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DENSITY OF BALANCED CONVEX-POLYNOMIALS IN LP(u)

GHOLAM REZA BASERI AND ALI ILOON KASHKOOLY™

ABSTRACT. A bounded linear operator T' on a locally convex space X is balanced convex-
cyclic if there exists a vector x € X such that the balanced convex hull of orb(T,z) is
dense in X.A balanced convex-polynomial is a balanced convex combination of monomials
{1,2,2%, 2%,... }.In this paper we prove that the balanced convex-polynomials are dense
in LP(p) when p([—1,1]) = 0. Our results are used to characterize which multiplication
operators on various real Banach spaces are balanced convex-cyclic. Also, it is shown for
certain multiplication operators that every nonempty closed invariant balanced convex-set is
a closed invariant subspace.
MSC(2010): Primary 47A16; Secondary 52A07.
Keywords: Balanced convex-cylic operators,Balanced Convex set, Convex hull.

1. Introduction and Background

Let X be a locally convex space and let B(X) denote the algebra of all continuous linear
operators on X and u be a compactly supported positive regular Borel measure on R. Convex-
cyclic operators were introduced by Rezaei in [1]. If S be a subset of the vector space X then
the balanced hull of S, that is shown by ba(S), is defined in [1].

We will say that S is a balanced set whenever S = ba(S). The balanced convex hull of S,
that is shown by be(S), is defined in [1]. Let BCP denote the balanced convex hull of the set

of monomials {1, 2,22,2%, ... } within the vector space of polynomials.Thus,

BCP = {kzzoakzk tay € C,kzzo|ak| < 1}.

The elements of BCP are called balanced convexr — polynomials. Hence the balanced convex
hull of an orbit is

bc(orb(T,:c))) = {p(T)ac :p € BCP}.

Definition 1.1. An operator 7' € B(X) is called balanced convex-cyclic if there exists a
vector € X such that the balanced convex hull of orb(T, x) is dense in X and such a vector
x is said to be a balanced convex-cyclic vector for T

Balanced convex-cyclic operators were studied in [1]. In this paper we will determine when
the balanced convex-polynomials are dense in LP(u). Also we will show that the nonempty
closed invariant balanced convex-sets for the operator M, of multiplication by z on L?g(u) are
the same as the closed invariant subspaces of M, if and only if p([—1,1]) = 0. We consider the
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balanced convex-cyclicity of multiplication operator M, on L?g(y) as an one of our results.
In the next section we will investigate the density of balanced convex-set.

2. Basic theorems and preliminaries

Proposition 2.1. ( Balanced convex-polynomials)
1. A polynomial p is a balanced convex -polynomial if and only if

n

1
> SO <1

k=0
2. If p is a balanced convex-polynomial, then p(D) C D.
3. If p(z) is a convez-polynomial, then p(ewz) s a balanced convex-polynomial.
4. The composition and multiplication of balanced convez-polynomials are balanced convex-
polynomzal.
Theorem 2.2. (Dense Hahn-Banach Criterion) Let X be a locally convex space over the real
or complex numbers and let S be a nonempty subset of X. Then the balanced convex hull of
S is dense in X if and only if for every nonzero continuous linear functional f on X we have
that
sup | f(S)| = +o0.
Proof. See ([1], propositin2.2). O
Corollary 2.3. (Hahn-Banach characterization of balanced convex-cyclicity) Let T € L(X)
and x € X. Then the following are equivalent:

1. The vector x is a balanced convex-cyclic vector for T .
2. For every nonzero bounded linear functional f on X we have

sup ‘f(T"a:)‘ = +o0.
n
3. For every nonzero bounded linear functional f on X we have
sup {‘f(p(T)ﬂf)‘} = +0o0.
pEBCP
Proof. See ([1], Theorem2.3). O

We will use the above result to determine when the balanced convex-polynomials are dense
in certain function spaces. If S C R, then let M.(S) be the space of all real compactly
supported regular Borel measures carried by S with finite total variation.

