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Abstract. In this paper, some sufficient condition for a weighted Orlicz space, LΦ
w(G), to

be a Banach algebra with convolution as multiplication in context of a σ-compact groups.
We also for a class of Orlicz spaces, obtain an equivalent condition, such that a weighted Or-
licz space to be a convolution Banach algebra. This resultes generalized some known results
in Lebesgue spaces.
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1. Introduction and Background
The condition that the Lebesgue spaces become an algebra by convolution multiplication

has always been considered. It is known that for each locally compact group G, L1(G) is a
convolution Banach algebra, and for each p > 1, Lp(G) is a convolution algebra if and only if
G is compact ([4], [15]). Kuznetsova in [8] proved that L1

w(G) is convolution Banach algebra
if and only if w is submultiplicative, and in the case of G is abelian for a p > 1 and a weight
w Lp

w(G) is a convolution algebra if and only if G is σ-compact.
Given that Orlicz spaces are a very important generalization of Lebesgue spaces, the natural
question is when Orlicz spaces or weighted Orlicz spaces are convolution Banach algebra. For
a locally compact abelian group G and a ∆2-regular Young function Φ, H. Hudzik, A. Kamiska
and J. Musielak in [6] prove that the Orlicz space LΦ(G) is a convolution Banach algebra if
and only if LΦ(G) ⊆ L1(G), and this holds if and only if G is compact or limx→0+

Φ(x)
x > 0.

In [1, 13, 14] another necessary and sufficient condition for an Orlicz space LΦ(G), and its
weighted version LΦ

w(G), to be a convolution Banach algebra is given. Also to observe similar
results with the context of hypergroups see [2, 12].

In this paper, G is a locally compact group and λ is the left Haar measure on G. Let recall
some properties of Orlicz spaces. For more details see three books [7, 10, 11] which are basic
references for this subject.

A Young function is a convex even mapping Φ : R → [0,∞] such that Φ(0) = limx→0Φ(x) =
0 and limx→∞Φ(x) = ∞. A Young function Φ : R → [0,∞) is called an N-function if it is
continuous, Φ(x) = 0 implies x = 0, limx→0

Φ(x)
x = 0 and limx→∞

Φ(x)
x = ∞.
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The complementary of a Young function Φ is the function Ψ defined by
Ψ(x) := sup{y|x| − Φ(y) : y ≥ 0}, (x ∈ R).

If Ψ is the complementary of a Young function Φ, then (Φ,Ψ) is called a Young pair. If
we denote the set of all Borel measurable complex-valued functions on G by B(G), then the
Orlicz space LΦ(G) define by

LΦ(G) = {f ∈ B(G) : ∃α > 0,

∫
G
Φ(α|f(x)|) dλ(x) < ∞}.

For each Young pair (Φ,Ψ) we denote the set of all f ∈ B(G) with
∫
GΦ(|f(x)|) dλ(x) ≤ 1

by BΦ. Then we can define for each f ∈ LΦ(G) the Orlicz norm ∥f∥Φ and Luxemburg norm
∥f∥[Φ] respectively by

∥f∥Φ := sup

{∫
G
|f(x)g(x)| dλ(x) : g ∈ BΨ

}
∥f∥[Φ] := inf

{
α > 0 :

1

α
f ∈ BΦ

}
.

If almost everywhere equal functions in LΦ(G) consider the same, then ∥ · ∥Φ and ∥ · ∥[Φ] are
equaivalent normes on LΦ(G) with
(1.1) ∥f∥[Φ] ≤ ∥f∥Φ ≤ 2∥f∥[Φ].

For each f ∈ LΦ(G) and g ∈ LΨ(G), we have the Hölder’s inequality for Orlicz spaces (see[10,
Proposition 1, and the Remark after it, page 58]):

(1.2)
∫
G
|f(x)g(x)| dλ(x) ≤ 2∥f∥[Φ] ∥g∥[Ψ].

A continuous positive function w on G called a weight. Simillar to other function spaces, the
weighted Orlicz space, LΦ

w(G), is defined by
LΦ
w(G) = {f ∈ B(G) : wf ∈ LΦ(G)}.

