ITIH Mathematical Analysis Vol. 2 (2021), No. 1, 63-69
L. https:\\ maco.lu.ac.ir
ED & Convex Optimization DOI: 10.52547 /maco.2.1.6

Research Paper

AN EXTENSION OF THE INTERPOLATION THEOREM

ALIREZA BAGHERI SALEC AND SEYYED MOHAMMAD TABATABAIE*

ABSTRACT. In this paper we prove the Riesz-Thorian interpolation the-
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1. INTRODUCTION AND PRELIMINARIES

Orlicz and Morrey spaces are two important generalizations of the usual
Lebesgue spaces which so many research papers are based on them in the
last decade; see the below two subsections for definition and some references
of the weighted ones. Recently, the Riesz-Thorin interpolation theorem was
proved in setting of Lebesgue-Morrey spaces in [15]; see [1] as a monograph.
In this work, by a similar method, we give an extension of this theorem in
setting of (weighted) Orlicz and Morrey spaces.

1.1. Weighted Morrey Spaces. For each a € R" and ¢t > 0, the set
{a+y : aeR"yec[0,t"} is called a cube in R™. Let p € [1,00) and
A € [0,1]. Then, the Morrey norm is defined by

DY . om
1l = 5up { Q17 I /llzoq) + @ is a cube in R” |,

for all measurable function f : R™ — C. Then, the set of all complex-
valued measurable functions f on R" with || f|| \».x < oo is denoted by MPA
and called a Morrey space. Morrey Spaces are generalization of Lebesgue
spaces. In fact, for each p > 1 we have MP-! = LP(R"™). These spaces were
initiated by C.B. Morrey in [3] while he was investigating elliptic differential
equations, and then refined by Peetre [0]; see [9, 2, 10] as some recent works
on this field.

Let w : R" — (0,00) be a measurable function. For each measurable
function f : R™ — C we denote

Hf”(p,)\,w) = waHMp,A-
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The set of all measurable functions f : R" — C with [|f[|(xw) < 00 is
denoted by MEA and is called the weighted Morrey space. Simply, we put

[ fllQpw = [l fwllrr(q),

where @ is a cube in R".

1.2. Weighted Orlicz Spaces. The books [7, &] are two main monographs
for Orlicz spaces. For giving the definition of an Orlicz space, one needs to
recall Young functions. A convex even function ® : R — [0,00) is called a
Young function if ®(0) = lim,_,o ®(x) = 0 and lim,; o (z) = co. We say
that a Young function ® satisfies Ag-condition (and write ® € Ay) if for
some constants ¢ > 0 and xy > 0,

O(2z) < c®(z), (x> x0).

A continuous Young function ® : R — [0, 00) is called a nice Young function
(or simply N-function) if limy_,o ®(z)/x = 0, limy_oo ®(z)/z = o0, and
®(x) = 0 implies that = = 0.

The complementary of a Young function ® is defined by

U(z) ;= sup{ylz| = (y) : y 2 0}, (z€R).

In this case, (®, V) is called a complementary pair.

In sequel (X, A, ) would be a measure space, and we assume that the
non-negative measure j has the finite subset property i.e. for each E € A
with p(E) > 0, there exists a set F' € A such that F' C F and 0 < p(F) < oo
(see [7, page 46]). For each measurable function f: X — C we denote

1flle 1=inf{>\>0: /X<I><‘f()\x)‘> du(!E)Sl}.

Then, the set of all measurable functions f : X — C with ||f]l¢ < oo is
denoted by L®(X) and is called an Orlicz space. Since, by our assumption,
1 has the finite subset property, L‘I’(X ) is a complete normed space [7]. For
each 1 < p < oo, the function ®, defined by ®,(z) := |z|P for all z € R, is a
Young function and the Orlicz space L (X) is same as the usual Lebesgue
space LP(X). Orlicz spaces, as extensions of Lebesgue spaces, have been
studied in several recent decades; see for example [1, 5, 11, 12, 13, 11] as
some recent works regarding Orlicz spaces in the context of locally compact
groups and hypergroups.

Any measurable function w : X — (0, 00) is called a weight on X', and we
write w™! = % The space of all measurable functions f on X such that
wf € L?(X) is called the weighted Orlicz space and is denoted by L2 (X).
For each f € L2(X) we put | fllow = |[wflle. Then, (LE(X), || - ||ow) is
also a Banach space. If ® € Ay, then the dual of the Banach space L2 (X)
equals LY_, (X) (see [1]) via the duality formula

(f.g) = /X f(@)g(x) du(z).
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2. MAIN RESULTS

In this section, we give Riesz-Thorian interpolation theorem for weighted
Orlicz and weighted Morrey spaces. First we recall the following concept
from [7, Chapter VI].

Definition 2.1. Let (®g, ®;) be a pair of Young functions and fix a number
0 < 0 < 1. Then, the corresponding intermediate function ®y is defined by

(2.1) o= (@) (@Y

Now, we recall the following lemma from [7, Proposition 4, Chapter VI|
which plays a key role in the proof of the main result of this paper.

Lemma 2.2 (Three-Line Theorem). Let F' be a bounded and continuous
finction on {z € C:0 < Rez < 1} and analytic on {z € C:0 < Rez < 1}.
Let My, My > 0 be constant numbers such that

|F(it)] < My, |F(1+idt)] < M, (—o0o<t< ).
Then, for each 0 < 6§ <1 we have
|F(0+it)| < M{~OMY,  (—o00 <t < o00).
In the next theorem, for each p > 0, we assume that 1/p+1/p' = 1.