Corollary 2.4. The followings hold:
1. For p € M. (R) and 1 < p < oo, we have that the balanced convex-polynomials are
dense in LP(u) if and only if for every nonzero f € Li(u), where % + % =1, we have

sup ‘ /x"f(x)d,u‘ = +00.
n>1
2. If u € M.T(R),then the balanced convez-polynomials are weak* — dense in L™ (u) if

and only if for every nonzero f € L'(1) we have sup ‘ fx"f(x)d,u‘ = 4o00.
n>1

Proof. This follows from ([3], Corollaryl) and Theorem(2.2). O
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Proposition 2.5. Ifb>a > 1 and f € L'(a,b) and f(x) <6 <0 for a.e.
x € (a,b), then

b
/ 2" f(z)dr — —o0 as n — oo.
Proof. Since f(x) <d <0 on (a,b) and ™ > 0, then z" f(z) < dz™ on (a,b).So we have

b b
/ 2" f(z)dr < 5/ 2"dr = nj—l(an — a1 = —00 as n — oo.

U
Corollary 2.6. Ifa <b< —1orb>a>1 and f € L'(a,b), then
b
]/ " f(x)dz| = +00 as n — +oo.
a
Proof. This follows from ([3], Propsition7) and Proposition(2.5). O

Theorem 2.7. If u is a finite real measure with compact support in (—oo, —1]U[1, +00) that
is not supported on sets {—1} and {1}, then sup | [ 2™du| = +oo.
n>1

Proof. If support(u) lies in (—oo, —1], then it is proved in ([3],Theorem14). Suppose that
support(p) liesin [1, +00). Let F': R — R by F(z) = p([z, +00)). Since p is compact support
we may choose b > 1 such that p is the zero measure on [b, +00), thus F'(b) = p([b,+o0)) =0
and p({b}) = 0. p is not the zero measure on (1,b). Thus F' is not almost everywhere equal
to zero on (1,b). Since z™ is continuous we may use integration by parts to give

/a:"d,u :/ z"du

(1,]
/ :r”du+/ z™dp
{1,b} (1,b)

b
— u({1}) + (b)) + / " dF(z)

b
— u({1}) + b F(b) — F(1) - /1 na" L (z)da

b
=p{1})+0—F(1) — /1 na" " F(z)dz.

Since F' € L*°(1,b) and F is nonzero on a set of positive Lebesgue measure in (1,b) then, by
Corollary(2.6) we have sup | [ 2"du| = sup | [ na" ' F(x)dz| = +00. Suppose that support(u)
n n

lies in (—oo0, —1] U [1,400). Let F': R — R by

(e 4o), a1
F)=§ wl-oosl).  a<-

Since 1 is compact support we may choose an a < —1 and a b > 1 such that ,u((—oo, a]) =0
and ,u([b, —i—oo)) =0, so ,u((a, -1u (1,6)) # 0. Thus F(a) =0,F(b) =0, pu({a}) =0 and

wu({b}) = 0. w is not the zero measure on (a,—1) and (1,b). Thus F is not almost everywhere
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equal to zero on (a,—1) U (1,b). Since 2" is continuous we may use integration by parts to
give

[ = auta)) + (171D + (1) + o + R / rdE
= (1 ({—1}) + p({1]) + ()P F(-1) - a"F(a)
— /a_l na" " F(z)dx 4+ b"F(b) — F(1) — /16 na" " F (z)dax
— (1" {1} + p({1}) + (~1)"F(~1) - F(1)
-1 b
. / na"VF(z)dz — /1 na"\F(z)dz.

Since F' € L*(a,—1) and F' € L*(1,b) and F' is nonzero on a set of positive Lebesgue

measure so we have inf ffl nz" 1F(x)dr = —oo , thus inf (— ffl nz" 1F(x)dr) = k. Also
n>1-% n>1" @
we have sup flb na" 1F(x)dz = +o0, thus ir;fl(— flb nz" 'F(z)dr) = —co. Hence we have
n>1 n>
inf [2"dp = —oco and sup | [ 2"du| = +oo. O
n>1 n>1

Corollary 2.8. Let u be a finite positive reqular Borel measure with compact support on the
real line, the followings are equivalent:

1. The balanced convez-polynomials are weak™ — dense in L™ (u).
2. The balanced convex-polynomials are dense in LP(u) for all 1 < p < oo.

3. For any f € LP(u) with |f| > 0 u a.e. the set {p(a:)f(x) ip € BCP} is dense in LP(u)

when 1 < p < 0o and weak™ — dense in L (u).
4. w([-1,1]) =0.