LΦ
w(G) with the norm ∥f∥Φ,w := ∥wf∥Φ is a Banach space.

2. Main Results
Our motivation for giving the main result of this paper is to provide a generalization for

[8, Theorem 1.1]. In that theorem it has been proved that a locally compact group G is
σ-compact if and only if for any p > 1 there exists a weight w such that w−q ∗w−q < w−q, if
and only if for any p > 1 there exists a weight w such that LΦ

w(G) is a convolution Banach
algebra. Recall that for any measurable functions f and g on G, the convolution product f ∗g
is defined by

(f ∗ g)(x) :=
∫
G
f(y)g(y−1x) dλ(y)

for all x ∈ G, while this integral exists. Also the weighted Orlicz space LΦ
w(G) is called a

convolution Banach algebra if there exists a constant D > 0 such that
∥f ∗ g∥Φ,w ≤ D ∥f∥Φ,w ∥g∥Φ,w,

for all f, g ∈ LΦ
w(G).
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In sequel, for each weight function w on G, we define Ωw : G×G → (0,∞) by

Ωw(x, y) =
w(yx)

w(x)w(y)
.

Also, we say that a Young function Ψ is satisfied the property (A) whenever, for each σ-
compact group G there exists a weight w on G and there exists a real number C > 0 such
that for all v ∈ BΨ, the function Hv(y) := ∥Ωw(·, y)Ly−1 |v|∥Ψ, (y ∈ G) belongs to LΨ(G) and
∥Hv∥Ψ ≤ C where for each function f on G and each y ∈ G, the function Lyf on G define
by Lyf(x) = f(y−1x).

Remark 2.1. By [8, Theorem 1.1] easily one can see that for each 1 < q < ∞, the Young
function Ψq := | · |q satisfies the property (A).
Indeed for each locally compact group G by [8, Theorem 1.1] always there exists a weight w
such that w−q ∗ w−q < w−q. So for each v ∈ BΨq we have

∥Hv∥Ψq =

(∫
G
(Hv(y))

q dy

) 1
q

=

(∫
G
(∥Ωw(·, y)Ly−1 |v|∥Ψq)

q dy

) 1
q

=

(∫
G

∫
G
|Ωw(x, y)Ly−1v(x)|q dx dy

) 1
q

=

(∫
G

∫
G

w(yx)q

w(x)qw(y)q
|v(yx)|q dx dy

) 1
q

=

(∫
G
w(x)q|v(x)|q(

∫
G

1

w(y)qw(y−1x)q
dy) dx

) 1
q

=

(∫
G
w(x)q|v(x)|q(w−q ∗ w−q)(x) dx

) 1
q

≤
(∫

G
|v(x)|qx

) 1
q

= ∥v∥Ψq ≤ 1.

Therefore Ψq satisfies the property (A) with C = 1.

Before stating the main thesis of this article we also recall that for a locally compact abelian
group G, a weight function w and a complementary pair of Young functions(Φ,Ψ) a function
ξ : G → C \ {0} is called a generalized character if ξ(xy) = ξ(x) ξ(y) for all x, y ∈ G, and
ξ
w ∈ LΨ(G). The set of all generalized characters of G is denoted by ĜΨ(w).

Theorem 2.2. Let G be a locally compact group. Then, the following conditions are equiva-
lent:

(1) G is σ-compact.
(2) There are a complementary pair (Φ,Ψ) of N -functions in which for some weight

function w, we have 1
w ∈ LΨ(G) and

Ψ(
1

w
) ∗Ψ(

1

w
) ≤ Ψ(

1

w
).



100 A.R. BAGHERI SALEC

(3) For all complementary pair (Φ,Ψ) of N -functions there exists some weight function
w such that 1

w ∈ LΨ(G) and

Ψ(
1

w
) ∗Ψ(

1

w
) ≤ Ψ(

1

w
).

