + X;m Q"

It follows that

o
@;ﬁgjﬂsys = inj\sys + o™ FQW% + ( p]m + Yy pzm) ( zzpcp ngp )] :

By (5.4) and (5.6), we get

_ OFE;;
Hyj= Hij +of | F>—2 + (Eypy; + Ejpyi) — (Eszm + EjmC7)

oyP
7 F2 le] m m F2 m Cs 1 m s
(5 ) { ayp +( mipYj +Qmjpyi) - ( mis +Qm]s )} - 5 mij|sy :
Let us put
m . 9%mi
mijp - 8yp
Then, we get the proof. ]
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