Proof. This follows from Corollary(2.4) and Theorem(2.7). O

3. BALANCED CONVEX-CYCLIC MULTIPLICATION OPERATORS AND INVARIANT BALANCED
CONVEX-SETS

Let L?g(p) be the real Hilbert space of all real-valued Lebesgue measurable functions
that are square integrable with respect to p.(See [2]). Also let M, , denote the operator of
multiplication by the independent variable x acting on L?g(1).

In this section we determine when M, , is balanced convex-cyclic and characterize its
balanced convex-cyclic vectors. We also determine the invariant balanced convex-sets for
M, ,, where M, , is balanced convex-cyclic.

The next theorem will charactrize the balanced convex-cyclicity of the multiplication op-
erator M, .

Theorem 3.1. Let u is a positive finite reqular Borel measure with compact support in R
and M, is the multiplication operator on L?g (1), then we have:

1. My, is balanced convex-cyclic if and only if pu([—1,1]) = 0.
2. If M ,, is balanced conves-cyclic, then the balanced convex-cyclic vectors for M, ,, are
the same as its cyclic vectors.
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Proof. 1. If M, , is balanced convex-cyclic, then from item 2 of proposition(2.1), we have
wu([—1,1]) = 0. Conversely, if p([—1,1]) = 0, then it follows from item 2 of corollary(2.8) that
the balanced convex-polynomials are dense in L?g(u), which implies that M, is balanced
convex-cyclic and the function f(x) =1 is a balanced convex-cyclic vector for M, ,.

2. Recall that the cyclic vector for M, ,, are those functions f € L?g(u) that satisfy

|f| > 0 p a.e. So, if f is a balanced convex-cyclic vector for M, ,,, then it is also a cyclic
vector and thus must satisfy |f| > 0 p a.e. Conversely, suppose that M, , is balanced convex-
cyclic and f € L%g(p) satisfies |f| > 0 u a.e. Since M, , is balanced convex-cyclic we know
from 1 that p([—1,1]) = 0 and since |f| > 0 p a.e., corollary(2.8) item 3 says exactly that f
is a balanced convex-cyclic vector for M, ,. O

Now we characterize the invariant closed balanced convex-sets for the operator M, , when
u((=1,1]) = 0.

Theorem 3.2. If u € M. (R), then the followings are equivalent:

1. The nonempty closed invariant balanced convex-sets for the multiplication operator
M, on LQR(,u) are the same as the closed invariant subspaces for M, ,.
2 u(21,1)) =0.

Proof. (1) = (2) To show that u([—1, 1]) = 0, suppose that p([—1,1]) > 0. We will obtain a
contradiction. Let S = {f € L?g(p) : |f(z)| <1 for pa.e.x € [~1,1]}. S is a closed balanced
convex-set in L?g(u) that is invariant under M, ,. By our assumption that u([—1,1]) >0, S
is nonzero. Also by assumption 1, S is a subspace. But clearly S is not a subspace unless it
is the zero subspace.This gives the contradiction and so u([—1,1]) = 0.

(2) = (1) Recall that a nonempty balanced convex-set is a subspace if and only if it is closed
under scalar multiplication. So, it suffices to show that it is invariant under multiplication by
nonzero scalars. So, let A # {0} be a closed balanced convex-set in L?g(u) that is invariant
under M, ,. Let f € AN{0}, and let r € R\ {0}. Let ¥ = |f|?dp and consider the measure
¥ and the space L?g(1). Since p([—1,1]) = 0, it follows that ¥([—1,1]) = 0, and by item 4
of corollary(2.8), we know that the balanced convex-polynomials are dense in L%g(¥J). Hence
there are nonzero balanced convex-polynomials {p,}>%; such that p, — r in L?g(9). So
[pnf —rfPdu = [Ipn — r?|fPdu = [|pn — 7[?d9 — 0 as n — oo and so puf — rf in
L?g(p). Now since A is balanced convex and invariant under M, , and f € A so p,f € A for
every n and p,f — rf in L?g(u). Since A is a closed set, rf € A. Thus A is invariant under
scalar multiplication. Hence A is a subspace. O
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