If G is abelian, then the above conditions are equivalent to the following conditions:
(4) There are a complementary pair (Φ,Ψ) of N -functions in which Ψ satisfies the property

(A) for some weight w on G, and LΦ
w(G) is a convolution Banach algebra.

(5) For each complementary pair (Φ,Ψ) of N -functions in which Ψ satisfies the property
(A) for some weight w on G, LΦ

w(G) is a convolution Banach algebra.

Proof. (2) ⇒ (1): Let (Φ,Ψ) be a complementary pair of N -functions and w be a weight on
G such that 1

w ∈ LΨ(G). Then for some α > 0, we have Ψ(αw ) ∈ L1(G). Since Ψ(t) = 0
implies that t = 0, and Ψ(αw ) > 0 on G, we have

G = {x ∈ G : Ψ(
α

w
) > 0},

and so thanks to [3, Proposition 2.20] and [4, Theorem 1.40], G is σ-compact.
(1) ⇒ (3): Let G be a σ-compact group. By the proof of [8, Theorem 1.1], there is an
integrable function u > 0 such that u ∗ u ≤ u. Now for each N -function Ψ if we put
w :=

1

Ψ−1(u)
, then we have 1

w ∈ LΨ(G) and Ψ( 1
w ) ∗Ψ( 1

w ) ≤ Ψ( 1
w ).

Since (3) ⇒ (2) is trivial, the conditions 1− 3 are equaivalent.
(1) ⇒ (5): Let G be a σ-compact group. Then for all pairs (Φ,Ψ) of N -functions such that
Ψ satisfies the prperty (A), there exists a weight w on G that satisfies the property (A).
Suppose that f, g ∈ LΦ

w(G). Then for each v ∈ BΨ, since for almost every elements y ∈ G
we have ∥Ωw(·, y)Ly−1 |v|∥Ψ < ∞, thanks to Hölder’s inequality (1.2) and inequality (1.1) we
have ∫

G
|(f ∗ g)(x)| w(x) |v(x)| dλ(x)

≤
∫
G
|f(y)|w(y)

∫
G
|g(x)|w(x) w(yx)

w(x)w(y)
|v(yx)| dλ(x)dλ(y)

≤ 2

∫
G
|f(y)|w(y) ∥fw∥Φ∥Ωw(·, y)Ly−1 |v|∥Ψ dλ(x)dλ(y)

≤ 4 ∥f∥Φ,w ∥g∥Φ,w ∥H∥Ψ
≤ 4C ∥g∥Φ,w ∥f∥Φ,w.

So we have ∥f ∗ g∥Φ,w ≤ 4C ∥f∥Φ,w ∥g∥Φ,w and LΦ
w(G) is a convolution algebra.

Now, let G be abelian.
(4) ⇒ (1): Let LΦ

w(G) be a convolution algebra. Since G is abelian, by [9, Proposition. 5.7]
LΦ
w(G) is not radical. This implies that there exists a non-zero homomorphism T from LΦ

w(G)

into C, and so by [9, Theorem 5.2], there exists an element η ∈ ĜΨ(w) such that

T (f) =

∫
G
f η dλ, (f ∈ LΦ

w(G)).

Hence we have η
w ∈ LΨ(G). In other words, there exists an α > 0 such that Ψ( |η|

αw ) ∈ L1(G).
Therefore G is σ-compact. □
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By [5, Proposition 5] and [9, Lamma 4.3], for any N -function Ψ, LΨ(G) is a Banach algebra
with respect to pointwise multiplication if and only if LΨ(G) ⊆ L∞(G) if and only if G is
discrete. Using these facts, we can express the following conclusion.

Corollary 2.3. Let G be a discrete group. Then for any weight w on G such that
(1) for each y ∈ G, Ωw(·, y) ∈ BΨ and,
(2) if H(y) = ∥Ωw(·, y)∥Ψ, (y ∈ G), then H ∈ LΨ(G),

ℓΦw(G) is a convolution Banach algebras.