Theorem 2.3. Assume that (®;,¥;) (i =0,1) are complimentary pairs of
N-functions such that ®; € Ay for i =0,1. Let 1 < p; <oo, 0 <\ <1
(i=0,1), and 0 < 6 < 1 be a fized number. Let vy and vy be weight functions
on X, and wy and wy be weight functions on R™. Let the mappings

E:R"xC—C and kK :XxC—C

satisfy the following properties:
(1) for each y € R™ and t € R, |k(y,it)] < wo(y) and |k(y,1 + it)] <
w1(y).
(2) for each x € X and t € R, |K'(z,it)|vo(x) < 1 and |K'(x,1 +
it)|vi(x) < 1.
(3) for each x € X and y € R", the mappings k(x,-) and k' (y,-) are
analytic. Also, for each z € C, the mappings k(-,2) and k'(-, z) are

measurable.
Let
/ 1
wy(y) :=k(y,0) P and wve(z) = 0 (x € X,y e R").
Assume that for each f € Lg’(?(/'\,’) and g € LE1(X),
(2.2) 1T (P posronwo) < Mo [ f | wo,v0-
and
(2.3) 1T o1 2 w1) < Milgll@y 0, -
Then,

—0
(Pg,Xg,wp) = (} 19 Dg,vg
T f]] < My M7 | f]
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for all f € Lffg@ (X), where ®y is the intermediate function corresponding to
g and P, and

(24) ppi= ((1—0)py " +0pr)) ™, A= (1—60)Xopapy " + OAipopy -

Proof. For each complex number z put sgn(z) = & if z # 0, and sgn(z) = 0

NE]

of z=0. Let f be a simple function on X" with || f||s, ., = 1. Define

Az, ) = sgn(f (x)) -[@g ' (@a (| f () ve ()] [@1 (Re(|f (2)|va(2))))* ' (x, 2)

for all z € X and z € C. Fix a cube @ in R". Let g be a simple function on
R™ with ”9”ng wyt = 1. Define

Py 1
B(y, z) :=sgn(g(y)) lg(w)|#= (we(y))?> k(y, 2)
for all y € R™ and z € C, where
_ _1\—1 _ _
pi= (L= 2)pg +200h) 7, A= (1= 2)Aopapy ' + 2Aipapy

Then, for all ¢t € R,

/

[ B0 ) = [ (Gt @))% - i 0wy’ w)) " dy

— |lg|IP? <1
lgl?,, oo <L
This implies that
(2.5) 1BC 0l g e < 1

Similarly, for all t € R we have

| 0B s ) ay = | ((<\g<y>|w91<y>>p’9)’°l'l k() wﬁ(y))pll dy

< / (Ig(y)lwy™ ()7 dy
Q

— |lgIPb 1
loll%, i<

and so,

(2.6) IB(.1+i)] gy ot < 1.



AN EXTENSION OF THE INTERPOLATION THEOREM 67

Also, for all t € R,

/X@o(lA(wjit)lvo(x)) dp(x) =/ o (@5 (Po(If (2)|va(x))) - K (z,it) vo(x)) du(y)

IN

o (Bg ' (@o(|f(2)lve(x)))) dpu(y)
Dy (| f () [vo(x)) dp(y)

IN

-H\;C\

IN

This implies that

(2.7) [AC i) og,00 < 1.
Similarly, by the hypothesis one can see that
(2.8) [AG T+ it)]@ 0 <1

for all t € R, since

/ B (|A(z, 1+ i) v (= L @g(If (@) [va(x)))
K (2,1 it) v (@ )) du(y)

0= [
/ L@ (|f(2)]va(x)))) dply)
[,
1.

IN

IA

x)|vg(x)) du(y)

IN

Now, define
Fo(z) == Q|7 / T(A(2)(y) By, 2)dy, (= € C).
Q
Then, for each t € R we have
Fo(it)] < [Q % /Q T(ACit)(9)] | Bly.it)) dy

—Ao . .
< 1QUP IT(AG i)l @pos 1BC+it)lg pp et

“x .

< Q[ 7o |T(A( )| Q,po,wo
< HT(A(v ))H P0;A0,W0)

< My ”A(’an)”@o vy < Mo,
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thanks to the relations (2.5), (2.7) and (2.2). Similarly, by the relations
(2.8), (2.6) and (2.3), for each t € R we have

Fo(1+it)] < Q| " /Q T(A( 1+ i) (9)] | By, 1+ it)| dy

B3t ) .
<l T(AC T+ it)Qprw IBE1+i)lg 4wt

E2N] _
<@ [|T(AG, 1+ i) |Q,py
S NTCAC, T+ i) | oy 2w

< My JAG, L+ it)][@y,0, < M.

So, by Three-Line Theorem we have

@9) 1l | [ 7w st )| = 1Fa(0) < 3702

since f = A(-,0) and g = B(-,0). Finally,

IT(F) lippneree) = 1P {|Q|%f IT(f) wolliro) @ is a cube in B}

|Q| p" ‘/ dy)’: Q is a cube in R™,

h is simple and HhHng) wy!
< My~ M.

This completes the proof because the set of all simple functions is dense
in ./\/lp 9’)‘9. O

Example 2.4. Let (®;,¥;) (i = 0,1) be complimentary pairs of N-
functions. Suppose that 0 < 6 < 1 is a fixed number, 1 < p; < o0,
0< X <1 (i=0,1), vg and v are weight functions on X', and wy and w;
are weight functions on R™. Then, the functions k and &’ defined by:

k(y, 2) := wo(y)' " wi(y)”
and
K (2,2) := vo(x)* Loy (x) 77,
where z € X, y € R" and z € C, satisfy the hypothesis of Theorem 2.3.
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