Proof. Since G is discrete, by [5, Proposition 5] and [9, Lamma 4.3], ℓΨ(G) is Banach algebra
with respect to pointwise multiplication. So there exsists a real number B such that for each
f, g ∈ ℓΨ(G) we have ∥fg∥Ψ ≤ B ∥f∥Ψ∥fg∥Ψ. By substituting 1

BΨ for Ψ, conditions (1) and
(2) imply that if v ∈ BΨ, then

(1) for each y ∈ G,
∥Ωw(·, y)Ly−1 |v|∥Ψ ≤ ∥Ωw(·, y)∥Ψ∥Ly−1 |v|∥Ψ ≤ ∥Ωw(·, y)∥Ψ, and

(2) the function H(y) = ∥Ωw(·, y)Ly−1 |v|∥Ψ(y ∈ G), belongs to BΨ,
since the mapping x 7→ v(yx) belongs to BΨ. So the Young function Ψ is satisfied the property
(A) and by Theorem 2.2, ℓΦw(G) is a convolution Banach algebra. □

Before stating the next corollary, we remind that a Young function Φ satisfies ∆2-condition
(and write Φ ∈ ∆2) if there are c > 0 and x0 ≥ 0 such that

Φ(2x) ≤ cΦ(x), (x ≥ x0).

Corollary 2.4. If Ψ is globally ∆2–regular and w is a weight on Z such that

∃β > 0,∀m,n ∈ Z,∀v ∈ BΨ,Ωω(m,n)|v(m− n)| ≤ β

(|m|+ 1)(|n|+ 1)
(2.1)

then ℓΦw(Z) is a convolution Banach algebras.

Proof. Since Ψ ∈ ∆2 globally by [10, Chapter II, Corollary 5] there exist a real numbers
M > 0 and α > 1 such that for all x ∈ R, Ψ(x) ≤ M |x|α. So by (2.1) for each n ∈ N we have∫

Z
Ψ(Ωω(·, n)L−n|v|) =

+∞∑
m=−∞

Ψ(Ωω(m,n)L−n|v|)

≤
+∞∑

m=−∞
M
∣∣Ωω(m,n)L−n|v|

∣∣α
≤

+∞∑
m=−∞

M

(
β

(|m|+ 1)(|n|+ 1)

)α

=
Mβα

(1 + |n|)α
+∞∑

m=−∞

1

(1 + |m|)α

≤Mβα
+∞∑

m=−∞

1

(1 + |m|)α

=Mβα(2ζ(α)− 1) < ∞,
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where ζ is the Riemann zeta function.
On the other hand if f ∈ BΦ we have

∑+∞
m=−∞ |Φ(f(m))| ≤ 1. So that for each m ∈ Z we

have |Φ(f(m))| ≤ 1. Therefore for each n ∈ Z we see that

∥Ωω(·, n)L−n|v|∥Ψ =sup{
+∞∑

m=−∞
|Ωω(m,n)v(m− n)f(m)| : f ∈ BΦ}

≤Φ−1(1)
+∞∑

m=−∞
|Ωω(m,n)v(m− n)|

So for the function H : y 7→ ∥Ωω(·, n)L−n|v|∥Ψ we have∫
Z
Ψ(H) =

+∞∑
n=−∞

Ψ(H)(n)

≤
+∞∑

n=−∞
Ψ

(
Φ−1(1)

+∞∑
m=−∞

|Ωω(m,n)v(m− n)|

)

≤
+∞∑

n=−∞

+∞∑
m=−∞

M
∣∣Φ−1(1)Ωω(m,n)v(m− n)

∣∣α
≤

+∞∑
n=−∞

+∞∑
m=−∞

MΦ−1(1)α
(

β

(|m|+ 1)(|n|+ 1)

)α

=MΦ−1(1)αβα(2ζ(α)− 1)2.

If γ = max{Mβα(2ζ(α) − 1),MΦ−1(1)αβα(2ζ(α) − 1)2} then considering Ψ
γ instead of Ψ it

is observed that Ψ is true in the condition of of Theorem 2.2, so that ℓΦw(Z) is a convolution
Banach algebras. □
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